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_Greetings-- 


FROM THE PRESIDENT 

The appearance of this first issue of the A.I.Ch.E. 
Journal marks an important milestone in the publica- 
tion history of the American Institute of Chemical En- 
gineers. It has been evident for some time that the 
Institute needs two kinds of regular publications: one 
to meet the broad, general interests of chemical en- 
gineers by providing news, reviews, general articles, 
articles dealing with problems of management, eco- 
nomics, production, and the like, and the other to cover 
the more highly technical and theoretical phases of the 
profession. This dual treatment follows the pattern 
established by many other technical societies. 

The new venture, however, was not undertaken 
without a good deal of debate and some misgiving 
about the future. Such a magazine is a gamble from 
a financial standpoint because it has to be offered to 
the membership below the actual cost of production. 
It is probable that the total return from subscriptions 
and advertising will always be less than cost, and this 
journal will have to be underwritten with other insti- 
tute income. 

Publication is probably the most important single 
activity of any engineering or scientific society from 
the standpoint both of service to its members and 
of its ‘own prestige. This new journal has a great 
opportunity to promote both these ends, and I am 
confident that it will make the most of this opportu- 
nity. 

I am happy to offer to the Editor and his staff my 
best wishes for success in this new venture. I have a 
particular pleasure in doing this since the Editor is 
a valued friend and close associate of many years. 
The Institute is fortunate in having the new journal 
under such competent guidance. In the final analysis 
the success of any publication depends to a large ex- 
tent on the leadership provided by the editor. 

As this new venture is launched, I am thinking of 
the analogy of a new ship gliding down the ways and 
I break a symbolic bottle of champagne on her bow 
as she leaves her berth and wish her “Bon Voyage.” 

B. F. DODGE 


FROM THE SECRETARY 

This is the second time I have been in on the be- 
ginning of a new publication for the American In- 
stitute of Chemical Engineers, and an old lesson is 
being reaffirmed—enterprises such as this are always 
acts of faith. At times during the preliminary 
studies leading to publication, which were carried out 
by Thomas K. Sherwood as chairman of the Publica- 
tions Commmittee and by George Holbrook, chairman 
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of the Committee on the Future of the Institute, it 
was often doubtful that the fiscal problems would 
allow us enough leeway. The plunge was taken, though, 
and like a swimmer diving into cold water, we are 
feeling the shock of our first immersion. 

The doubt about beginning publications in this field 
is never, of course, a doubt of need or of quality. The 
chemical engineering profession requires many out- 
lets for its theoretical and practical writings. The 
volume of valuable material which this magazine will 
ultimately attract would exceed the financial publish- 
ing ability of this society. By a process of selection, 
therefore, the Journal should become a leader in the 
field and a source of quality publications. 

If this Journal is a success, it will be so because it 
serves a gaping need in the chemical field and thereby 
wins the financial support of the chemical engineers 
and the industries that employ them. The Council of 
the A.I.Ch.E. merits applause for its decision to 
publish. I know that the staff of the Institute will do 
their best to make this new vision a reality. 

F. J. VAN ANTWERPEN 


FROM THE EDITOR 

With this first issue of the A.I.Ch.E Journal, the 
Institute begins a new venture of some magnitude 
and of much potential merit. The growth of the mem- 
bership and the diversity of interests of the members 
have made inevitable this expansion of the publishing 
program. We plan’to emphasize in the Journal those 
theoretical developments and research results which 
are immediately interesting to many and which it is 
hoped will be of great ultimate value to all, as the 
theory of today becomes the practice of the future. 

The success of this venture will depend largely on 
the contributors of articles, and we hope to be able 
to give them every possible encouragement. We will 
try to accomplish the necessary editorial duties ex- 
peditiously. 

It is to be hoped that our subscriber list will grow 
and that many readers will inform us of their views on 
the Journal, particularly how it can be improved. In 
such an undertaking it is impossible for those few of 
us directly concerned to think of all refinements, and 
the readers’ opinions will certainly be welcomed. 

The editor feels that particular recognition is due 
to the reviewers, that large and here nameless list 
of men whose efforts given so freely have made this 
issue possible. The help of the Publications Committee, 
the Advisory Board, the Publisher, and the Manuscript 
Editor is also acknowledged. - 

HARDING BLISS 
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EFFECT OF FLUID PROPERTIES ON 
MASS TRANSFER IN THE GAS PHASE 


According to the two-film theory 
of Whitman(50), the resistance 
to mass transfer between a gas and 
a liquid stream can be divided into 
two additive resistances which re- 
sult from hypothetical films of 
stagnant gas and liquid on either 
side of the interface. The liquid- 
film resistance in a packed column 
has been evaluated by Sherwood 
and Holloway(41) for the com- 
monly used packings, but as yet a 
satisfactory correlation of gas-film 
absorption coefficients has not been 
made. 

This investigation proposed to 
clarify the role of the gas-film re- 
sistance by determining the effect 
of the fluid properties on the rate 
of mass transfer in a packea tower. 
To do this, a twofold plan was fol- 
lowed. The most direct method was 
tne actual measurement of mass 
transfer coefficients in a tower 
packed with 1-in. Raschig rings. 
10 eliminate any influence from 
the liquid properties, it was de- 
cided to vaporize a single pure 
liquid into inert gases. The gases 
chosen were air, helium, and Freon- 
12. These gases, with water as the 
hquid, gave a thirtyfold variation 
in density, a twofold variation in 
viscosity, an eightfold variation in 
diffusivity, and a four-and-one-half- 
fold variation in Schmidt number. 

As the Schmidt-number effect 
was of particular interest, the sec- 
ond method of approach utilized 
wet- and  dry-bulb-thermometer 
measurements to determine the 
psychrometric ratio. As the Prandtl 
number of the gases is nearly con- 
stant, this method will give the 
variation of the mass transfer 
coefficient with the Schmidt num- 

Complete tabular data are on file with the 
2 Auxiliary Publications Project, 
Photoduplication Service, Library of Con- 
gress, Washington 25, D. C., and may be 


ordered as Document 4473 for $1.75 for micro- 
film and $2.50 for photoprints. 
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Water was vaporized into air, helium, and Freon-12 in turbulent gas flow over a 
wet-bulb thermometer and through a 1-ft.-diam. tower packed with 1-in. Raschig rings. 
The wet- and dry-bulb measurements indicate that the gas-film mass transfer 
coefficient varies with the Schmidt number to the —'%2 power for flow perpendicular 


to single cylinders. 


Heights of a transfer unit, H.T.U., were measured in the packed tower for flow 
of the gases countercurrent to water over a range of gas and liquid rates. When 
compared at equal-gas-flow Reynolds numbers at constant liquid rate, H.T.U. varied 
as the 0.9 power of the Schmidt group. When compared: at equal values of 
pu=(p = gas density, 4 = velocity), H.T.U. varied as the 0.47 power of the Schmidt 
group. With reference to the psychrometric study, the latter method of comparison 
of H.T.U.’s seems preferable and indicates that further study of criteria for dimen- 
sional similitude in packed columns may be needed. 


ber in evaporation from single 
cylinders. Although it is not neces- 
sary that the same Schmidt-num- 
ber effect hold for single cylinders 
and packed towers, the effect should 
be of similar magnitude and should 
confirm the results obtained by the 
more direct method. 


THEORY 

Approximate analytical solutions 
for the rate of mass transfer from 
an interface to a fluid moving in 
forced convection in a_ straight 
circular pipe have been developed 
by various authors(5, 10, 34, 40) 
through the use of the analogy be- 
tween heat, mass, and momentum 
transfer. These solutions have indi- 
cated that the mass transfer coeffi- 
cient, k,, for this case, is a function 
of the Reynolds number, (duo/u), 
and the Schmidt number, (y/eD). 
The Reynolds number ordinarily 
enters as a function replacing the 
friction factor. These solutions can 
be expressed generally by the equa- 
tion 


mp; G = ¢'(dup/z), (u/pD) 
(la) 
where 
¢’ = some mathematical function 
k,;, = mass transfer coefficient, Ib. 
moles/ (hr.) (sq.ft.) 


d = diameter of the tube, ft. 
D = diffusion coefficient, sq. ft./sec. 
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wu = velocity, ft./sec. 

o = density, lb. mass/cu.ft. 

v. = viscosity, lb. mass/ (ft.) (sec.) 

G=mass velocity of the gas, lb. 

mass/ (hr.) (sq.ft.) 

=mean molecular weight, lb. 

mass/mole 

p,; = film pressure factor(51); ac- 
counts for the presence and 
movement of the inert fluid 

This equation can be expressed 

alternately in terms of the transfer 

unit defined by Chilton and Col- 

burn(8) : 


M 


m 


aH.T.U. =v (dup/u), (u/ pD) 
(16) 
where 
H.T.U.,, = height of a transfer unit 
= G/k,ap,M.,,, ft. 
a=packing area/cu.ft. of 
packing, sq.ft./cu.ft. 

These equations do not include 
the effect of the relative roughness 
on the mass transfer rate and con- 
sequently are limited to the par- 
ticular pipe geometry for which 
the functions ®’ and W” are experi- 
mentally evaluated. 

Mass Transfer in Packed Columns. 
Equations (la) and (1b) have been 
frequently used to satisfy a need 
for some theoretical framework 
for the correlation of packed-col- 
umn data; however, this extension 
of the functional relationship de- 
veloped for simple pipe flow has 
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never been subjected to adequate 
experimental investigation to 
justify its general use. In an at- 
tempt to correlate the results of 
this work it was found that Equa- 
tions (la) and (1b) were not satis- 
factory, and an alternate method 
of correlation was therefore de- 
veloped based on the following 
qualitative analysis. 

In the study of mass transfer 
rates from single cylinders placed 
perpendicular to the flow stream 
(29), it has been found that the 
bulk of the mass transfer taking 
place occurs in the vicinity of the 
stagnation point and in the region 
of the turbulent wake. These same 
two sections of the cylinder are of 
primary concern in the loss of 
momentum of the gas stream as 
manifested by the pressure drop. 
Consequently, it might be expected 
that the two phenomena, transfer 
of momentum and transfer of mass, 
are to a large extent functions of 
the same properties of the flow 
field, particularly for gases in 
which the diffusivities for mass 
and momentum are of similar 


a Ss 
Ga qs 


FIL 


Fic. 1. SCHEMATIC REPRESENTATION 
OF HEAT AND MASS TRANSFER TAKING 
PLACE AT A WET-BULB THERMOMETER. 


3 


magnitude. Pressure-drop measure- 
ments made in flow past single 
cylinders (15) show that the drag 
coefficient becomes relatively con- 
stant at high values of the Reyn- 
olds number. Therefore, as a first 
approximation, the drag coefficient 
is independent of the Reynolds 
number and the pressure drop is 
dependent only upon the inertia of 
the gas stream, eu,,2. Since it is 
postulated above that the rate of 
mass transfer will depend on the 
same flow properties as does the 
pressure drop, it may follow that 
the mass transfer coefficient will 
also be a function of the inertia 
force and not the Reynolds number 
at high flow rates. With this modifi- 
cation, Equations (la) and (1b) 
may be rewritten for application 
to single cylinders for conditions 
of high turbulence in the fluid: 


k Mup;/G=¢(pun), (u/p D) (2a) 
aH.T.U. =v (pum), (u/p D) (2b) 


where w,,—= mean velocity of the 
flowing fluid in feet per second. 
Pressure-drop measurements made 
in packed absorption towers (37) 
have also shown very little de- 
pendence on the Reynolds number 
over the usual operating range. A 
tower packed with Raschig rings 
being considered in a broad sense 
as a group of cylinders, the exten- 
sion .of Equations (2a) and (2b) 
to a packed tower would appear to 
follow. 

Psychrometry. If the vapor content 
of a gas stream is known, the 
psychrometer is a useful instru- 
ment for measuring the relative 
rates of heat and mass transfer 


8 
6 
u 9 
1 N22 
) 
Fic. 2. GENERAL EQUIPMENT LAYOUT. 
1. Blower ‘ 7. Wet- dry-bulb assembly 13. Vent valve 
2. Heater 8. Absorption tower 14. Liquid heat exchanger 
3. Thermocouple 9. Cooling coil 15. Liquid flow meter 
4. Temperature recorder- 10. Condensate receiver 16. Liquid pump 
controller 11. Superheating coil 17. Condensate return pump 
5. Motor valve 12. Butterfly valve—by-pass 18. Steam line for purging 
6. Flow-measuring chamber control 
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from single cylinders. It has a dis- 
tinct advantage over other meth- 
ods for determining the dependence 
of ke on Schmidt number in that 
no knowledge of the velocity-term 
dependence is required. If an exact 
analogy can be drawn between the 
two processes of heat and mass 
transfer, the velocity term should 
enter into both rates in the same 
manner, and the ratio of the mass 
transfer to the heat transfer coeffi- 
cient should be a unique function 
of the Schmidt and Prandtl num- 
bers. 

Colburn(10), and Chilton and 
Colburn(7) have developed equa- 
tions for the correlation of heat 
and mass transfer data in terms of 
the 7 number, a quantity which is 
analogous to the friction factor in 
momentum transfer. According to 
this concept, 


ju=[h/CyG] (Cp 8) 


ja=[k Mm p,/G] (u/o D)”* (4) 
where 
h = heat transfer coefficient, B.t.u./ 
CES 
C,=heat capacity of the gas, 
B.t.u./ (Ib. mass) (°F.) 
k =thermal conductivity, B.t.u./ 
(hr.) (sq.ft.) )°F./ft.) 
If 7; is assumed to be equal to 74, 
the psychrometric ratio is ob- 
tained: 


(k mPs/h)Cp = 


6) 


In the above 7-number analogy 
the value of ke is determined di- 
rectly from the wet-bulb data, as 
it is multiplied by the term py, 
which corrects for variations in the 
partial pressure of the inert gas. 
The value of h, on the other hand, 
is the true heat transfer coefficient 
which would be obtained if there 
were no evaporation from the sur- 
face. To correct the wet-bulb data 
it is necessary to include a factor 
which will allow for the heat being 
carried away from the thermometer 
by the mass movement of the vapor 
molecules. 

Figure 1 shows a model in which 
the transfer of heat and mass oc- 
curs only in the normal direction. 
With the surface temperature as a 
reference, it is seen that the heat 
transferred to the surface, q,, is 
equal to the heat entering the film, 
da, Minus the heat being carried 
out by the vapor flow, NC,,(t,— 
t,), or 


Ys = da — NCm (ta ts) (6) 
March, 1955 
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where 

N = number of moles diffusing per 
unit time per unit area, moles/ 
(hr.) (sq.ft. ) 

C,,=molar heat capacity of the 
vapor, B.t.u./ (lb. mole) (°F.) 

t,,t,= gas and surface tempera- 

tures respectively, °F. 
If there were no flow of vapor, 
q, would equal q,: 


(7) 


where h = heat transfer coefficient, 
assumed independent of the mass 
transfer movement. 

The number of moles diffusing 
may be defined in terms of the 
mass transfer coefficient as 


N=k,@—p) =k,Ap @) 


Substituting from Equations (8) 
and (7) into Equation (6) gives 


qo = h(ta—ts) —Cmk_ Ap (tats) 
= h(ta—ts) (1—Cnk Ap/h) 
= h(t.—t.)y (9) 
where y = 1 — Ap/h (9a) 


If a new pseudo heat transfer 
coefficient, h’, is defined as the total 
effective heat transfer coefficient 
including the convective transport 
of heat, then 


h’ = (10) 
and the correct psychrometric 
ratio* is: 

kcM mp; 
C, = function 


(u/p D), (Co/k) (11) 


Colburn and Drew(10a) have de- 
veloped a procedure for correcting 
the heat transfer coefficient for the 
effect of mass transfer in the case 
of condensation of mixed vapors. 
Their method could also be applied 
to the wet bulb thermometer. Ex- 


*Heat transfer by radiation has been neg- 
lected in formulating the foregoing equations. 
As written, h is the usual forced convection 
coefficient for fiow normal to cylinders (Ref. 
36, p. 473). To correct for radiation the factor 
1 + a may be introduced where a is the 
ratio of the radiation coefficient, h,, to h, 
With this addition the psychrometric ratio, 
Equation (11), becomes 


koM mp;Cpy (1+ @) 
B h’ 


= function ( oD ), ( ke 


= Mn, pyCpy (ta —ts) (1+ a) 
M, Xs (ps— Pa) 


where Xs = latent heat of vaporization of the 
liquid, B.t.u./lb. mass. The right-hand term 
has been added to indicate the quantities in- 
volved in experimental measurement or use of 
the psychrometric ratio. 


(11a) 
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perimental verification of these 
possible methods would be desir- 
able. 


EXPERIMENTAL 

Physical and Thermodynamic Prop- 
erties of Materials}. Viscosity. The vis- 
cosities of air, water, vapor, and 
helium were taken from a _ review 
article by F. G. Keyes(27) in which 
the available literature data for sev- 
eral gases are collected and formu- 
lated by means of an empirical equa- 
tion. The viscosity of Freon-12 was 
taken from a paper by Buddenburg 
and Wilke(6) on the measured vis- 
cosity of several gases. It was ex- 
tended over the desired temperature 
range by the use of the equation of 
Hirschfelder, Bird, and Spotz(21). 

Thermal conductivity. The thermal 
conductivity of air, water vapor, and 
helium was taken from the review 
article by Keyes(27) quoted above. 
The thermal conductivity of Freon-12 
is that reported by Sherratt and Grif- 
fiths(39) over the range from 33.3° 
to 216.2° C. 

Heat capacity, Cp. The heat capaci- 
ty of air and water vapor was taken 
from the book by Keenan(26) on the 
thermodynamic properties of air. The 
heat capacity of Freon-12 was calcu- 
lated from the work of Justi and 
Langer(25), who reported the heat 
capacity at constant volume. The heat 
capacity of helium is reported in Per- 
ry’s handbook(36) as constant for all 
temperatures. 

Diffusivity. The diffusivities used 
were those measured by C. Y. 
Lee(28). The measured values were 
corrected to the desired temperature 
+Properties of pure gases were modified for 


the presence of water vapor by established 
methods. 


2" -——+ 


by the equation of Hirschfelder, Bird, 
and Spotz(21). 

Gas Specifications. The helium used, 
supplied by the U. S. Navy, was 
99.9% pure, the major impurity being 
water vapor. The Freon-12 used was 
supplied by Kinetic Chemicals and 
was 99.95% pure; the major impuri- 
ties were Freon-11 and Freon-13. 


Equipment. 


The general equipment arrange- 
ment is shown in Figure 2. Gas 
circulation was provided by means 
of a Roots-Connersville blower, and 
the flow rate was measured with a 
nozzle, made to the specifications of 
Bean, Buckingham, and Murphy(3), 
which was placed in a 20-in.-diam. 
section of ducting. The gas stream 
entering the absorption tower (Fig- 
ure 3) was sampled for moisture 
content in the gas distributor; the 
stream leaving the tower was sampled 
in the exit ducting; and the inlet-gas 
temperature was measured at the top 
of one of the risers on the gas dis- 
tributor. 

The large section of the tower 
served as a liquid reservoir. Liquid 
circulation was provided by a cen- 
trifugal pump, the flow rate being 
measured by a calibrated rotameter. 
The liquid entered the top of the 
tower through a 44-point distributor, 
which discharged within 1/2 in. of 
the top of the packing. The tempera- 
ture of the entering liquid was meas- 
ured by a 4-couple thermopile placed 
in four of the distributing tubes. The 
liquid temperature at the bottom of 
the packing was measured by a single 
thermocouple placed in a small cup. 

The wet- and dry-bulb thermome- 
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Fic. 4. WET- AND DRY-BULB-THERMOMETER ARRANGEMENT. 
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Fic. 5. THE PSYCHROMETRIC RATIO AS A FUNCTION OF Sc/Pr. 
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ters for the psychrometic measure- 
ments (Figure 4) were placed in the 
ducting immediately before the tower 
and were preceded by an orifice which 
ensured a uniform high-velocity flow 
across the bulbs. Windows were pro- 
vided in the duct wall so that posi- 
tioning and wetting of the wick might 
be observed. A thermocouple was 
embedded in the duct wall to give the 
surface temperature for radiation 
corrections. 


Procedure. 


For all runs made with helium and 
Freon-12 it was necessary first to re- 
move the air from the system. It was 
found that essentially complete re- 
moval could be effected by a single 
steam purge. The air concentration 
was checked by means of an Orsat 
analysis for oxygen, which was sensi- 
tive to + 0.05%. When purging was 
complete, condensed steam was re- 
moved from the lines and the neces- 
sary adjustments were made to bring 
the equipment on stream. To prevent 
introduction of impurities into the 
gas stream, the equipment was oper- 
ated with a slight positive pressure 
at the blower inlet. 

After steady-state conditions were 
attained, gas samples were with- 
drawn simultaneously from the top 
and bottom of the tower by means of 
aspirator bottles of known volume. 
The moisture content was determined 
gravimetrically by drawing the sam- 
ples through tubes filled with Dri- 
erite. During the sampling period the 
temperature of the inlet liquid stream 
was carefully controlled, to operate 
in general with the inlet- and exit- 
liquid temperatures less than 0.5° C. 
apart and with a variation of the 
inlet temperature of less than 
+ 0.05° C. during the run. 

Immediately following sampling, 
water from an overhead supply was 
introduced to the wet-bulb wick and 
allowed to soak the cloth thoroughly. 
The water-supply rate was then re- 
duced until a pendant drop could be 
observed on the tip of the wick. The 
wet- and dry-bulb temperatures were 
read. The water supply was stopped 
and the wet-bulb temperature checked 
for any further change. (Consecu- 
tive runs made at the same gas rate 
indicate that the moisture content of 
the gas stream remained essentially 
constant over long periods of time 
once steady-state conditions had been 
attained.) 

All packed-bed data were taken 
with a 7 1/2-in. depth of packing 
with the exception of the runs made 
with air at heights of 2 and 13 1/2 
in., which were used to determine the 
amount of transfer taking place out- 
side the packed section. All runs were 
made at a liquid rate of 1,575 lb. 
mass/ (hr.) (sq. ft.) except those made 
with air to check the effect of vary- 
ing the liquid rate. 

Details of equipment and procedure 
are available elsewhere(30). 
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RESULTS 


Psychrometric. 

The values of the psychrometric 
ratio obtained in this work for the 
three cases (Table 1) are shown 
plotted against the ratio Se/Pr in 
Figure 6. This graph also includes 
the results of Arnold(2), Beding- 
field and Drew(4), Mark(31), and 
Dropkin(13). These data can best 
be approximated by a straight line 
having a slope of —1/2, which 
satisfies a modified j-number anal- 
ogy: 


) 


The equation for the psychrometric 
ratio* then becomes 


>, \2 
g _ 94 ) 


(15) 


Since the value of the Prandtl 
group is nearly constant for the 
results shown here, the heat trans- 
fer coefficient may also be con- 
sidered constant. The curve as 
plotted then represents the varia- 
tion of the mass transfer coefficient 
with Schmidt number for flow of 
gas perpendicular to single cylin- 
ders; i.e., k,, is proportional to Sc-}. 


Packed Column 

The. packed-tower results are 
presented here in terms of the 
H.T.U. instead of ke. In order to 
calculate the H.T.U. from the data, 
the following equation was used: 
(Representative data are presented 
in Table 2.) 


H.—Hi=H.T.U. | | 
GL\l—y 
ayy 
y2—Yi 

where y = mole fraction and y; = 
p,;/P. The expression in brackets 
is the number of transfer units, 
and its value can be computed from 
the data on the vapor concentra- 
tions at the inlet and exit of the 
tower and the temperature of the 
liquid stream. The height of the 
packed section, H.— H,, when di- 
vided by the number of transfer 
units, gives the apparent height of 

a transfer unit. 


*To include radiation effects, see footnote 
equation (lla). 
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Fic. 8. H.T.U.’,, AS A FUNCTION OF SCHMIDT NUMBER AT CONSTANT VALUES 
OF G/y, AND INERTIA GRouP; L = 1,575. 


Figure 6 shows the apparent 
H.T.U. as a function of the group 
G/u which is directly proportional 
to the Reynolds number for a given 
packing. Since only one packing 
size and shape was studied, the 
inclusion of a length dimension in 
the group was not warranted. The 
peaks of the curves correspond ap- 
proximately to the flow rate at 
which the pressure-drop phenome- 
non known as “loading” occurs. 
This was determined by the simul- 
taneous measurement of pressure 
drop across the packed section. The 
curves indicate that below the load- 
ing’ point the H.T.U. can be repre- 
sented as varying with the mass 
velocity to the 0.33 power, with 
the power decreasing thereafter as 
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the flooding point is approached. 
It will be noted that there is a 
slight difference in the slope for 
the three curves, but the differences 
are insignificant in view of the 
precision of the data. 

The more obvious. difference 
among the three curves is the 
lateral separation of the point of 
maximum H.T.U. The vertical sepa- 
ration of the curves might be ex- 
pected and explained on the basis 
of Equation (1b) by the Schmidt- 
number differences, but the lateral 
separation would lead one to sus- 
pect that the Reynolds number may 
not be the proper correlating 
modulus in this case. If, instead, 
the group suggested by Equation 
(2b) is used, that is, ow,,”, the 
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curves of Figure 7 are obtained. 
(The group o0w,,2/length has the 
dimensional significance of inertia 
force per unit volume of fluid(47), 
and therefore the group ou,,? will 
be designated the inertia group.) 
The square root of the inertia 
group has been used in plotting in 


order to retain the first-power de- 
pendence on the velocity that exists 
in Figure 6. Similar usage in the 
correlation of flooding-velocity (42) 
and pressure-drop(37) data in 
packed columns would seem to 
justify the procedure. This group 
has also been used in the correla- 


tion of plate efficiencies (20), where 
it has been given the name F fac- 
tor. The curves of Figure 7 are 
identical in shape with those of 
Figure 6, but with the inertia 
group as the correlating modulus, 
the lateral separation has now dis- 
appeared and the peaks of ali three 


TABLE 1.—SUMMARY OF WET-BULB DATA FOR VARIOUS INVESTIGATIONS* 


Investigator keM 
and system 
Py Se Sc/Pr h’ 
Mark 
air-chlorobenzene............... 0.704 2.17 3.08 0.502 
air-carbon tetrachloride.......... 0.700 1.87 2.67 0.499 
air-ethylene tetrachloride........ 0.704 2.15 3.05 0.474 
air-ethyl acetate................ 0.709 1.83 2.58 0.514 
Arnold 
air-propanol......... 0.705 1.30 1.85 0.642 
air-chlorobenzene............... 0.704 Dif 3.08 0.531 
Bedingfield and Drew 
air-naphthalene................. 0.704 2.56 3.64 0.494 
air-p-dichlorobenzene............ 0.704 Ze 3.15 0.509 
air-p-dibromobenzene........... 0.704 2.41 3.42 0.487 
Dropkin 
This work f 
0.702 0.602 0.858 0.971 


*The physical properties used in the Schmidt and Prandtl numbers were evaluated at 
25°C. Diffusivities for the systems studied by Bedingfield and Drew were recalculated 
by the method of Arnold (2). 

tIndividual results may be found in reference (30). 


TABLE 2.—SAMPLE EXPERIMENTAL AND CALCULATED RESULTS FOR VAPORIZATION IN PACKED TOWERS* 


4 1,575 123.2 30.76 29.16 29.43 
6 1,575 571.0 40.97 31.30 31.44 
9 1,575 292.9 34.14 28.69 28.62 
10 1,575 215.5 32.48 28.57 28.15 
14 1,575 775.4 40.86 31.41 31.28 
15 1,575 934.9 41.10 31.6 31.54 
20 1,010 255.3 32.71 28.52 28.52 
21 1,995 255.3 32.58 28.37 28.62 
22 3,850 255.3 32.24 28.34 28.44 
36 575 254.8 33.52 29.46 29.20 
2H 1,575 137.5 38.78 29.07 28.94 
3H 1,575 255.5 42.24 30.36 30.24 
7H = 1,575 79.03 34.77 28.70 28.02 
8H 1,575 58.85 33.36 28.49 27.84 
SF 1,575 1,5 1.59 34.16 34.18 
4F 1,575 1,745 42.16 34.39 34.37 
SF 1,575 203.8 35.76 32.31 32.67 
LIF 1,575 329.4 34.74 33.48 33.57 
14F 1,575 874.2 43.00 35.09 35.90 
1I5SF 1,575 1,216 41.10 34.06 34.12 


*Complete results may be found in reference (30). 


L= liquid flow rate, lb. mass/(hr.) 
(sq.ft.) 
G=gas flow rate, lb. mass/(hr.) 
(sq.ft.) 
T 4p = gas temperature at the bottom 
of the packed section, °C. 
Tyr = water temperature at the top 
of the packed section, °C. 
Twp — water temperature at the bot- 
tom of the packed section, °C. 
Yi, = interfacial mole fraction of 
water at the top of the packed 
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section 


Yip = interfacial mole fraction of 
water at the bottom of the 
packed section 


Yy = bulk mole fraction at the top of 
the packed section 


Y, = bulk mole fraction at the bottom 
of the packed section 


N.T.U. = number of transfer units 


H.T.U.’ = apparent height of a trans- 
fer unit, ft. 
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0-47 
yi, Yi, Barometer y, NTU. HT u! HT.U. H.T.U./Sse Um 

0.04022 0.04084 753.2 0.03849 0.02153 2.453 0.225 0.375 0.476 2,764 461.4 
0.04540 0.04573 752.2 0.04168 0.02759 1,585 0.394 0.579 0.735 12,686 2,158 
0.03907 0.03891 753.7 0.03690 0.02354 1.958 0.319 0.469 0.595 6,559 1 
0.03882 0.03788 753.7 0.03701 0.02305 2,104 0.297 0.437 0.555 4, 807.7 
0.04567 0.04527 750.4 0.04255 0.02980 1,601 0.390 0.573 0.727 17,227 2,930 
0.04619 0.04578 750.4 0.04377 0.03134 1.787 0.515 0.654 20,780 3,531 
0.03887 0.03887 750.5 0.03734 0.02363 2.300 0.272 0.400 0.508 5,724 958.7 
0.03853 0.03909 750.5 0.03718 0.02387 2.423 0.258 0.379 0.481 5,724 958.7 
0.03846 0.03868 750.5 0.03739 0.02365 2.643 0.236 0.347 0.440 5,724 958.7 
0.04081 0.04034 752.4 0.03770 0.02357 1.685 0.371 0.545 0.692 5,712 8 

0.03959 752.2 0.03691 0.02749 1.398 0.447 0.657 0.615 2,923 1,312 
0.04277 0.04244 752.2 0.03924 0.03010 1.252 0.734 0.687 5,420 2,431 
0.03898 0.03747 7 0366 0.02472 1,683 0.371 0.545 0.510 ,683 754.1 
0.03851 0.03708 753.7 0.03627 0.02359 0.348 0.512 0.479 1,252 
0.05314 0.05302 753.4 0.02634 2250 0277 0.407 0.784 48,200 2,820 
0.05375 0.05349 753.4 0.05128 0.02706 2.370 0.264 0.388 0.748 55,430 3,257 
0.04813 0.04898 7528 0.04776 0.02148 4309 0.145 0.213 0.410 6, 377.9 
0.05111 0.05137 753.5 0.05045 0.02399 3.726 0.247 0.476 10,574 ~—_—«610.0 
0.05592 0.05844 749.6 0.05395 0.02836 2.726 0.229 0.337 0.649 27,725 
0.05292 0.05306 749.6 0.05049 0.02738 2.358 0.265 0.390 0.752 38,730 2,269 


H.T.U. = height of a transfer unit 
corrected for end effects, ft. 


Se = Schmidt number La 


G/y. = value proportional s the Reyn- 
olds number, 1/ft. 


2 : 
pu» = inertia group, 


lb.mass/ (ft.) Chr.) 2 
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curves appear at the same value of 1.0 1 : 
the inertia group within the limits 


of experimental error. -8F J 
Cross plots of the H.T.U. vs. 
Schmidt number at a constant value 6b 


of G/y. of 4,000 in Figure 6 and at 


a constant value of \/ou,,? of 1,000 

in Figure 7 are presented in Fig- 

ure 8. The cross plots indicate the 
Schmidt-number function by which HTU, 
the H.T.U. must be divided to cause ire) 
a vertical alignment of the three 

curves of Figures 6 and 7. The 

plot based on the Reynolds number 2b 
would require this function to be s 
Correlation by the inertia- 
group plot, on the other hand, re- o 

quires an exponent of 0.47 on the 

Schmidt group to align the three 

curves. This exponent is preferred Bt — 
in view of the good agreement with ao 2000 4000 = 6000 
that obtained in the psychrometric Vpu® Vib(m)/ft. ne? 

study and with some results ob- Fic. 9. THE APPARENT H.T.U. As A FUNCTION OF PACKED HEIGHT FOR 


tained in the vaporization of liquids VAPORIZATION OF WATER INTO AiR; L = 1,575. 
and organic solids in packed beds 


(9,43). A simple power function 
of the Schmidt group appears to be 
satisfactory for correlation over 84 
the present range of system proper- 
ties and experimental conditions. 


1.0 


Fic. 10. H.T.U., AS A FUNCTION OF 
THE INERTIA GROUP AND SCHMIDT 
NuMBER; L=1,575.> 


To obtain the true H.T.U., it is HTUG 
necessary to correct for “end ef- 47 ° AIR Sc= .602 
fects,” that is, that amount of 
transfer taking place outside the 
packed section. In the system under 
study, the amount of transfer is 
dependent primarily on the area of 
liquid exposed to the gas, which in 
turn depends on the liquid distri- 
bution and the manner in which 
the liquid drips from the bottom of 4 
the packing. This should be rea- 400 600 800 1000 2000 4000 
sonably independent of the gas be- Vpu?, Viib.(m) /ft. hours? ) 
ing used, so that the same end- 
effect correction might apply to all 4 
three gases. If it can also be as- 
sumed that the effect of the gas 
properties on mass transfer is the 
same in the end section and in the 
packed section, then the end effect 6; aba ° 
can be expressed in terms of an ae > Se 
equivalent length of packing, which 
should be constant for all gases 2 
and independent of the packed oS 
height. This procedure has been HTUg 
used by previous investigators (18, (ft.) 
45). If the end effect is constant, 
the apparent H.T.U. values ob- 
tained at a given packed height 23 5 
need only be multiplied by a con- 
stant value to obtain the true 
H.T.U. values; therefore the pre- 
ceding analysis of the Schmidt- 
number effect is not dependent on 
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the use of true H.T.U. values, as 
all the data used were obtained at 
a single packed length. 

It is possible to solve for the 
true H.T.U. if two apparent values 
H.T.U.'23 and H.T.U.'., are known 
for two packed lengths and 
by use of Equation (30): 


H.T.U.24 = 


H.T.U.’23 (Zea —Ze3) Lb 

To evaluate the end effect in this 
work, bed lengths of 13 1/2, 7 1/2, 
and 2 in. were used. The 13 1/2-in. 
data scattered badly because the 
normal analytical errors were so 
greatly magnified by the approach 
to saturation at the top of the 
tower. These data therefore were 
not used in determining the end ef- 
fect. The equivalent packed height 
was found to be essentially inde- 
pendent of gas rate (see Figure 9) 
with an average value of 3.51 in. 
This value was used to correct all 
the data for enc «fects. 

All the H.T.U. data taken at a 
constant liquid rate of 1,575 lb. 
mass/ (hr.) (sq. ft.) may be corre- 
lated by the single curve of Figure 
10 which shows the effect of both 
gas velocity and gas properties on 
the gas film H.T.U. The average 
deviation of the data points from 
the line representing the mean is 
4.25% with a maximum deviation 
of 12.5%; however, selection of 
Vou,” in preference to G/y as a 
basis for correlation cannot be con- 
clusively justified with the present 
results. For example, in the region 


below the loading point the group 
0-2 (H.T.U.,/Se®>) can be ex- 
pressed as a smooth function of 
G/y. which correlates the data near- 
ly as well as Figure 10. Thus use of 
Vou, must be regarded as ten- 
tative pending further study. The 
effects of packing size and liquid 
properties also must be introduced 
into any general gas-film correla- 
tion. 

The curves of Figure 11 show 
the effect of the liquid rate on the 
H.T.U. at several air rates. It is 
rather interesting that the H.T.U. 
does not bear a simple functional 
relationship to the liquid rate. It 
might be expected that as the liquid 
rate was increased the H.T.U. 
would decrease owing to the in- 
creased wetting of the packing. 
This would explain the shape of 
the curves at liquid rates below 900 
Ib. and above 1,500 lb. mass/ (hr.) 
(sq.ft.). The sudden reversal of 
the liquid-rate dependence between 
these flow rates is difficult to ex- 
plain on the basis of our present 
knowledge of flow distribution in 
a packed tower. One possibility is 
that the increased liquid flow over 
this range results in the blocking 
of some of the smaller flow pass- 
ages, thereby preventing gas flow 
through these regions. This would 
effectively reduce the surface area 
available for transfer and result 
in higher values of the H.T.U. 

It was observed that the average 
slope of the best straight line that 
could approximate each of the 
curves in Figure 11 is approxi- 
mately the negative value of the 
slope of the curve of the H.T.U. vs. 
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gas rate (below the loading point.). 
‘this suggests that the group 
(V/ might serve 
as a parameter for general corre- 
lation as illustrated in Figure 12. 
This modulus has been used ex- 
tensively for the correlation of 
flooding data. The average devia- 
tion of the data from the line rep- 
resenting the mean is 6.2% and 
the maximum deviation is 24%. 
In view of the limited scope of the 
liquid variables covered in this 
work, it is not possible to attach a 
final significance to this correla- 
tion. The influence of liquid density 
could enter in other ways, and the 


effect of other properties such as. 
viscosity and surface tension re+ 


mains to be considered. 


DISCUSSION 


In spite of the large volume of 
previous work on the subject, no 
completely reliable data exist for 
the resistance to mass transfer in 
the gas phase in a packed tower. 
From the numerous studies which 
have been made, a number of works 
have been selected to show the 
variation among investigators that 
has resulted even though they all 
used the same packing (1l-in. Ras- 
chig rings) and inert carrier gas 
(air) and directed the experiments 
specifically toward the determina- 
tion of gas-film data. The results 
plotted on the graph, Figure 13, 
for gas-film H.T.U. have been cor- 
rected for Schmidt-number effect 
to the system studied in this work 
(air-water), assuming the H.T.U. 
to be proportional to Sc?. No cor- 
rection was made for slight varia- 
tion in packing properties since 
many of the investigators did not 
report these quantities. 

Van Krevelin, Hoftijzer, and 
Van Hooren(47) reviewed a num- 
ber of gas-film mass transfer 
studies to obtain a general equa- 
tion. Since their equation is based 
largely on the absorption of NH» 
in water, it gives results similar 
to those found by Dwyer and Dodge 
(14), Vivian and Whitney(49), 
and Fellinger(18). The curve of 
Taecker and Hougen(46) pertains 
to systems without liquid flow and 
is not intended to be comparable 
to the other systems. 

It will be noted that the technique 
of absorbing NH, and SO. in 
water has yielded much higher 
values of the H.T.U. than either 
the vaporization of liquids or the 
absorption of NHs and SO. in 
strong chemical solutions (absorp- 
tion followed by a rapid chemical 
reaction). Fellinger found that 
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absorption of NH, in H.SO, gave 
H.4.u.’s which were 1.5 to 2.5 times 
smaller tnan those tor the absorp- 
tion in water. These acid data scat- 
tered somewhat and were not pub- 
lished, but these results would seem 
to inaicate that the nature of the 
liquig-pnase resistance to mass 
transier in the NH.-water syscem 
may have been improperly eval- 
uaced. 

An alternative explanation of 
the discrepancy 1s tne existence of 
dn interfaciai resistance, postulated 
by some autnors(i1,1Z,16). Re- 
‘sistance to mass transfer usually 
has been considered to exist only 
in a gas film and a liquid film where 
equilibrium exists at the interface 
possibie tnac a iarge mass trans- 
port in one direction might result 
iN an increase in tne concentration 
Of vapor molecules at the intertace 
if the accommodation coefncient 
Were very different Irom unity. 
‘hus the actual partial pressure 
av tne Interrace could be much 
nigaer than tne equilibrium value 
auu would result 1n a lower trans- 
ter rate than would be expected. 
Uilly Lundamental experiments on 
the rate of NH. absorption in water 
Will uetermine wnetuer eltner or 
OL Taese Tactors 1s Invoived 1n 
tne wide ditference in results ob- 
tained from the two types of ex- 
periments. 

uiscrepancy between the 
Scuuies Vased On tue vapor- 
1zatlon OL Water is prubably the 
YeSuic UL the analytical altticulties 
1uvOiveu 1n type of investiga- 
tion. Saturation of the carrier gas 
witn water occurs very rapidly so 
1¢ 18 uilfficuit to determine the 
driving forces for mass transfer at 
ine tower exit with the required 
precision. ‘lo alleviate this con- 
ultion, 1t is necessary to use very 
snort packed sections, and there- 
1ore large relative errors are in- 
iuvuuuceu in the measurement of 
the bed length and the effect of the 
transrer wnich takes place outside 
tae pacKeu section is magnified. 

Although there is a wide varia- 
tion in the absolute value of the 
ri.1.U., most of tne investigators 
indicate that it will vary with ap- 


proximately the 0.5 power of the 


velocity at flow rates below the 
loading point. There is also the 
growing realization that this por- 
tion of the curve is not exactly a 
straight line and that above the 
loading point the value of the 
H.T.U. undergoes a marked de- 
crease for reasons which are not 
yet entirely clear. The data of Sher- 
wood and Holloway(41) show that 
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the liquid-film H.T.U. is independ- 
ent of the gas rate until the loading 
point is reached. At the loading 
point rapid improvement in the 
rate of mass transfer would indi- 
cate that at this point there is a 
marked change in the liquid flow 
pattern, which results in an in- 
creased contact area. It is not 
known whether this change is 
simply an increase in the wetted 
area of packing caused by increased 
gas-pressure drop, a rippling of the 
liquid surface, or a more severe 
disintegration of the liquid streams, 
but it seems reasonable to assume 
that the effect is also responsible 
for the improved mass transfer 
rates in the gas film. Figure 13 
gives some indication of the im- 
portance of the area effect. The 
curve of Taecker and Hougen(46) 
was obtained by using completely 


wetted porous packing without 
liquid flowing. The values of the 
H.T.U. that were obtained by this 
procedure are approximately one 
half those obtained in this work. 
This also suggests that there would 
be a great dependence of the gas- 
film H.T.U. on the liquid being 
used, since the fraction of the total 
available area that is wetted will 
depend on the characteristics of 
the wetting fluid. 

The dependence of the gas-film 
H.T.U. on the liquid rate as de- 
termined by several investigators 
is shown in Figure 14. All the 
curves show a decrease in the 
H.T.U. with increase in liquid rate 
but the dependence on liquid varies 
widely. Dwyer and Dodge, Yoshida 
and Tanaka(52), and Vivian and 
Whitney indicate that the H.T.U. 
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varies as approximately L-°-? over 
the entire range of liquid rates 
measured. The curve of McAdams, 
Pohlenz, and St. John(32) is taken 
from their heat transfer results as 
their mass transfer results scat- 
tered excessively. The data of Sur- 
osky and Dodge(45) scatter too 
much to warrant the assumption 
that the H.T.U. is independent of 
liquid rate above a value of 1,200. 
Actually their data might be fitted 
as well by either a sloping line or 
an S-shaped curve. The curve of 
Fellinger based on liquid rates of 
500, 1,500, and 4,500 shows the 
greatest dependence on liquid rate, 
the H.T.U. varying with L-7 at 
low flow rates and changing 
gradually to L-°-? at high rates. 
The shape of the curve is almost 
identical with that suggested by 
Van Krevelin, Hoftijzer, and Van 
Hooren. Fellinger’s three values 
could also be fitted by a curve of 
the type found in this work. It is 
difficult to draw a general conclu- 
sion from these studies or to say 
whether they offer either support- 
ing or contradictory evidence for 
the unique liquid-rate dependence 
found by the authors. 

The number of works devoted to 
the determination of the Schmidt- 
number effect is considerably more 
limited. Houston and Walker (22) 
absorbed NHs, acetone, methanol, 
and ethanol from air into water and 
found that the H.T.U. was propor- 
tional to the diffusivity to the —2/3 
power. Scheibel and Othmer(38) 
absorbed acetone and methyl] ethyl 
ketone from air into water and 
obtained data which indicated that 
the H.T.U. was proportional to the 
diffusivity to the -—-1/2 power. 
However, in trying to correlate 


their data with the data of other 
investigators(14) on the absorp- 
tion of NHg, they were led to the 
final conclusion that the correct 
exponent on the diffusivity was —1. 
The results of both Houston and 
Walker and Scheibel and Othmer 
have possible sources of uncer- 
tainty in that it is necessary to 
correct for the liquid-film re- 
sistance which is present. In addi- 
tion, the variation in diffusivity is 
small. 

These difficulties can be avoided 
by the technique of vaporizing pure 
liquids into air. Mehta and Parekh 
(33) vaporized water, methanol, 
benzene, and toluene and found 
that the H.T.U. was proportional 
to D®-17, Surosky and Dodge(45) 
used water, methanol, benzene, and 
ethyl butyrate as the liquids and 
found that their data could be cor- 
related by use of H.T.U. propor- 
tional to D®-15, The data of Simkin 
(43) and Chrisney(9) on the va- 
porization of solids and liquids 
from packed beds in the absence of 
liquid flow indicate that the H.T.U. 
is proportional to D-°.36, This sug- 
gests that in the vaporization of 
pure liquids with liquid flow there 
are complications being introduced 
by the manner in which the various 
liquids wet and flow over the pack- 
ing. The possible error from this 
source has been discussed previ- 
ously. 

It is possible to avoid the fore- 
going difficulties by the technique 
used in this work, that of using a 
single liquid for vaporization and 
varying the Schmidt number 
through the use of different carrier 
gases. It is necessary however to 
ascertain that the various gases do 
not have different effects on the 
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liquid-flow pattern and effective 
mass transfer surface. If the gas 
does cause a change in the liquid 
flow, it should do so primarily by 
the pressure it exerts. Elgin and 
Weiss(17) and Jesser and Elgin 
(23) have found that the liquid 
holdup in a packed tower is inde- 
pendent of the gas-flow rate at 
constant liquid rate up to the flood- 
ing point. In addition, it was found 
in this work that the pressure drop 
across the packing was the same 
for all three gases at the same 
value of the inertia group. With 
this group as the correlating modu- 
lus, therefore, the relative mass 
transfer rates should be independ- 
ent of the infiuence of the pressure 
drop on flow pattern and effective 
surface. 
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NOTATION 

a = area available for mass trans- 
fer per unit volume of pack- 
ing, sq.ft./cu.ft. 

C,, = molal heat capacity at con- 
stant presure,_ B.t.u./ (lb. 
mole) (°F.) 

C, = heat capacity at constant pres- 
sure, B.t.u./ (Jb. mass) (°F.) 

D = diffusivity, sq.ft./sec. 

d = diameter, ft. 

G = mass velocity of the gas stream 
based on the superfiicial area, 
lb. mass/ (hr.) (sq.ft.) 

H = height, ft. 

h = heat transfer coefficient, B.t.u./ 
(hr.) CCF.) 

h' = pseudo heat transfer coefficient 
defined by Equation (10) 
H.T.U.c = height of a transfer unit 

for the gas film, ft. 

H.T.U.’c = height of a transfer unit 

for the gas film not cor- 

rected for end effects, ft. 

mass transfer factor defined 
by Equation (4) 

J, = heat transfer factor defined by 
Equation (8) 

j'g= mass transfer factor defined 
by Equation (12) 

= heat transfer factor defined 
by Equation (12) 

k=thermal conductivity, B.t.u./ 
(hr.) (sq.ft.) (°F ./ft.) 

ke = gas-film mass transfer coeffi- 
cient, lb. moles/ (hr.) (sq.ft.) 

(atm.) 
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L=liquid-flow rate based on the 
superficial tower area, lb. mass 
/ Chr.) (sq.ft.) 

M,,= mean molecular weight of 
the gas stream, lb. mass/Ib. 
mole 

M,=molecular weight of the dif- 
fusing (evaporating) species, 
lb. mass/lb. mole 

N = rate of transport of vapor, lb. 

moles/ (hr.) (sq.ft.) 

N.T.U. = number of transfer units 

P= total pressure, atm. 

p =partial pressure, atm. 

p,; = film pressure factor, atm. 

q = heat transfer rate, B.t.u./ (hr.) 

(sq.ft.) 

t = temperature, °F., °C. 

u = velocity, ft./sec. 

Um = average velocity based on the 
total cross-section area, ft./ 


sec. 
y = mole fraction 
= D,/P 


Z = packing length, ft. 


Greek Letters 
keM 
8 h' C, 
y =a heat transfer factor defined 
by Equation (9a) 
u. = viscosity, lb. mass/ (ft.) (hr.) 
o = density, lb. mass/cu.ft. 


Dimensionless Groups 

Re = Reynolds number, duo/p. 
Se = Schmidt number, p/oD 
Pr = Prandtl number, C,u/k 


pe 


Subscripts 


a=main stream 
avg = average 

d = mass transfer 
G = gas film 

h = heat transfer 
i = interface 

m = mean 

m =molal 

s = surface 
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PHASE EQUILIBRIA 
in Systems with Ethylene 


Above Its Critical Temperature 


DAVID B. TODD 
and 


JOSEPH C. ELGIN 
Princeton University 


Princeton, New Jersey 


Phase behavior and equilibrium 
between phases are the funda- 
mental bases of any phase-change 
separation process. They are pro- 
foundly influenced by the temper- 
ature, pressure, and concentration 
region considered as well as by the 
relative chemical structures and 
physical properties of the sub- 
stances involved. Although various 
investigators have explored certain 
regions of phase equilibria rather 
extensively, comparatively few 
studies have however been made 
where the equilibrium compositions 
of the phases were measured in the 
critical region for components dif- 
fering widely in chemical structure, 
molecular weight, and critical tem- 
perature. From the results of previ- 
ous studies a general classification 
of binary vapor-liquid-phase be- 
havior in terms of the nonideality 
involved can be made as follows: 

Ideal Solutions. This class has 
been generalized and dealt with by 
means of Raoult’s, Henry’s, Dal- 
ton’s, and the ideal gas laws. Thus 
the compositions of the phases can 
be related to each other and to 
pressure and temperature algebra- 
ically or graphically. This situation 
is rarely met exactly but is ap- 


D. B. Todd is at present with Shell Develop- 
ment Company, Emeryville, California. 
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A study was made of the mutual solubility of ethylene with various polar and 
nonpoler relatively high-molecular-weight organic compounds at temperatures 1° 
and 10° C. respectively above the critical temperature of ethylene and at pressures 
up to 1,500 Ib./sq.in.abs. For many compounds Henry’s law was found to be applicable 
for the liquid phase up to approximately two thirds of the critical pressure of ethylene. 
In the critical region the solubility of ethylene was extremely sensitive to small 
changes in both temperature and pressure. The various types of phase behavior 
encountered were classified according to the nonideality involved. The results of this 
investigation indicate that a gas near its critical conditions is often capable of 
dissolving relatively nonvolatile materials in sufficient concentrations to warrant 
consideration of a separation process using such a gas as the extracting medium, 


namely fluid-liquid extraction. 


proximated closely by a few systems 
such as similar hydrocarbons and 
is an important standard of com- 
parison for other systems. 

Nonideal Solutions at Low Pres- 
sures. This classification contains 
the large majority of liquid sys- 
tems at normal and low pressures 
where the perfect-gas laws are ap- 
proximately valid. Differing de- 
grees of nonideality in the liquid 
phase lead to azeotropy and partial 
or complete immiscibility. Liquid- 
phase nonideality is usually meas- 
ured in terms of an activity co- 
efficient. 

Nonideal Solutions at High Pres- 
sures. This class is the most diffi- 
cult to treat thermodynamically, 
since both phases require correc- 
tion factors, and comparatively 
more data are required for general- 
ization. It is also probably the least 
investigated of the cases, especially 
at conditions favoring nonideality. 
For liquids this case involves com- 
ponents of differing molecular 
weight; differing size, shape, and 
structure; differing polarity; and 
differing hydrogen-bonding tenden- 
cies. For vapors this means operat- 
ing in the critical region of the 
mixture of chemically dissimilar 
components. Such systems offer in- 
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teresting possibilities for extend- 
ing and generalizing the present 
knowledge of phase behavior and 
theoretical possibilities for develop- 
ing new separation processes by 
deliberately making use of nonideal 
behavior. 

Because processes often operate 
at constant temperature or pres- 
sure, the most common  binary- 
phase diagrams are those of com- 
position vs. temperature at con- 
stant pressure or compositivii vs. 
pressure at constant temperature. 
The general interrelations of these 
and other representations have re- 
cently been outlined by Ricci(4). 

Further consideration of these 
phase diagrams permits subdivi- 
sions of the classes outlined above. 
For the less-well-known classifica- 
tion of nonideal solutions at high 
pressures, at least three types of 
behavior can be differentiated for 
binary systems. Basically a P-« di- 
agram for a binary system of com- 
plete miscibility below the critical 
temperature of both components 
takes the familiar form shown in 
Figure 1. The intercepts on the P 
axis are the vapor pressures of the 
two components of the system at 
the specified temperature. 

As the temperature is increased 
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above the critical for the more 
volatile component, a continuous 
loop (upper branch representing 
the liquid, lower branch the vapor 
phase) would be obtained originat- 
ing from and ending with the 
vapor pressure of the less volatile 
component as in Figure 2. It is 
now possible to pass from a liquid 
to a vapor phase without crossing 
any phase boundaries. Above the 
critical temperature the material in 
equilibrium with a liquid phase is 
often referred to as a “fluid” phase. 

As the dissimilarity in volatility 
and structure between the two com- 
ponents is increased, the two-phase 
area increases in spread and is dis- 
torted at low pressures, as depicted 
in Figures 3 and 4. These still 
represent a system of complete 
miscibility in the liquid phase and 
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for purposes of reference are called 
here type 1. 

With poorer liquid miscibility, 
the presence of the second com- 
ponent in the vapor, even in small 
amounts, materially increases the 
critical-pressure requirements for 
the system, leading to an “open” 
loop as in Figure 5. Here the slope 
of the P-x liquid line no longer 
steadily decreases, as was noticed 
in Figure 4. This system, with no 
maximum pressure of the two- 
phase region, has been called type 

It is possible that one component 
is sufficiently dissimilar to the 
other for partial immiscibility to 
develop in the critical region. This 
interference may arise owing to 
differences in molecular weight, 


hydrogen bonding, polarity, or 
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other properties. The resultant P-« 
diagram, with partial immiscibility 
in the liquid phase, is shown in 
Figure 6 and is designated type 3. 
The present investigation was 
undertaken as the initial study in 
a program of research designed to 
explore the nonideal-solution class 
in the region of high pressures, 
with the broad objective of system- 
atizing behavior in this region and 
the ultimate goal of treating this 
information thermodynamically. A 
further objective was to explore the 
possibilities of applying unusual 
separation techniques such as fluid- 
liquid extraction or crystallization 
from a supercritical fluid. Particu- 
lar systems and operating condi- 
tions were chosen that favored non- 
ideality in both phases. . 
Ethylene was chosen for the gas 
because of its ready availability and 
its easily attained critical condi- 
tions (9.5° C. and 50.7 atm.). Other 
components, chosen for varying de- 
grees of volatility, polarity, chain 
length, molecular weight, and 
chemical structure, were propionic, 
caproic, capric, stearic, and oleic 
acids; propyl, hexyl, decyl, and 
cetyl alcohols; decane, cetane, to- 
luene, hexaldehyde, capronitrile, 
propyl propionate, and ortho and 
para dichlorobenzene. Generally 
compositions of the vapor and liquid 
phases were determined as a func- 
tion of pressure at 1 .and 10° re- 
spectively above the critical tem- 
perature of pure ethylene. 


EXPERIMENTAL METHOD 


A modified Jerguson gauge equipped 
with a magnetic stirrer (see Figure 
7) was used for the equilibrium de- 
terminations. Samples of vapor and 
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liquid phases were flashed into evac- 
uated cartridges, B. Subsequent cool- 
ing in a dry-ice and acetone bath 
precipitated the component other than 
ethylene, permitting the ethylene to 
be withdrawn and measured volu- 
metrically. The remaining part of the 
sample was flushed from the cartridge 
with a known amount of suitable sol- 
vent, the resulting concentration be- 
ing determined by refractive index. 
Thus the composition of the original 
sample was readily calculated. 

The procedure involved in bringing 
the system to equilibrium was as 
follows. The equilibrium chamber was 
completely dismantled and equipped 
with new gaskets before each series 


of runs. Solids to be studied were in- 
troduced during reassembly; liquids 
were introduced through line A. The 
mercury reservoir F' was set to seal 
the bottom of the Jerguson gauge. 
Adjusting the height of the reservoir 
also permitted changing the level of 
either phase to the correct height for 
sampling through valve D. Ethylene 
was introduced directly from the cyl- 
inder. After long and vigorous stir- 
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ring with the magnetic stirrer ZH, 
equilibrium was presumed attained 
when no further pressure change 
could be detected. The equilibrium 
chamber was kept at constant tem- 
perature (+ 0.1° C.) by the cooling 
system C. Generally a judicious choice 
of the amount of solid or liquid orig- 
inally introduced permitted operation 
in the visible range of the equilibrium 
chamber, with the amount of ethylene 
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FIG. 


determining the pressure. Changes in 
pressure could also be brought about 
by the back pressure of nitrogen 
against the second mercury reservoir 
G. During flashing, the volume oc- 
cupied by the sample was simultan- 
eously replaced by admission of mer- 


tempt at further purification, and 
the effect of possible impurities on 
the absolute values reported was not 
determined. 


ever the vapor line has been illus- 
trated as returning to the vapor 
pressure of the pure organic con- 
stituent. Subscript 1 refers to a 


liquid richer in ethylene than in 
RESULTS 


*Complete tabular data for experimentally 


cury from res 


ervoir G. 


The source and purity of the com- 
pounds used in this investigation are 
listed in Table 3. The materials were 


The P-x diagrams for the vari- 
ous systems studied are represented 
in Figures 8 to 22.* At low pres- 
sures the composition of the vapor 


measured values of phase compositions and 
pressures at each of the temperatures studied, 
Tables 4 through 19 of this paper, are on file 
with A.D.I., Auxiliary Publications Photo- 
duplications Service, Library of Congress, 
Washington 25, D.C., as document 4476 and 


used as obtained, without any at- phase was not determined; how- 93°30 tor phatotrints. © f0F microfilm and 
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the liquid (subscript 2) which 
coexists with it. 

The compounds forming’ the 
type-1 systems with ethylene are 
decane (Figure 8), hexaldehyde 
(Figure 10),  propylpropionate 
(Figure 11), and toluene (Figure 
12). At the temperatures studied, 
the variation of liquid composition 
with pressure was approximately 
linear over almost the entire pres- 
sure range. As the temperature is 
increased, the liquidus line is 
raised, and the critical point is 
reached at a high pressure and at 
a composition richer in the less 
volatile component. The phase dia- 
gram obtained for the ethylene- 
‘etane system (Figure 9) indicates 
that this aliphatic system no longer 
strictly follows type-1 behavior. 
Since cetane is a solid at 10.5° C., 
no liquid was formed until the 
pressure of ethylene had been in- 
creased to 216 lb./sq.in.abs. Near 
the critical pressure of the mixture, 
a region of immiscibility occurred, 
indicating type-3 behavior. The 
“ormation of this ethylene-rich liq- 
‘td is probably attributable to the 
nonideality arising from the great 
difference in molecular weight and 
volatility. 

Regions of coexisting liquid 
phases near the critical pressure 
(type-3 behavior) were found also 
for the ethylene-capronitrile system 
ab 13), ‘the 
ethylene-acetonitrile system at 
10.5° C.(2), the ethylene-orthodich- 
lorobenzene system at 11.4° C. 
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(Figure 14), and the systems of 
ethylene with lower’ molecular- 
weight alcohols at 10.5° C. Figure 
16 represents the composition in 
the three-phase region for the 
ethylene —7-propyl alcohol system 
(3). The secondary liquid exists 
over a narrower composition and 
pressure region in the ethylene — 
n-hexyl alcohol system (Figure 17). 
With decyl alcohol (Figure 18) for- 
mation of an ethylene-rich liquid 
could not be detected. Also, the 
critical pressures at these tem- 
peratures could not be attained 
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“with the present equipment indi- 


cating type-2 behavior. It is inter- 
esting that an ethylene-rich liquid 
phase can exist in these systems at 
temperatures above the critical 
temperature of ethylene. 

Type-2 behavior was found also 
for the higher molecular weight 
acids. P-x isotherms are given for 
the ethylene—oleic acid system in 
Figure 22. Apparently at a pres- 
sure above 900 lb/sq.in.abs. the 
composition of the phases is rela- 
tively insensitive to further pres- 
sure change. 
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The lower molecular-weight acids 
fall into type-1 behavior (Figures 
19 and 20); the transition to type 
2 apparently depends upon the size 
of the acid molecule (Figure 21). 
As the chain length is increased, 
the melting point also is increased. 
Consequently not all the acids could 
be studied in this temperature re- 
gion. The P-x diagram for the 
ethylene-caproic acid system (Fig- 
ure 20) typifies the behavior for 
the lower molecular-weight acids. 
Here the increase of acid concen- 
tration at the critical pressure is 
much more noticeable. No liquid 
formation was detected in the 
ethylene-stearic acid system. A 
very narrow region of ethylene- 
rich liquid was obtained at 10.5°C. 
in the ethylene—cetyl alcohol system 
(5). Compression of ethylene on 
another solid, p-dichlorobenzene, 
caused formation of a liquid over a 
wide composition and_ pressure 
range (Figure 15). The effect of 
ethylene pressure on the melting 
point of this solid is noteworthy. 
The triple-point pressures deter- 
mined here are some 25% lower 
than those reported by Diepen and 
Scheffer (1.) possibly because of dif- 
ferences in the impurities present 
in the compounds used. 

As the solubility of ethylene was 


TABLE 1.—HENRY’S-LAW CONSTANTS FOR THE SOLUBILITY OF ETHYLENE 


p, =partial pressure of ethylene, lb./sq. in. abs. 
N =mole fraction of ethylene in liquid phase 
k=Henry’s law constant, lb./sq. in. abs., p, =kN 


Maximum 
Temp., k, valid pressure, 
Solvent "CG. Ib./sq. in. abs. Ib./sq. in. abs. 

19.5 159 900 

19.5 134 600 

19.5 92 800 
COLAC 19.5 94 500 
Hewdldenyvee 10.5 98 500 

19.5 117 500 

19.5 125 680 
Propyl propionate.............. 10.5 78 680 

19.5 92 800 

19.5 97 680 

20.0 114 680 
o-Dichlorobenzene.............. 11.4 118 580 
found to increase linearly with and are listed in Table 1. At about 


pressure to about three fourths of 
the critical pressure for many of 
the systems, many of the data for 
the composition of the liquid phase 
can be represented in the form of 
Henry’s law if it is assumed that 
the partial pressure of ethylene is 
equal to the total pressure of the 
system. Where applicable, Henry’s 
law constants have been calculated 


the maximum valid pressure indi- 
cated, the slope of the composition 
vs. pressure curve decreases for 
type-1 and type-3 systems and in- 
creases for type-2 systems. 


DISCUSSION 
From the phase diagrams it can 
be seen that the phase relations 
encountered in this investigation 
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ity similar to that of the liquid 
phase. 


TABLE 2.—CONCENTRATION OF VAPOR PHASE IN SYSTEMS WITH ETHYLENE 


Temp., Vapor pressure, Pressure, Mole %in Wt. %in When one of the components is 
Compound OF mm. Hg lb./sq.in.abs. “vapor” “vapor” a solid, compression of a super 
Capric acid.......... 19.5 0.000003 1,200 0.47 2.8 critical gas upon it may cause a | 
Caproic acid......... 19.5 0.0035 1,014 3.2 12.1 liquid to form or may yield a 
Sa 19.5 0.0017 1,090 4.9 29.3 region of increased solids solubility 
Hexyl alcohol........ 19.5 0.69 1,150 2.6 9.0 manyfold greater than that pre- 
Propyl alcohol........ 10.5 8.0 800 12.5 23.4 dicted from vapor pressure alone , 


can be grouped into the three types 
of behavior enumerated under the 
classification of nonideal solutions 
at high pressures. Into which type 
any other system might fall may 
be estimated by a consideration of 
the factors involved in the systems 
already studied; for example, it is 
probable that combinations of a 
polar low-molecular-weight gas, 
e.g., ammonia or sulfur dioxide or 
carbon dioxide, with relatively high- 
molecular-weight nonpolar com- 
pounds such as hydrocarbons will 
exhibit behavior in the critical 
region analogous to that of these 
classes. 

Type-1 behavior would be ex- 
pected where differences in chem- 
ical structure and molecular size 
are not great. Systems of paraffins 
or olefins with other similar paraf- 
fins, aldehydes, or esters would 
probably be classed in this type. 

For minor differences in chain 
length, type-3 behavior would be 
produced by differences in chemical 


structure, polarity, or hydrogen- 
bonding tendencies. The ethylene- 
alcohol and ethylene-nitrile systems 
are evidence of this. Although the 
acids are strongly polar and tend 
to form relatively strong hydrogen 
bonds, it is believed that these 
molecules act as dimers and thus 
somewhat nullify these strong ef- 
fects. For members of a homo- 
logous series, sufficient dissimilar- 
ity in chain length could also cause 
type-3 behavior (for example ethy- 
lene and cetane). 

With dissimilar components 
either Type 2 or 3 behavior would 
be expected. Difference in volatility 
and size of molecule would eventu- 
ally lead to type 2. The two-liquid- 
phase phenomena (type 3) can 
occur only if the less volatile com- 
ponent is sufficiently volatile to 
enter the vapor phase in a high 
enough concentration to interfere 
with the densely packed molecules 
of the more volatile component and 
thus to lead to gas-phase nonideal- 


(2). 

Besides the theoretical interest 
in the unusual phase behavior 
encountered in these systems, the 
principles involved can be applied 
in operations wherein the non- 
ideality is intentionally created. 
The magnitude of solubility of a 
compound of low volatility in a 
gas above its critical temperature 
(see Table 2) is sufficient to con- 
sider the gas as an extracting 
medium, that is  fiuid-liquid or 
fluid-solid extraction analogous to 
liquid-liquid extraction and leach- 
ing. In this case the solute is re- 
moved and the solvent recovered by 
partial decompression. For the 
cases cited in Table 2, decompres- 
sion to 900 lb./sq.in. abs. at 19.5° 
C. or to 700 lb./sq.in.abs. at 10.5° C. 
reduces the nonvolatile-component 
concentration in the vapor phase to 
less than 1% by weight. Thus com- 
pression of a gas over a mixture of 
compounds could selectively dis- 
solve one compound, permitting it 
to be removed from the mixture. 
Partial decompression of the fluid 
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elsewhere would drop out the dis- 
solved compound, and the gas could 
be reused for further extraction. 
Weinstock(6) has recently com- 
pleted a study of ternary systems 
involving ethylene and water with 
various organic liquids wherein 
the ethylene under pressure is 
used to force a phase separation, 
splitting out the water from the 
organic solution. The behavior with 
supercritical ethylene is analogous 
to the use of a solid such as sodium 
chloride as a “salting-out” agent. 
Supplying the energy for phase 
creation in the form of pressure 
rather than heat would also provide 
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MOLE PERCENT CAPRIC ACID 
Fic. 21. CApRic ACID-ETHYLENE ISOTHERMS. 


a means of separation and purifica- 
tion of those temperature-sensitive 
materials not suited for normal 
distillation. Because of the rela- 
tively high densities involved in 
such a process, the capacity would 
be greater than for the molecular 
distillation now frequently in use. 
A range of temperature regions is 
available because of the various ex- 
tractant gases that might be 
chosen. 
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TABLE 3.—MATERIALS USED 


Source 
Matheson Co. 


Compound 
Propionic acid 


Purity 
C.P. grade 


n-Caproic acid 
n-Capric acid 
Stearic acid 
Oleic acid 
n-Hexyl alcohol 
n-Decyl] alcohol 
Cetyl alcohol 
n-Decane 

Cetane 
n-Hexaldehyde 
n-Capronitrile 
n-Propylpropionate 
Toluene 
p-Dichlorobenzene 
o-Dichlorobenzene 
Ethylene 
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Matheson Co. 2756 
Matheson Co. 5168 
Merck & Co. 0.04282 
Merck & Co. 0.03221 
Matheson Co. P5236 
Matheson Co. P5189 
Matheson Co. 2602 
Matheson Co. 5845 
Matheson Co. P5829 
Matheson Co. P5169 
Matheson Co. 6612 
Matheson Co. 4296 
Merck & Co. 74951 
Matheson Co. 2779 
Matheson Co. 1289 


U.S. Industrial Chem. 


98%, B.P. 94-95°C./8 mm. 
98.5%, M.P. 29-30°C. 
U.S.P. triple pressed 
Use: 

95.0%, B.P. 153-156°C. 


94.0%, B.P. 90% 229-233°C. 


98.5%, M.P. 48-49°C. 
99.0%, B.P. 173-175°C. 
95.0% M.P. 15-17°C. 
95%, B.P. 90% 124-130°C. 
98.0%, B.P. 161-163°C. 
98.5%, B.P. 122-125°C. 


A.C.S. Spees., B.P. range 1°C. 


99.0%, M.P. 52-5-53°C. 


99.5%, B.P. 53-55°C./10 mm. 
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Cynamid Company, whose fellow- 
ship was held by one of them dur- 
ing this investigation. 


NOTATION 
A=substance in binary system 

with high volatility 
B=substance in binary system 


with low volatility 
F = fluid phase 
L = liquid phase 
P = pressure 
T = temperature 
T,= critical temperature 
V =vapor phase 
x = composition 
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Mass Transfer 


in Packed Beds 


R. W. FAHIEN AND J. M. SMITH 


Purdue University, Lafayette, Indiana 


Although considerable work has been done on the problem of heat transfer 
radially in fixed beds through which gases are flowing, the data available for mass 
transfer are limited to one pipe size and one packing size and refer to average 
diffusivities for the entire bed. The present study was undertaken to determine: 
(1) ‘diifusivities over a range of pipe and packing sizes and (2) the effect of radial 
position in the bed. 

The measurements were made by introducing carbon dioxide into an air stream 
and analyzing the resultant mixture at various positions in the bed downstream 
from the point of injection. Pipe sizes of 2, 3, and 4 in. were packed with spherical 
particles of 5/32-, 4-, and '/2-in. nominal diameter. 

‘the differential equation describing the concentration in a packed bed when 
diffusivity E and the velocity u are permitted to vary with radial position was solved 
by use ot an I.B.M. card-programmed calculator for the computations. 

The resuits show that the Peclet number D,u/E increases from the center toward the 
wall of the pipe and that the increase is significant when D,/D: is greater than 0.05. 
Empirical correlations are then presented for both point Peclet numbers, which vary 
witut radial position, and average Peclet numbers for the entire bed. 

The variations in Peclet number with radius can be explained in terms of the corre- 
sponding variation in void fraction for 81‘ of the radius of the bed. At modified 
Reynolds numbers above 40 to 100 the equation Pe = 8.0 + 100 (6 — 6.) correlates 
the effects of pipe and packing size and radial position. At radial positions greater 
than 0.81 wall friction influences turbulence conditions and the Peclet number. 


In the design of fixed-bed cata- 
lytic reactors a knowledge of both 
heat and mass transfer rates in 
the radial direction is important. 
The heat transfer problem has re- 
ceived considerable attention, but 
data for mass transfer in gaseous 


primarily by the mechanism of 
convection, heat transfer can occur 
by a variety of other mechanisms 
also. Hence a study of mass trans- 
fer provides a means of breaking 
down the more complex heat trans- 
fer process, at least partially, into 


systems are limited. The main ob- 
jective of this study was to provide 
such information for a variety of 
tube and packing sizes. 

Mass transfer is important not 
only in itself, but also because of 
its relation to the heat transfer 
process which occurs simultaneous- 
ly under the influence of the tem- 
perature gradient existing radially 
in the packed bed. Although the 
mass transfer process takes place 
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its component parts. 

Previous heat transfer studies 
(1,10) have indicated that effec- 
tive thermal conductivities vary 
with radial position. Since it 
seemed likely that effective diffu- 
sivities would also show such varia- 
tions, a turther purpose of this 
study was to determine point values 
of the diffusivity at different posi- 
tions in the bed. 

Because of the possible variation 
in both diffusivity and velocity with 
radial position, a complex differ- 
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ential equation must be used to 
relate the variables. One method 
of handling the problem is to ob- 
tain data at a number of packing- 
bed depths and solve the equation 
for the diffusivity, or Peclet num- 
ber, by differentiating the data 
rather than integrating the equa- 
tion. This procedure has been used 
in attacking the analogous heat 
transfer problem(10). To elimi- 
nate both the necessity for measur- 
ing concentrations at multiple bed 
depths and the errors associated 
with graphical differentiation, in 
the present study the complex 
equation was solved with the aid 
of an I.B.M. card-programmed cal- 
culator. Hence another purpose of 
the study was to demonstrate the 
use of an automatic computing ma- 
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Fic. 1. FLOW SHEET OF AIR—CARBON DIOXIDE SYSTEM. 


chine in chemical engineering cal- 
culations of this type. The details 
of setting up such calculations on 
the C.P.C. machine will be de- 
scribed in a separate paper. 

The experimental technique con- 
sisted of injecting carbon dioxide 
inco an air stream flowing through 
the vertical packed bed. At some 
height above the pcint of injection, 
samples of the air—carbon dioxide 
mixture were withdrawn and ana- 
lyzed. A knowledge of the concen- 
tration and _ velocity [available 
from Schwartz and Smith(11) | 
across the diameter of the ped at 
a Single bed depth provided suffi- 
cienc aniormation to yield effective 
diffusivity values at any point in 
tne bed. 


PREVIOUS WORK 


The first measurements of mass 
transter by turbulent diffusion in 
gaseous systems were carried out by 
Sherwood and Towle(14). Although 
their work was done in an empty 
pipe, the results are important for 
tixed-bed diffusion, as it was shown 
that the diffusivity was not influenced 
by the molecular weight of the dif- 
fusing component. 

Bernard and Wilhelm(3) reported 
considerable data on radial mass 
transfer rates in liquid systems and 
also the only published values for 
gaseous systems, i.e., for carbon di- 
oxide diffusing across an air stream 
flowing through an 8-in. diam. pipe 
packed with 3/8-in. spheres. 

Singer and Wilhelm(13) have as- 
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sembled data on heat and mass trans- 
fer in terms of the Peclet group, 
Reynolds number, and the ratio of 
particle-to-tube diameter. These re- 
sults show that the Peclet group for 
heat transfer is generally smaller 
than the corresponding group for 
mass transfer. 

From theoretical considerations 
Baron(2) predicted that the 
Peclet number should be between 5 
and 13. The basis for this prediction 


is the random-walk theory, in which. 


a statistical approach is employed. 
Latinen(7) has extended the random- 
walk concept to three dimensions and 
demonstrates the applicability of his 
theory to a body-centered cubic pack- 
ing arrangement. For fully developed 
turbulence a Peclet number of 11.3 is 
predicted. These methods of predic- 
tion do not take into account effects 
of radial variations in velocity and 
void space. 

Ranz(8), postulating a _ different 
orientation in the bed and also as- 
suming that the Peclet number does 
not depend upon the velocity or void 
space, proposed another method of 
prediction. When applied to a system 
of spherical particles, packed with 
their centers at the corners of tetra- 
hedrons, this approach gives Pe = 

The availability of data showing 
the variation of void fraction with 
radial position(9) makes possible a 
clearer interpretation of the present 
mass transfer study. 


SCOPE OF WORK 


The following 
studied: 


variables were 
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Pipe size: 2, 3, 4 in. 

Mass velocity: 125, 250, 500, 1,000 
and 1,500 lb./(hr.) (sq. ft. of 
total pipe area). In some cases 
40, 775, and 1,500 values were 
also used. 

Packing size: 5/32-, 0.30-, 0.36-, and 
spheres. 

For each combination of the fore- 
going variables, three . diameters 
across the bed were traversed, and 
between twenty-four and fifty-one 
samples of carbon dioxide were taken 
and analyzed. The range of modified 
Reynolds numbers was from 12 to 
1,180, and the range of particle-to- 
tube diameter, D,/D:, from 0.038 to 
0.175. 


APPARATUS AND EXPERIMENTAL 
PROCEDURE 


Figure 1 shows a schematic dia- 
gram of the entire apparatus, con- 
sisting of an air-cleaning and purify- 
ing section, an air-metering section, 
the test section, a carbon dioxide me- 
tering section, and a gas-analyzing 
section. 

Carbon dioxide and water vapor 
were removed from the incoming air 
by soda lime and silica gel towers. 

The test section in detail is shown 
in Figure 2. Straightening vanes 
were inserted just above the elbow 
leading into the section. The carbon 
dioxide injection tube entered the 
section above the straightening vanes 
and passed through a wire screen 
supporting the packing. In the 2-in. 
pipe runs, the 0.135-in. I.D. injection 
tube terminated at a point 23 in. 
above the screen. The upper tip of 
the tube was ground to a thin edge. 
In the 3-in. pipe runs, a 0.183-in. I.D. 
injection tube was used, and its tip 
extended 13.5 in. above the screen 
holding the packing. For the 4-in.- 
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pipe setup, the 0.183-in. injection 
tube extended 10.6 in. above the 
screen. 

The height of packing above the 
tip of the injection tube was varied 
in the 2-in.-pipe runs, but the final 
data were taken at a height of 9 1/2 
in. for the 5/32-in. spheres and 6 3/8 
in. for the 3/8-in. spheres. The cor- 
responding values for the 3- and 4-in.- 
pipes were 9.6 and 12.4 in. A statis- 
tical analysis, described in the next 
section, was used to arrive at these 
bed heights. 

The bed was packed by pouring the 
spheres slowly from the top, using a 
rotating motion. This normal packing, 
as described by Furnas (4), was 
found to give more reproducible re- 
sults than methods involving tapping. 
A similar conclusion was reached by 
Schwartz and Smith(11) in their 
velocity investigation. 

Samples of carbon dioxide were re- 
moved from the top of the packed bed 
through a 1/16-in. O.D. Pitot tube. 
The tube was housed in a brass ring 
(Figure 2) that permitted samples to 
be taken from any radial position and 
across any diameter of the pipe. 

The samples were passed through 
one side of an M/T-T-8 thermal- 
conductivity analyzer, supplied by the 
Gow-Mac Company. Reference air 
for this instrument was taken from a 
point just before the bed so that the 
measured values represented differ- 
ences in concentration between the 
point in the bed and the inlet air. 

The M/T-T-8 analyzer is an eight- 
filament unit containing two cells in 
each of four arms of a Wheatstone’s 
bridge circuit. A constant bridge cur- 
rent of 100 ma. was supplied from 
lead storage batteries. The unbal- 
anced e.m.f. from the bridge circuit 
was measured and recorded on a 
Leeds and Northrup Model S Micro- 
max. The difference between the chart 
readings when a sample was passing 
through one cell and when reference 
air was in both cells was a measure 
of the concentration of the sample. 

The flow rate through the sampling 
cell was fixed at a value such that 
the velocities inside and outside the 


sampling tube were the same. A num- 
ber of special experiments were made 
to determine how rapidly samples 
could be withdrawn without causing 
appreciable mixing, and optimum 
values were obtained for each set of 
conditions. 

Likewise the carbon dioxide was 
admitted at a speed designed to main- 
tain an undisturbed velocity profile 
within the bed. This average velocity 
in the injection tube was found by 
experiment to be approximately the 
same as in the test section. 

The analyzer was calibrated by 
preparing mixtures of air and carbon 
dioxide by use of the rotameters in 
the apparatus for a measure of the 
concentration. In order to increase 
the accuracy of the calibration, all 
concentrations were referred to a 
reference value, Ca, which was the 
measured average effluent concentra- 
tion from the test section. The cali- 
bration curve could then be expressed 
by the equation. 


ey 
(+) 
A A 


where AY refers to the difference in 
chart reading and 6 is the calibration 
constant. The use of the effluent con- 
centration as the reference value 
minimized errors due to temperature 
changes and similar variables which 
might change from day to day. In 
substance this procedure amounted to 
checking one point on the calibration 
curve with each run. 

Pellet sizes were measured by 
two methods: (1) measuring the di- 
ameter of several units with a mi- 
crometer and (2) measuring the 
volume of water displaced by ap- 
proximately 100 units and computing 
the diameter equivalent to a perfect 
sphere. The 5/32-in. steel balls were 
nearly uniform with an average di- 
ameter of 0.156 in. The 1/4-, 3/8-, 
and 1/2-in. particles were alumina- 
catalyst-support pellets and were 
somewhat irregular spheres. Their 
actual average diameters were 0.30, 
0.36, and 0.58 in. 
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Fic. 3. VARIATION OF CONCENTRATION WITH RADIAL AND 
ANGULAR POSITION, 8.09-IN. BED DEPTH. 
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STATISTICAL ANALYSIS AND 
REPRODUCIBILITY 
Reproducibility. Concentrations 

measured in a packed bed are sub- 
ject to large variations from point 
to point as a result of the random 
packing distribution within the 
bed. Hence samples removed from 
points on different radii, but at the 
same radial position, r/ro, will be 
distributed randomly about a mean 
concentration which is characteris- 
tic of that radial position. The ex- 
tent of the variations which occur 
are shown in Figure 3, where con- 
centration ratios, C/Ca, at constant 
radial position are plotted vs. an 
angular position corresponding to 
the diameter traversed. 

In view of these results and since 
the effect of radial variation on 
Peclet number was an objective, it 
was deemed necessary to measure 
carefully concentrations over a 
number of diameters. To carry out 
this program most efficiently a sta- 
tistical analysis of typical sets of 
data was undertaken. The results 
from four runs (4,141, 4,142, 4,148, 
and 2,141) made in the 2-in. pipe 
with 5/32-in. packing were em- 
ployed and measurements were 
made at a packing-bed depth of 
8.13 in. (above the injector-tube 
tip) and across three diameters 
120° apart. The results are plotted 
in Figure 4. The deviations from 
the mean range from 3% at the 
center to 2.5% at the wall. 
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Effect of Repacking the Bed. An 
analysis of variance using the data 
in Figures 3 and 4 showed that the 
error resulting from taking data 
over three different diameters was 
not significantly different from that 
of taking data over one diameter 
and repacking the bed three times. 
Hence all data were obtained over 
three diameters with but one bed 
packing for each set of conditions. 


Effect of Bed Height. At low heights 
of packing, errors would be expect- 
ed owing to the presence of the 
injector tube. On the other hand, 
the concentration profile flattens 
out at high bed depths and intro- 
duces errors in the analysis of the 
data. Hence an optimum packing 
height exists for each set of condi- 
tions. To test these factors, Kuri- 


Fig. 5. VARIATION OF CONCENTRATION 
WITH RADIAL POSITION. 
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hara(6) has measured concentra- 
tion profiles for packing depths 
ranging from 1.69 to 11.03 in. for 
5/32-in. pellets in the 2-in. pipe. 
The data are shown in Figure 5 
and the computed Peclet numbers 
in Figure 6. The fact that the 
graphical differentiation technique 
was used to obtain the Peclet num- 
bers explains some of the variation 
in the values; however it is clear 
that at bed heights above 6 in. the 
effect of bed height is not large in 
comparison with random errors 
due to packing distribution. On the 
basis of these data were deter- 
mined the bed heights given in the 
section on Apparatus. 


Error in Carbon Dioxide Analysis. 
The statistical analysis showed 
that differences between diameters 
were significant at the 5% confi- 
dence level when compared with 
the residual variation. The ran- 
domness of the packing therefore 
was the primary cause of the dif- 
ferences between different sets of 
data, such as shown in Figure 4, 
and not errors in carbon dioxide 
analysis and errors due to other 
assignable causes. 

Since the effluent concentration 
was measured for each run, it is 
possible to compare this value with 
the integrated average concentra- 
tion. This comparison however in- 
volves more than the error in the 
carbon dioxide analysis, for the 
velocity data of Schwartz and 
Smith(11) must be employed in 
obtaining the integrated value. For 
all the data the deviation between 
the two quantities averaged 4.8%. 
It is worth while to note that as- 
suming a uniform velocity profile 
rather than using the available 
data would have led to much 
greater deviations between the in- 
tegrated and measured average 
concentrations. It is believed that 
the 4.8% value represents the de- 
gree of correspondence between 
the velocity and concentration 
measurements which were made 
with the same packing materials 
but in different equipment. 


Effect of Height of Pitot Tube above 
Top of Bed. In taking samples from 
the top of the packed bed, it was 
important that random variations 
were minimized so that average 
concentrations might be obtained 
from a minimum amount of data; 
hence it was not desirable to with- 
draw samples from directly above 
the packing. On the other hand, 
experiments indicated that appre- 
ciable mixing occurred if the dis- 
tance above the packing became 
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great. On the basis of several trial 
runs it was decided that a distance 
above the packing of 1/4 to 1/2 in. 
represented the optimum condition, 
and this spacing was used in tak- 
ing the final data. 

The velocity data of Schwartz 
and Smith(11), used in analyzing 
the results of the present investi- 
gation, were obtained at a height 
of 2 in. above the top of the pack- 
ing. This larger distance was neces- 
sary because of the hot-wire—ane- 
mometer technique employed to 
measure velocities. At distance of 
1/4 to 1/2 in. velocity components 
perpendicular to the direction of 
flow affected the anemometer read- 
ings. It was found that if the dis- 
tance was increased to 2 in., these 
velocity components were neg- 
ligible, and the velocity in the 
direction of flow still was not af- 
fected by the empty pipe length of 
2 in. In the concentration measure- 
ments, perpendicular velocity com- 
ponents were of no significance, 
and so accurate data could be ob- 
tained by sampling the gas at the 
much smaller distances of 1/4 to 
1/2 in. above the packing. 


CALCULATION OF RESULTS 


Development cf Equation. It is usu- 
ally assumed that a differential 
equation can be written to describe 
the temperature and concentration 
in a packed bed, an assumption that 
presupposes that it is possible to 
choose a differential element large 
enough to represent average condi- 
tions over an area involving both 
packing and void space, yet small 
enough to assume continuity of 
temperature and concentration gra- 
dients. This approach therefore 
assumes that heat and mass trans- 
fer are occurring continuously and 
uniformly across each radius of 
the packed bed. The actual process 
takes place to a large extent in the 
form of discrete displacements con- 
trolled by the dimensions of the 
packing. Under these conditions it 
can be argued that the abstraction 
of a differential equation need not 
be employed to describe processes 
occurring in finite steps but that 
these processes might better be de- 
scribed in terms of difference equa- 
tions which could be solved numeri- 
cally with high-speed computing 
equipment. 

Although such an argument has 
much to recommend it, the past de- 
velopment of reactor-design meth- 
ods and treatment of heat transfer 
data has been entirely in terms of 
the differential-equation approach. 
Accordingly, in this present study 
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the differential equation for mass 
transfer has been used as a Start- 
ing point, although its solution has 
been obtained by substitution of 
difference equations and with the 
aid of computing machines. Thus 
the concept of an effective diffusivi- 
ty, E, has been retained as defined 
by the expression 


Rate of mass transfer per unit 
area je (2) 


Under these conditions the basic 
differential equation for mass 
transfer in the bed may be written 


This expression is based upon 
two additional assumptions besides 
Equation (2); ie, (1) angular 
symmetry is everywhere present, 
and (2) diffusion in the axial di- 
rection can be neglected. Axial 
diffusion is probably unimportant 
at all except the lowest mass veloci- 
ties because the mass transfer due. 
to the bulk velocity of the gas is 
predominant. It is not possible to 
introduce an accurate longitudinal 
term in the differential equation 
because of inadequate knowledge 
of the diffusivity in the axial di- 
rection. 

Schwartz and Smith(11) have 
found that the variation of velocity 
wu with bed height is not large com- 
pared with random variations at a 
given radial position. With this 
simplification, and introducing the 
radial position coordinate 9=7r/r,, 
Equation (3) becomes 


(2 ) = Q angular. symmetry (5) 
\a 6, 
6=0 

ac 

7 =()no mass transfer at 

wall 

(6) 
C(6, 0) = C,; (7) 
C(6, 0) =.0 


Boundary condition(7) represents 
the physical situation at zero 
bed depth where pure carbon di- 
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oxide of concentration C, is intro- 
duced into the bed through an in- 
jection tube of radius tro. 


Solution of Equation. Equation (4) 
cannot be solved analytically unless 
the relationship between the diffu- 
sivity E and the radial position r 
is known. Since this was one ob- 
jective of the work, numerical 
methods had to be used. It may be 
noted that if both E and w are 
assumed constant the coefficients 
are constant and an analytical so- 
lution in terms of Bessel functions 
is possible. 

Point values of the diffusivity 
and the Peclet number at various 
radial positions were obtained by 
using the available velocity data 
(11) and replacing Equation (4) 
with a set of homogeneous linear 
difference equations which could be 
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solved with the aid of an I.B.M. 
card-programmed calculator. 

The general method of solution 
can be outlined as follows: 


1. It is postulated that the concen- 
tration C can be considered the prod- 
uct of two functions R and Z, the first 
of which is a function of r only and 
the second a function of z only. Two 
ordinary differential equations are 
obtained: one involving Z and one 
involving R. 

2. The equation containing Z is 
solved analytically by ordinary meth- 
ods. 

3. The equation involving R is a 
complex differential equation whose 
analytical solution, if possible, would 
be extremely difficult. This equation 
may be replaced by a system of dif- 
ference equations, each written about 
a point in the region from r=o to 

4. This system of difference equa- 
tions is actually a set of homogeneous 
linear equations involving the values 
of an eigen function on R at each 
interval in the region and an eigen 
value, X. 

5. This set of linear equations can 
be solved by trial and error for values 
of R and X at each radial position by 
use of the velocity and concentration 
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data. 


The form of the solution is 
n 


c=) AR, exp 2/D?) (8) 
0 


where A, are constants, R, are the 
eigen functions depending upon radial 
position only, and 2X, are the eigen 
values determined by the boundary 
conditions. 

The procedures for carrying out 
the calculations on the I.B.M. ma- 
chine are described in a separate 
paper. 

The measured concentration data 
across three diameters of the pipe 
gave six individual values at each 
radial position. These were aver- 
aged arithmetically to obtain the 
mean concentration used in the 
calculations. The diameter of the 
pipe was divided into eight inter- 
vals, so that Peclet numbers were 
obtained at values of 6 equal to 
1/16, 3/16, 5/16, 7/16, 11/16, and 
13/16 and 15/16. 

To test the computation method 
the Bessel Test was carried out; 
that is, the velocity and diffusivity 
were assumed constant, and an 
arbitrary value of the Peclet num- 
ber of 9.8 was chosen. Then the 
concentration profile for this hypo- 
thetical case was obtained from the 
Bessel solution. These concentra- 
tions were used in the computation 
method to compute Peclet numbers 
at each radial position. If there is 
no error in the method, the value 
of Pe should be 9.8 in each case. 

The results of the test are shown 
in the lower half of Figure 7 and 
indicate the validity of the method. 
In the upper part of the figure is 
a comparison of Peclet numbers 
computed graphically by Kuriahra 
(6) and by the computational 
method. 

For some purposes, particularly 
simplified reactor-design proce- 
dures, average values of the Peclet 
number across the entire diameter 
of the bed are useful. Various 
methods might be used to obtain 
such results. Bernard and Wil- 
helm(3) assumed that both veloci- 
ty and eddy diffusivity were con- 
stant and used a Bessel solution of 
Equation (4) to obtain mean Peclet 
numbers. Another assumption is 
that the ratio w/E is constant. This 
second approach was used in this 
work and Equation (4) again 
solved with the C.P.C. machine to 
obtain average values of Pe. 

The values of the velocity wu used 
in the calculations and the values 
of # computed are based upon the 
superficial area, rather than on an 
area determined from the actual 
void fraction. 
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TABLE 2.—AVERAGE VALUES OF PECLET NUMBER, D,u/E 


Tube size, Pellet size, 
in. in. Mass velocity, lb./(hr.) (sq. ft.) 
40 125 250 500 1000 1250 1500 
4 5/32 6.00 12.3 9.86 7.80 8.42 
4 0.30 vin S68 9.30 8.55 8.80 8.48 
4 0.36 9.67 9.67 alee 9.00 9.43 9.90 
4 0.58 eB 1L2 11.1 12.7 12.7 12.9 
3 5/32 ae ae 9.35 9.58 8.13 8.41 8.27 
a 0.36 11.6 10.5 9.50 9.88 2.78 
2 5/32 10.7 10.7 10.1 10.1 afeta 10.0 
2 0.36 13.5 23 12.1 12.9 13.0 
20F 
‘Sr 
BL 
7 
e 5/32 SPHERES 
Pa © 0.30" SPHERES 
A 0.36" SPHERES 
g s 0.58" SPHERES 
10 20 30 50 100 200 300 500 1000 
DpG 
Re = bed 


Fic. 9. AVERAGE PECLET NUMBER CALCULATED BY METHOD A (CONSTANT U/E), 
4-IN. PIPE. 


TABLE 4.—POINT VALUES OF PECLET NUMBER, Du/E 
G =125 lb./(hr.) (sq. ft.) 


Radial 
position 2-in. Pipe 3-in. Pipe 4-in. Pipe 
5/32 in. 0.36 in. 5/32 in. 0.36 in. 5/32 in. 0.30 in. 0.36 in. 0.58 in. 
3/16 9.3 9.0 7.0 9.4 7.0 9.3 7.8 8.1 
5/16 8.3 10.5 8.5 10.2 8.0 8.0 7.8 8.2 
7/16 8.9 11.1 10.8 9.8 8.1 8.2 7.6 7.6 
9/16 9.2 13.2 13 Wy 9.6 10.3 9.2 10.6 11.7 
11/16 11.0 16.3 11.7 11.0 9.9 11.3 16.7 14.9 
13/16 12.8 24.2 12.3 13.4 9.9 21.2 22.6 18.5 
15/16 32.2 36.5 14.0 38.5 10.9 35.0 38.1 44.3 


RESULTS 

The measured concentration ra- 
tios, shown as mean values with 
respect to angular position, are 
presented in Table 1*. Typical con- 
centration profiles across the radius 
of the bed are shown for the 4-in. 
pipe in Figure 8a and for the 2- 
and 3-in. pipes in Figure 8b. It is 
interesting to note that the concen- 
tration does not vary with mass 
velocity in the range covered by 
the graph. 

Average values of the Peclet 
number, computed on the assump- 
tion that w/E does not vary with 
radial position, are given for all 
conditions in Table 2, and in Fig- 
*Tables 1 and 3 are on file with the American 
Documentation Institute, Auxiliary Publica- 
tions Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be 


ordered as document 4475 on remission of 
$1.25 for microfilm or photoprints. 
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IN. SPHERES. 


ure 9 for the 4-in. pipe. Because 
the concentration profiles are non- 
variant with mass velocity, it is 
seen from Figure 9 that the Peclet 
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fluid dynamics. A_ satisfactory 
theory of fluid dynamics for a 
packed bed has not been developed. 


The theories of Prandtl, Von Kar- 
man, and Taylor, which have been 
applied in simple cases of homoge- 


x 5/32" SPHERES 
287 0.36" SPHERES 
G =1000 24+ x 5/32" SPHERES 
a 0.36" SPHERES x 5/32" SPHERES 
& 0.36" SPHERES 
G=!000 
a — 04 
4 
x 
12h 
2 03 
uJ 
x 
025 050 075 1.00 025 050 075 1.00 f°) 025 O50 O75 1.00 
8 8 
Fic. 11. PEcLET NUMBER IN A 2-IN. Fic. 12. Pecter NuMBer IN A 3-IN. Fic. 14. ErrectivE DIFFUSIVITY IN A 
PIPE. PIPE. 2-IN. PIPE. 
x 5/32" SPHERES 
0.36" SPHERES 
324 32h G =1000 
o 0.58" SPHERES X 5/32" SPHERES 
se" " 04F 
24+ 24+ 4 
a 
16} 4 = 
a >02F 
025 050 O75 10 0.25 050. 075 10 : 
8 (2) 025 O50 O75 1.00 
8 
Fic. 13a AND b. PECLET NUMBER IN A 4-IN. PIPE. 
Fic. 15. EFFECTIVE DIFFUSIVITY IN A 
8-IN. PIPE. 
numbers are also essentially con- 
stant above G = 500 Ilb./(hr.) (sq. 
Point values of the Peclet num- L @ 0.58" SPHERES 
ber also show little variation with ities 
mass velocity at the higher levels, 
as indicated in Figure 10 for 4-in.- s L 
pipe data. In Table 3* are shown uw oa. 
point Peclet numbers for mass _ 
velocities above 500 lb./(hr.) (sq. = 
ft.). Table 4 gives the results at > 04 
125 lb./(hr.) (sq. ft.). 
DISCUSSION OF RESULTS x x x—* 
A quantitative explanation of ; 
difficult because the problems in- 
volved are so closely connected with RADIAL POSITION 6 
*See footnote on page 33. Fic. 16. EFFECTIVE DIFFUSIVITY IN A 4-IN. PIPE. 
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neous flow, are difficult to extend 
to packed beds because of the ran- 
dom arrangement and sizes of the 
channels and the numerous irregu- 
larly arranged surfaces. Hence a 
sound theoretical interpretation of 
the variation of Peclet number with 
radial position does not seem pos- 
sible at present; nevertheless, a 
method of predicting Peclet num- 
bers from the known bed parame- 
ters is important in reactor-design 
problems. Accordingly, first are 
presented empirical equations 
which correlate the data obtained, 
and then in the next section the 
theoretical implications, particu- 
larly with respect to void space, are 
considered. The interpretation of 
the data is aided by the availability 
of velocity(11) and void fraction 
(9) information for the same bed 
conditions. 


Correlation of Point Peclet Numbers. 
Perhaps the most important result 
of this study is the significant in- 
crease of the Peclet number with 
an increase in radial position, an 
increase that depends upon the 
ratio D,/D, and is significant when 
the ratio is above about 0.05. These 
conclusions are evident from Fig- 
ures 11, 12 and 13. For the 5/32- 
in. particles in the 4-in. pipe 
(D,/D, = 0.038) the Peclet number 
profile is almost flat (see Figure 
13). At the other extreme, Figure 
ll, the increase in Peclet number 
begins at the center of the pipe. 
The value of Pe at the center in 
all cases is essentially 8.0. 

A second interesting result is 
that values of the eddy diffusivity 
for different particle sizes are dif- 
ferent near the center of the pipe 
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but similar as the wall is ap- 
proached. This is seen in Figures 
14, 15, 16, where the eddy diffusivi- 
ty divided by the average velocity, 
V, over the whole pipe is plotted 
vs. radial position. At the center 
the diffusivity is proportional to 
the particle size, but near the wall 
it is largely determined by the tube 
size. 

Mathematically these conclusions 
regarding the Peclet number can 
be represented by an expression of 
the form 


Pe = Peo +F (9) 


where F and m depend upon par- 
ticle and tube sizes and Pe. is the 
value of the Peclet number at the 
center of the tube and is equal to 
8.0. Values of m and F were ob- 
tained from Equation (9) and the 
tabulated values of Pe. The result- 
ing correlations for F and m in 
terms of D,/D, are shown in Fig- 
ures 17 and 18. These two graphs, 
along with Equation (9), correlate 
all the data at mass velocities above 
G = 500 lb./(hr.) (sq. ft.) within 
10%. Values of the Peclet number 
at lower mass velocities are higher, 
as indicated by Figure 10, but the 
increase is only of the order of 10 
to 20%. 

Equation (9) predicts a contin- 
ual increase in Peclet number as 
D,/D: is increased and a value of 
108 may be estimated for an empty 
tube (D,/D: =1.0) by logarithmic 
extrapolation. This is in reasonable 
agreement with Sherwood and 
Towle’s result of 118 (Re)®1, con- 
sidering the extrapolation involved. 


Correlation of Average Peclet Num- 
bers. The effect of particle size on 
average Peclet numbers can be cor- 
related by a function involving 
(D,/D,)?. The result is shown in 
Figure 19. The data of Bernard 
and Wilhelm, obtained assuming 
E and wu were constant, are also 
included. 


THEORETICAL CONSIDERATIONS 

It has been mentioned that the 
random-walk theory has been ap- 
plied to packed beds(2,7). This 
is essentially an extension of the 
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Einstein equation for diffusion in 
Brownian motion. Taylor(5) ori- 
ginally applied the concept of a 
relationship between the eddy dif- 
fusivity and the mean-square later- 
al displacement to homogeneous 
fluid systems. Baron’s(2) and 
Latinen’s(7) developments are 
logical extensions to packed-bed ar- 
rangements. The radial displace- 
ment of the fluid stream in a bed 
is determined largely by the di- 
mensions of the channels, which are 
themselves randomly arranged. 
The application of the Einstein 
equation to the process requires the 
following chief assumptions: (1) 
mixing within each interstice is 
substantially complete so that a 
fluid element within a void has 
an equal probability of leaving 
by any of several exit paths; 
(2) the number of radial dis- 
placements sufficiently large 
that statistical principles may be 
employed to estimate the mean- 
square displacement; and (3) ef- 
fects due to changes in void 
fraction, velocity variations, and 
presence of the tube wall are 
neglected. 

From assumption (3), the theory 
would be expected to be successful 
in predicting the point values of 
the diffusivity at the center of 
almost any packed-tube arrange- 
ment, and also the point values 
across the entire diameter when 
D,/D, is small. Such is indeed the 
case, for the value of Pe=8.0 at 
the center of the bed, determined 
in this study, is almost midway be- 
tween the limits of 5 and 13 pre- 
dicted by Baron. Also, where 
D,/D, is small, as in the lower 
curve of Figure 13b, the entire 
range of Peclet numbers is within 
the prediction interval. These con- 
clusions are sound as long as the 
mass velocity is sufficiently high to 
make assumption (1) valid. As the 
mass velocity is decreased, the Pec- 
let number will first increase as the 
effect of incomplete mixing be- 
comes significant and finally de- 
crease to zero at zero velocity 
where molecular diffusion is the 
controlling factor. This maximum 
in the Peclet number is illustrated 
in Figure 9 and also to a slight 
extent in the average Peclet num- 
bers shown in Figure 19. It is not 
valid to postulate a critical Rey- 
nolds number at which the Peclet 
number becomes dependent upon 
mass velocity, because the particle 
diameter and void fraction are also 
factors which affect this transition. 
However from the available data it 
appears that Reynolds numbers 
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from 40 to 100 constitute the criti- 
cal range. 


Effect of Void Fraction and Pipe Wall. 
Returning to the variation in Pec- 


let numbers with radial position, it 
seems clear that the fundamental 
factors involved are the void frac- 
tion and the influence of the pipe 
wall. A comparison of the radial 
variation in both void fraction (9) 
and Peclet number as presented in 
Figure 20 is striking. 

The similarity in shape of the 
two sets of curves lends substance 
to the belief that internal changes 
in void space have a large effect on 
the Peclet number. However, void- 
space changes cannot explain the 
variation in Peclet number over the 
entire pipe radius. Near the wall, 
tube-generated turbulence becomes 


important with respect to particle- 
generated turbulence, and this has 
its effect on the Peclet number. 
These conclusions are shown 
graphically in Figure 21, where the 
increase in Peclet number above 
the value at the center of the tube 
is plotted vs. the corresponding in- 
crease in void fraction. Up to a 
radial position of 0.81 the Peclet 
number is proportional to the void 
fraction; hence for 81% of the pipe 
radius the empirical correlation of 
Equation (9) in terms of radial 
position and D,/D, can be replaced 
by the more fundamental relation 


Pe = 8.0 + 100 (6—6,) (10) 


(limited to 6< 0.81 and Re > 100) 
in terms solely of void fraction 4. 
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The effect of the tube wall is also 
evident from Figure 21, where the 
line for a radial position of 0.94 is 
seen to be displaced from that for 
6 from 0 to 0.81. At this radial 
position near the wall the velocity 
is decreasing rapidly owing to wall 
friction. Hence the void fraction 
alone is not sufficient to describe 
the turbulence conditions and 
therefore the Peclet number. 


Explanation in Terms of Existing 
Theories). The increase in Peclet 


number can be qualitatively consid- 
ered by modification of the random- 
walk concept, as extended by Lati- 
nen. This theory predicts that 


where C, and C, are constants and 
R, is the correlation coefficient be- 
tween successive displacements. 
This coefficient is a measure of the 
degree of turbulence within a void 
space. If the flow is streamline, 
there will be very little mixing and 
R, will approach -1, and Pe in- 
finity. If instead mixing is com- 
plete within the void, R, will be 
zero and the Peclet number con- 
stant. The increase in Peclet 
number with radial position can 
therefore be attributed to a change 
in the correlation coefficient from 
a value near zero at the center of 
the bed to negative values as the 
wall is approached. This decrease 
in correlation coefficient is brought 
about mainly by an increase in the 
probability of a deflection toward 
the direction of an increasing void 
space and increasing velocity. Both 
these quantities have been found 
experimentally to increase as the 
radial position increases; however 
there is some uncertainty in using 
Latinen’s expression here since it 
is based upon the Einstein equa- 
tion, which itself is dependent upon 
the assumption that the correla- 
tion coefficient is zero (complete 
mixing). 

Qualitative interpretation of the 
results in terms of the Prandtl 
mixing-length concept is also of 
interest. It can be postulated that 
in the central core of the bed the 
scale of turbulence is proportional 
to the particle size and the mean- 
square deviating velocity is pro- 
portional to the superficial velocity 
in the direction of flow. If the eddy 
diffusivity is the product of a mix- 
ing length (scale of turbulence) 
and deviating velocity, it is evident 
that the Peclet number will be con- 
stant. As the wall of the pipe is 
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approached, the void fraction in- 
creases and it is reasonable to as- 
sume that the scale of turbulence 
also increases. It follows that the 
decrease in diffusivity, observed as 
the radial position increases, cor- 
responds to a large decrease in 
deviating velocity. This conclusion 
is consistent with the concept that 
empty pipe behavior is approached 
near the wall of a packed bed, for 
in empty pipes the intensity of 
turbulence, or deviating velocity, is 
much less than in packed beds. 
Thus Bernard and Wilhelm (3) 
have estimated that the intensity 
is about 40% in fully developed 
turbulence in packed. beds, while 
the corresponding value in empty 
pipes is of the order of 2.5 to 5%. 


SUMMARY 

1. Measured point values of the 
Peclet number in packed beds in- 
crease with radial position. This in- 
crease depends upon the particle and 
pipe size and is significant when 
D,/D; is greater than 0.05. 

2. Above modified Reynolds num- 
bers of 40 to 100, the Peclet number 
is independent of superficial velocity 
in the pipe and at the center of the 
bed has a constant value of about 8.0. 

8. The change in Peclet number 
with radial position is due to the 
increase in void fraction and to the 
influence of the pipe wall. At up to 
81% of the radius the Peclet number 
could be correlated in terms of void 
fraction alone, independent of particle 
size, tube size, and radial position. 

4. From a theoretical point of view 
the increase in Peclet number can be 
qualitatively explained on the basis 
of a decreasing intensity of turbu- 
lence as the void fraction increases 
and the pipe wall is approached. 
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NOTATION 

A=constant in series solution of 
differential equation 

C= concentration at a point in the 
bed, lb./cu.ft. 

Cs = measured average effluent con- 
centration, lb./cu.ft. 

C,= concentration of pure carbon 
dioxide in injection tube 

D, = particle size 

D, = pipe size 

E = total effective diffusivity, based 
upon total area including pack- 
ing and including the mole- 
cular-diffusion contribution 
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F = function of D,/D, used to cor- 
relate Pe 

G = superficial mass velocity, lb./ 

(hr.) (sq.ft.) 

m=function of D,/D; used to 
correlate Pe 

Pe = Peclet number, D,u/E 

Pe. = Peclet number at center of 

bed 

r = distance from center of bed 

Yo = radius of pipe 

R= eigen function 

R,= correlation coefficient between 

successive displacements 

Re=modified Reynolds number, 

D,G/.. 

t = radial position of radius of in- 
jection tube; i.e., radius of in- 
jection tube = tr. 

u = superficial velocity at a point 
in the bed 

V = average effluent velocity (su- 
perficial) 

Y = reading on Micromax recorder 
for concentration 

z= height of packed bed above tip 
of injection tube 


Greek Symbols 
6 = void fraction 
= eigen value 
§ = radial position, r/re 
u. = viscosity of gas flowing through 
bed 
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ISOBARIC INTEGRAL HEAT OF VAPORIZATION 
of Hydrocarbon Mixtures from Vapor-liquid K Values 


WAYNE C. EDMISTER, California Research Corporation, Richmond, California 


The isobaric integral heat of 
vaporization is the difference be- 
tween the enthalpy values for a 
given mixture at its dew and bub- 
ble points taken at the same pres- 
sure but different temperatures. 
In terms of partial enthalpies 


V P 
(22H), (1) 


where H is enthalpy of the mixture, 
H is the partial enthalpy of a com- 
ponent of the mixture, superscript 
V or L designates the phase (vapor 
or liquid), subscript V (after 
AH) designates heat of vaporiza- 
tion, subscripts 1 and 2 designate 
the temperatures of the bubble and 
dew points, respectively, and 2, y, 
and z are mole fractions for liquids, 
vapors, and mixtures in general 
[all numerically the same in Equa- 
tion (1) ]. In terms of partial en- 
thalpies referred to ideal-gas-state 
values, 


2 1 
(2) 


where 4H =H—H?®, H° is the 
enthalpy of a component of a mix- 
ture in the ideal gas state, and 
= 

The summations of Equation (2) 
are illustrated in Figure 1, where 
T, is the bubble-point temperature 
and T. the dew-point temperature. 

The partial-enthalpy differences, 
AH’, and BHL,, are related to the 
fugacity coefficients as are the 
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vapor-liquid equilibria K values. 
An equation for DVzAH y in terms of 
the temperatures and K values at 
the bubble and dew points is de- 
rived below. 

From the definition of fugacity 
f, the following equation has been 
obtained and appears in thermo- 
dynamic texts: 


AH = H — H’=-— RT’ (=). 


where subscript N means at con- 
stant composition and P at con- 
stant pressure. Equation (8) is 
general and applies to either a 
liquid or vapor phase. This dif- 
ferential form can be approxi- 
mated by a difference form by in- 
tegrating with a constant value of 
AH for a small temperature inter- 
val. If at the same time fugacity 
is divided by mole fraction to give 
fugacity coefficient, 


(f/2)1 


Equation (4) may be applied to 
a component of any phase, whether 
it be a liquid or vapor, at constant 
pressure and composition, so long 
as AH is assumed constant. Figure 
1A shows graphically the partial 
enthalpies of propane in a liquid 
and vapor of fixed composition as 
given by mole average boiling point 
at 300 lb./sq. in. abs. compared to 
the ideal-gas-state values. Points 
14 and 2” represent the bubble and 
dew points of a certain mixture 
that is considered later in an illus- 
trative example. In the application 


AH = 
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of Equation (4) to propane vapor 
from 1” to 24, it is assumed that 
BH’ remains constant at AH’, 
even though it obviously is greater 
at AH’,. Correspondingly it is as- 
sumed that AH” remains constant 
atAH4, when Equation (4) is ap- 
plied to the liquid from 1” to 24, 

Figure 1B shows how the fu- 
gacity of propane in the liquid and 
vapor at two compositions and at 
300 lb./sq. in. abs. does vary with 
temperature. Applying Equation 
(4) to any component of a mix- 
ture, as required in Equation (2), 
gives 


RTT. 
T2—Ti 


L 
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Fic. 1. ENTHALPY-TEMPERATURE DI- 

AGRAM FOR MIXTURE ILLUSTRATING 

ISOBARIC INTEGRAL HEAT OF VAPORIZA- 
TION. 
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250 Combining Equations (5) and 
VAPOR (oe AL GAS STATE) (6) gives for any one component: 
VAPOR (MABP = ~30¢ F) 
| 200 
(f 
| 50 2 
In | (7) 
(f /x*)2 
= Summing for all components ac- 
= cording to Equation (2) gives 
(f 
or 
at + |pt 22 4H° 
(8) 
er 0o— om The second and third terms in 
S- the bracket of Equation (8) will 
m LIQUID (MABP = - 30°F) next be examined from the point 
i of view of the Gibbs-Duhem equa- 
P tion for changes in composition at 
a -50 constant; temperature and pres- 
nd sure. In terms of fugacities this 
ee @) 50 100 150 200 250 equation is 
th TEMPERATURE - °F 
on A 350 
Fie. IA. TYPICAL VALUES OF H FOR 
») PROPANE AT 300 LB./SQ. IN. ABS. 
Fic.1B. TYPICAL VALUE OF FUGACITY 300-4 / 
FOR PROPANE AT 3800 LB./SQ. IN. ABS. VAPOR (u ABP =-140° F) / 
> 
VAPOR (MABP = ~30°F) 
5) £250- 
WY) 
where, as before, x and y are a 
numerically the same. , 
The equilibrium vapor and liquid 
phases at T, and T. will now be > 2! 
3 considered so that the K values 200 
a may be introduced into Equation a 
yMe (5). If the composition of the O 
liquid which would be in equilib- 
rium with the dew-point vapor is 
denoted by «* and the composition bt IS0- 
of the vapor which would be in + 
equilibrium with the bubble-point Liauio (MABP 
liquid is denoted by y*, the defini- 
tion of K gives Lia@uio (MABP = -30°F) 
L, 
(6a) 
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L, SO 
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TABLE 1.—SOLUTION OF ISOBARIC HEAT OF VAPORIZATION EXAMPLE BY K-VALUE METHOD 


K values at 300 
Ib./sq. in. abs. 
At 


Com- 185° F. 95°F. Ratio 
ponent Moles kK; Ki K./K, 
Ci b 8.48 7.76 1.093 


C, 15 2.94 1.86 1,581 


C; 30 1.36 0.695 1.956 

nC, 50 0.685 0.258 2.655 
100 

Zzdlnf =0 (9) 


_ Since the sum of the 2’s is unity, 


2zdln(f/z) =0 (10) 


For small changes in composition 
the differential form is approxi- 
mated by the difference form, 


0. (11) 


where the prime and double prime 
designate two different composi- 
tions for the same phase, tempera- 
ture, and pressure. This equation 
may be applied to either vapor or 
liquid phases. 

Assuming the approximate form 
of the Gibbs-Duhem relationship 
with the composition factor of the 
logarithm taken at one end of the 
interval, the second and _ third 
summations in the brackets of 
Equation (8) are zero, or 


Zy In 


L 
(428) 
(f /2*)s 


Equation (8) now becomes by 
combination with Equation (12) 


RTT» 


A = | 


AH? (13) 


Equation (13) gives the isobaric 
integral heat of vaporization of a 
mixture. The term in brackets of 
Equation (13) is the same as 
Dodge’s(2, Equation IV-208, page 
142) which was derived for ideal 
solutions with the assumption that 
AH was independent of tempera- 
ture. As shown above, it is not 
necessary to restrict this equation 
to ideal solutions, but it is neces- 


Page 40 


n 
T.-T, K, H° M B.t.u./Ib. mole 
MB.t.u./Ab. mole 185°F. 95°F. AH? 
0.70 5.266 4.466 0.800 
3.62 6.593 5.367 1.266 
8.375. 
11.073 8.783 2.290 


sary to assume that 4H is inde- 
pendent of temperature for the 
bubble- to dew-point interval. Also 
it has been necessary to assume 
that the changes in composition in 
going from the bubble-point liquid 
to its equilibrium vapor and from 
the dew-point vapor to its equilib- 
rium liquid are such that the Gibbs- 
Duhem equation can be applied in 
an approximate form. 

Equation (13) has been derived 
primarily for application to multi- 
component hydrocarbon mixtures, 
particularly for cases in which 
composition effects on vapor-liquid 
K values are represented satis- 
factorily by average boiling points 
of the equilibrium phases. Figure 
2 has been prepared to aid in the 
evaluation of the bracketed term 
in Equation (138). Liquid-bubble- 
point temperature, AT, and K,/K, 
are required, and the dashed lines 
and arrows illustrate the way the 
chart is read. A typical example 
follows: 


(A Hy) (moles) 


A Hy M B.t.u./100 moles 
M B.t.u./lb. mole mixture 
1.500 Go 
4.886 
7.102 213.1 
10.040 502.0 
795.3 


ILLUSTRATIVE EXAMPLE 


Find the heat required to vaporize 
a mixture of 5 moles methane, 15 
moles ethane, 30 moles propane, and 
50 moles n-butane from bubble to dew 
points at 300 lb./sq. in. 

The K values were found from De 
Priester’s P-T-C charts(1), and the 
bubble and dew points computed as 
95° and 185°F. by conventional meth- 
ods. 

Table 1 gives the solution by the K- 
value method [Equation (13)], and 
Table 2 gives the solution by the 
partial-enthalpy method(3). The re- 
sults are compared in Table 3. 


DISCUSSION 

It will be noted from examina- 
tion of the values in Table 3 that 
the partial - heat - of - vaporization 
quantities for different components 
found from K values by Equation 
(13) differ from the values found 
from the more reliable partial- 
enthalpy values but that the 
totals are in agreement. Evidently 


TABLE 2.—SOLUTION OF ISOBARIC INTEGRAL HEAT OF VAPORIZATION EXAMPLE 
BY PARTIAL-ENTHALPY METHOD 


Partial enthalpies at 300 lb. /sq. in. abs. 
M B.t.u./Ib. mole* 


(A Hv) (moles) 


—v —L M B.t.u./100 moles 
Component Moles H at 185 Hat 95 A Hv mixture 
C; 5 3.23 2.48 12.4 
C, 15 6.37 0.96 5.40 81.1 
C; 30 7.45 —0.09 7.54 226.2 
nC; 50 9.36 —0.41 9.77 488.2 
100 


Gas at O lb./sq. in. abs. and 0° R. 


807.9 


TABLE 3.—COMPARISON OF METHODS FOR ISOBARIC HEAT OF VAPORIZATION OF 
HYDROCARBON MIXTURES 


(A Hy) (moles), M B.t.u./100 moles mixture 


Component Via H values 
12.4 
C; 81.1 
C; 226.2 
nC, 488.2 
807 9 
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% Dev. of A Hy 
by K-value 

Via K Values method 
—39.5 

—10.4 
21331 —5.8 
502.0 +3.7 
795.3 —1.6 
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Fic. 2. ISOBARIC INTEGRAL HEAT OF VAPORIZATION OF MIXTURES FROM K VALUES. 


the values of In K./K, for each 
component cannot be used to obtain 
accurate partial heats of vaporiza- 
tion or condensation, as the re- 
sults are too high for high-boiling 
compounds and too low for lower 
boiling compounds. In getting the 
heat of vaporization for the whole 
mixture, however, these opposite 
deviations tend to compensate for 
each other. 

Twelve sets of calculations were 
made on two other mixtures of 
light hydrocarbons at 400 and 600 
lb./sq. in pressure. For each mix- 
ture and pressure AH values were 
found for complete vaporization, 
partial vaporization (i.e., vaporiz- 
ing a portion of a mixture under 
steady-state conditions), and par- 
tial condensation. 


The two partial cases were in- 


cluded to determine whether the . 


difference in liquid (or vapor) 
boiling points for the same mixture 
showed the correct effect on heat 
of vaporization through the effects 
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of average boiling point on K val- 
ues and the bubble and dew points. 

These calculations showed that 
the isobaric heats of vaporization 
found by Equation (13) were con- 
sistently lower than the more pre- 
cise values by an average of 3.7%. 
No effects of pressure, width of 
mixture (i.e., bubble- to dew-point 
temperature interval), or presence 
of large amounts of unvaporized 
liquid or uncondensed vapor were 
noted. This would indicate that the 
assumption of constant average 
aH for the bubble- to dew-point 
temperature interval, made in ob- 
taining Equation (4), is justified. 

De Priester’s P-T-C—K-value 
correlations, which were used in 
these calculations, have an average 
deviation of 6.4% from observed 
K values. As the partial-enthalpy 
values used in the comparisons are 
of comparable accuracy, this evalu- 
ation of the proposed equation in- 
dicates that the K and H values 


used are not consistent. The AH 
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values of Edmister and Canjar(3) 
may be 3 to 4% high, or the tem- 
perature coefficient of De Priester’s 
(1) K values may be low. Experi- 
mental vapor-liquid equilibria and 
isobaric integral heat of vaporiza- 
tion data, taken simultaneously, 
are required to establish which is 
the case. 


CONCLUSIONS 

Equation (13) may be used to 
estimate the isobaric integral heat 
of vaporization of hydrocarbon 
mixtures from K values. K values 
cannot be used to obtain heats of 
solution of partial heats of va- 
porization for mixture components. 


NOTATION 
f =fugacity of a component of a 
mixture 


H = enthalpy of a mixture 
H = partial enthalpy of a com- 
ponent of a mixture 
= isobaric integral heat of 
vaporization 
AH =partial-enthalpy difference 
referred to ideal gas state, 


H-H° 
= isobaric partial heat of 
vaporization 


AH° = difference in ideal-gas-state 
enthalpy at T, and T, 

R= gas constant 

T = absolute temperature, °R. 

zx =mole fraction of a component 
of a liquid 

y =mole fraction of a component 
of a vapor 

z=mole fraction of a component 
in any mixture 


Superscripts 
V = vapor 
L = liquid 


° = ideal gas state 

*—equilibrium vapor at bubble 
point or equilibrium liquid at 
dew point on y or & 


Subscripts 

N=constant composition on a 
partial derivative 

P = pressure 

V =vaporization change 

1, 2 means at T, or T, 
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THE FALL OF SINGLE 
LIQUID DROPS THROUGH WATER 


SHENGEN HU AND R. C. KINTNER 
Illinois Institute of Technology, Chicago, Illinois 


The steady motion of single drops of ten organic liquids falling through a sta- 
tionary water field is discussed. A correlation is presented for nine systems with the 
exception of the aniline-water system, in the form of a single curve relating the drag 
coefficient, Weber number, Reynolds number, and a physical property group. The 
curve can be used directly to predict the terminal velocity, drag coefficient, Reynolds 
number, and Weber number for any given equivalent drop size. 

A break point in the curve serves to predict the peak velocity and its related 
quantities. The critical drop size is ptedicted from the pertinent physical properties 
alone. All these estimations were accurate within 10% for the systems used. The 
interfacial tensions ranged from 24 to 45 dynes/cm. and the drop densities from 
1.100 to 2.947¢g./ml., the latter resulting in a twentyfold range of density differences. 


The drop viscosities had no apparent effect. 


With the exception of extended- 
surface units and packed towers, 
which operate by the film-contact 
mechanism, neariy all types of 
liquid-liquid—extraction equipment 
used today secure contact through 
the dispersion of one phase as drops 
(23). Even in packed towers, drop 
formation has been found to pre- 
vail when the dispersed phase does 
not wet the packing(4). It is thus 
apparent that a study of the mo- 
tion of liquid drops in a second 
liquid medium should provide basic 
information for the design of most 
liquid-liquid extractors, as drop size 
is directly related to stage efficiency 
and terminal velocity to the ca- 
pacity of the equipment. 

The hydrodynamic aspect of the 
problem is so complex that even 
for the more simple cases analyzed 
(15) many assumptions have to be 
made in order to render any mathe- 


Shengen Hu is with the Institute of Gas 
Technology, Chicago, Illinois. 
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matical solution possible. It is gen- 
erally assumed, -for instance, that 
the drop is of a simple spherical or 
ellipsoidal shape regardless of its 
size and velocity or of the physical 
properties of the system. From the 
fragmentary experimental results 
obtained by previous workers it 
has been found that a liquid drop 
does not always behave like a rigid 
sphere or ellipsoid. This discrep- 
ancy should be easily anticipated 
inasmuch as the nature of a liquid- 
liquid interface is not the same as 
that of a liquid-solid boundary and 
the shape of the drop is not always 
rigid and spherical or ellipsoidal. 
With these considerations the pres- 
ent investigation has been initiated 
with the simple objective of ex- 
perimentally studying the behavior 
of single liquid drops falling under 
steady-state conditions in a sta- 
tionary water field as governed by 
the pertinent physical properties 
of the system, i.e., densities, vis- 
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cosities, and interfacial tensions. 
No mass transfer was involved. 


PREVIOUS WORK 


The translation of a solid sphere 
in an infinite mass of a perfect 
liquid was first analyzed by Stokes 
(30) in 1845 and was later reduced 
to the case of viscous flow by ne- 
glecting the inertial-force terms 
in the Navier-Stokes equations of 
motion (15). The simple Stokes’ law 
of resistance thus obtained is F = 
3zudu, which holds only at Reyn- 
olds numbers of less than two(8, 
24,82). 

The question of the existence of 
slipping at the boundary surface 
of a solid sphere moving in a liquid 
medium within the Stokes’-law 
range has been treated by Basset 
(6), but experimental evidence ob- 
tained by various workers seems 
to indicate that there is no slipping 
at the solid-liquid boundary (2, 
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TABLE 1.—PHYSICAL PROPERTIES, C. G. S. UNITs 


System Po 
2 Tetrabromoethane........ 2.9474 
3 Dibromoethane........... 2.1541 
4 Ethyl bromide............ 1.4478 
5 Nitrobenzene............. 1.1947 
6 Bromobenzene............ 1.4881 
7 o-Nitrotoluene............ 1.1576 
8 Tetrachloroethylene....... 1.6143 
9 Carbon tetrachloride...... 1.5770 
10 Chlorobenzene............ 1.0995 
Symbols p= 
= 
Oi = 
Subo = 
Others = 


The case of a liquid sphere was 
analyzed by Rybczynski(25) in 
1911 and independently by Hada- 
mard(11) in the same year. Lamb 
(15) has given a detailed discus- 
sion by considering the internal as 
well as the external motions and 
has given the following correction 
factor for Stokes’ law when steady- 
state conditions prevail: 


and 


U. = (1/K:) gd’ Ap/18u 
= terminal velocity 


where 
Ki = (80 + 2u)/Buo + 3x) 


Bond (7) and Bond and Newton 
(8) made further investigations on 
this subject. By taking into account 
the interfacial tension at the drop- 
medium boundary, they speculated 
at a critical drop size at which the 
drop motion would start to deviate 
from that of a rigid sphere. Un- 
fortunately their results were too 
few and too erratic to substantiate 
their postulations. 

Allen(2) proposed to explore 
relatively high Reynolds numbers 
by means of dimensional analysis. 
By analogy with the flow of liquids 
through pipes(26) he assumed that 
the resistance to the motion of a 
sphere was proportional to the nth 
power of the velocity: 


(3/n) — (2/n)—1 


Thus if » is 1.0 and K is 3x, Stokes’ 
law is obtained and U, varies as the 
square of the drop diameter. If n 
is 1.5, U, is proportional to d, and 


F = kp? 
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Ap 
p HoX10? P T 
p 
0.9979 0.0197 3.5416 0.9471 2.8* 1.41x108 25.0 
0.9973 1.9553 9.2888 0.8968 35.9 3.73x109 24.9 
0.9966 1.1614 1.5852 0.8968 31.9 4.39x109 25.0 
0.9977 0.4511 0.4908 0.8814 30.0 1.01x10° 26.2 
0.9972 0.1981 1.7379 0.8835 24.1 1.18x10!° 25.6 
0.9971 0.4924 1.0719 0.8958 37.9 1.75x101° 25.0 
0.9970 0.1609 2.0360 0.8996 26.5 1.80x10 24.7 
0.9970 0.6192 0.8903 0.8946 44.4 2.25x10!° 25.1 
0.9957 0.5838 0.8702 0.7797 40.6 3.14x10" 30.4 
0.9969 0.1029 0.7606 0.9036 36.7 7.30x10% 24.8 
density 
viscosity P= 
interfacial tension gutAp 


organic phase 
water phase 


If n is 2.0, U. varies as d?, and the 
resistance is independent of vis- 
cosity. This is the so-called “New- 
ton’s law of motion”: 


F = kpa 


Allen has verified these equations 
with his own data for all three 
ranges. 

Characterization of drop motion 
by Reynolds-number ranges was 
also done by Smirnov and Ruban 
(28), who worked on eleven organic 
liquid-water systems, using water 
as the field liquid in most of their 
experiments. The highest Re they 
reached was less than 1,000. 


THEORETICAL CONSIDERATIONS 

Deformation and Oscillation. The 
main reasons for the differences 
between the motion of liquid drops 
and that of rigid spheres are be- 
lieved to be the deformation and 
oscillation of the drops as well as 
the flow on the drop surface and 
the circulation inside the drops. 
The effects of the last two factors 
on the motion of liquid drops have 
been the subjects of many experi- 
mental investigations and theoreti- 
cal analyses in the past(2, 3,7, 8, 
13,15), covering Re ranges both 
within and beyond the Stokes’-law 
region. Unfortunately no definite 
conclusions have been reached to 
date. 

Previous workers (15, 24, 29, 31) 
have also analyzed the deformation 
of moving drops withcut oscilla- 
tion and the oscillation of deformed 
drops without gross drop motion. 
Solutions for such ideal cases are 
expressed in terms of the eccen- 
tricity of the drops, the amplitude 
and frequency of their oscillations, 
and the time of oscillation decay, 
as related to drop size and velocity 
and the physical properties of the 
system. Despite these mathemati- 
cal formulations, the exact nature 
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T = temperature, °C, 
*System unstable. 


of drop motion still remains to be 
determined by experimental meth- 
ods because of the inseparableness 
of the two interfering factors in 
the actual situation. 


Terminal Velocity. Under steady- 
state conditions, the gravity force 
on a falling spherical drop is ex- 
actly balanced by the resistance it 
encounters: 


from which 
C , = (4/3) (Ap/e) (dg/U." 
= (4/3) (Ap/p) (1/Fr) 


If the drop starts to fall from rest, 
it will accelerate for a short dis- 
tance before reaching its termi- 
nal velocity. It can be shown that 


(15), 
ox" 


When solved 


u=U, tanh ( Ud ), 


S= Incosh ( U 


where 


«x = (2/3) (d/C) (2p0+p)/p 
hence 
3C ps 
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The relationship between Co and 
U. has been experimentally estab- 
lished for various rigid shapes(10), 
but to date no generalized corre- 
lation has been obtained for liquid 
drops. 


Dimensional Analysis. As the ob- 
jective of the present work is to 
characterize drop motion by means 
of the pertinent physical proper- 
ties of the systems concerned, it 
would apyear that the best way to 
correlats the experimental results 
is by dimensional analysis in a 
manner similar in many respects to 
that used by Peebles and Garber 
(28a) for gas bubbles. One may 
consider 


(Ho, p, Ap, oi, d, Us, g) =() 
or 


If the equation is solved dimen- 
sionally, 


where 

M= ge _ 3Cp We 
po 4ApRe* 


A short history of the M group as 
well as a resumé of the attempts 
made by previous workers to use 
it for correlating experimental data 
can be found in the literature (1, 
27). In the data analysis of the 
present work, however, a modified 
form of the M group, called the P 
group, has been found to give bet- 
ter correlations than the M group: 


EXPERIMENTAL* 


Ten technical-grade organic liquids, 
with densities greater than the dens- 
ity of water, were purchased from 
Mathieson Chemical Corp. for form- 
ing the drops. Before being used, 
each compound was saturated with 
distilled water by being shaken with 
it in a separatory funnel. Distilled 
water, to be used as the field liquid, 
was also saturated with the organic 
compound, the two being stirred with 
a small mixer in a storage tank. 

The densities and viscosities of the 
two phases and the interfacial ten- 
sion of each system were determined 
both before and after each run in 
order to make sure that no apprecia- 

*For Tables 5 to 14, giving the detailed 
diameter vs. velocity data, order document 
4478 from American Documentation Institute, 
Photoduplication Service, Library of Congress, 


Washington 25, D.C., remitting $1.25 for 
microfilm or photoprints. 
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FIG. 2. VARIATION OF TERMINAL VELOCITY WITH DROP SIZE. 


ble changes in these constants had 
taken place during the course of the 
run. Densities were determined by 
the conventional weighing method by 
means of a fine balance and a glass 
bob. An Ostwald viscometer was used 
for the viscosity measurements. The 
capillary method for surface-tension 
measurements was modified to de- 
termine the interfacial tension of the 
liquid-liquid-systems (5). Table 1 gives 
the average results. 

Drops of from 1.6 X 10-4 ml. to 8.0 
10-3 ml. volume were delivered di- 
rectly from a capillary tube into the 
test tank for velocity measurements. 
The capillary was made from a ther- 
mometer stem with a tip drawn out 
at one end and a rubber bulb fitted 
on the other end. The capillary bore, 
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calibrated with a mercury bead of 
known weight, was found to be 0.226 
mm. in radius. With the tip immersed 
under the water surface in the test 
tank, the desired amount of organic 
liquid was squeezed out by slightly 
pressing the rubber bulb and shaking 
the drops off from the tip. Care was 
taken to see that the tiny droplet 
formed in this way did not stick back 
to the side of the tip or break up 
when coming off. 

Drops from 10-2 to 2.000 ml. in size 
were delivered into small weighing 
bottles from a microburette graduated 
to 10-2 ml. The tip of the burette was 
always kept immersed in a basin 
partly filled with the water phase so 
that the organic liquid would never 
come into contact with any free water 
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surface. This precaution prevented 
part of the drop liquid from floating 
on the water surface, thus rendering 
the volume measurement inaccurate. 
The receiving vessels were always 
kept clean in order to avoid any stick- 
ing of the drop to the vessel walls. 
Twenty-five weighing bottles were 
used to hold twenty-five drops of the 
same size. The weighing bottles were 
then transferred one at a time to the 
test tank and the drop was carefully 
poured out under the water surface 
for the terminal-velocity measure- 
ment. 

The test tank was made by cement- 
ing four 1/4- by 12- by 48-in. glass 
plates onto a framework of 1 1/2-in. 
angle irons bolted together. Permanite 
cement, made by Maurice A. Knight 
Co., was used for cementing the glass 
and Pliobond cement, made by Good- 
year Rubber Co., for sealing the leaks. 
The tank bottom was a 1/16-in. stain- 
less steel sheet bolted to the frame- 
work with a rubber gasket in between. 
A storage tank was connected with 
l-in. iron pipes to a 4-in. stainless 
steel funnel soldered to the center of 
the stainless steel bottom of the test 
tank. A centrifugal pump installed 
in the pipe line served to pump the 
water through a two-way valve con- 
nection from one tank to the other 
as desired. 

A thermometer was kept hanging 
half way down one corner of the test 
tank to keep a close check on the 
water temperature, which was main- 
tained constant within + 0.5°C. 

The terminal velocities of the drops 
were measured by timing with an 
electric chronograph a distance of 
fall of 1 ft. between two marks near 
the bottom of the tank but sufficiently 
high to eliminate end effects. Twenty- 
five time measurements were made 
for each drop size, and the average 
was used for calculating the velocity. 

In order to be certain that terminal 
velocity had been reached in all cases, 
the equations presented before were 
used to calculate the distance of fall 
required for attaining steady-state 
conditions, and the values obtained 
were found to be very much less than 
the actual distance of fall of about 
70 cm. prior to the time measure- 
ments. Photographic measurements on 
three systems also substantiated the 
attainment of terminal velocity. Fur- 
thermore, these values check remark- 
ably well with the results obtained 
by time measurements, indicating the 
timing equipment to be a reliable one. 

The effects of rigid surface proxim- 
ity on the motion of solid spheres in 
the Stokes’-law region have been 
studied rather exhaustively in the 
past(14, 17, 19, 32). For a solid sphere 
moving along the axis of a cylindrical 
container, the general form of the 
Stokes’-law correction factor is(9) 

K,,=1+m (d/D) 
where the constant m ranges from 2.1 
to 2.4 according to different authors. 
Generalized correction for wall ef- 
fects at higher Reynolds numbers has 
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not yet been found possible(18, 19). 
Absence of wall effects in the test 
tank has been proved by comparing 
the data on three systems with those 
obtained in four glass cylinders with 
inside diameters of 2.14, 4.59, 6.99, 
and 9.46 cm. respectively after the 
method used by McNown, et al.(19). 


OBSERVATIONS ON DROP 
MOTION 


Although it has been speculated 
that any surface flow or internal 
circulation may cause a liquid drop 
to behave differently from a rigid 
sphere, yet the data obtained in the 
present work indicate that no such 
difference can be observed up to a 
Re of about 300. This fact is borne 
out by the coincidence of log Cp vs. 
log Re curves for the liquid drops 
with that for solid spheres below 
Re 300, as shown in Figure 1. 

As the limiting Re range is 
passed, however, the log Cp vs. log 
Re curves for the liquid systems 
depart from the curve for solid 
spheres but still retain a similar 


general pattern. At first Cp de- 
creases only very slightly with in- 
creasing Re for a rather large Re 
range, but when the Re reaches a 
certain value, Cp starts to increase 
rather abruptly within a narrow 
Re range. After the abrupt rise the 
curve proceeds at a more or less 
constant slope until the critical 
drop size is reached: 

On plotting the terminal veloci- 
ties against the equivalent drop 
diameters in rectangular coordi- 
nates for each system, as shown in 
Figure 2, one finds that there is a 
maximum or peak in each curve. 
This peak velocity occurs at corre- 
spondingly larger drop sizes and 
decreases in value as the density 
difference of the system becomes 
smaller. After the peak, the curve 
shows a dip and then flattens out, 
sometimes with a slight bump. 

The general forms of the log Cp 
vs. log Re and U, vs. d curves can 
be interpreted in the light of the 
change in behavior of the falling 
drops. It is observed that, as the 
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TABLE 2.—DATA AT PEAK TERMINAL VELOCITIES 


We 


(We)p = 3.58 


(d) p (U.) p obs 
System cm.  cm./sec 
1 Aniline 0.726 6.2 
2 TBE 0.200 25.9 
3 DBE 0.230 
4 EB 0.345 17.4 
5 NB 0.485 13.5 
6 BB 0.395 19.2 
7 NT 0.630 137 
8 TCE 0.350 20.6 
9 cr 0.350 20.2 
10 CB 0.790 13.1 
Aniline = 
TBE = 
DBE = 
= 
NB = 


drop size gradually increases, the 
terminal velocity increases linearly 
with it. This part of the U, vs. d 
curve is a straight line and the 
corresponding Cp values fall along 
the log C, vs. log Re curve for solid 
spheres. Further increase in drop 
size brings about a zig-zag motion 
of the drops, and the apparent U, 
measured is actually lower than the 
vectorial velocity value. This phe- 
nomenon may be the reason that 
the Cy stays practically constant 
and always higher than the Cp for 
solid spheres up to the abrupt rise. 
Correspondingly, the U, vs. d plot 
starts to show a slight curvature 
as the peak is approached. When 
U, vs. d is plotted on log-log paper 
for the curved part before the 
peak, it has been found that U, 
varies as the 2/5 to 3/4 power of d, 
corresponding to the third region 
in Allen’s analysis in which U, 
varies as d°»°, In other words, d/U,? 
is approximately constant and thus 
Cy, being equal to K(d/U,?), is al- 
most independent of Re in this 
region. 

The peak terminal velocity is a 
point of special interest in view of 
its direct bearing on _ practical 
liquid-liquid contacting operations 
Data for the peak indicate that the 
following relationship exists: 


(Re/We)» = 0.816 (1) 


On simplification, 


(Uo)p = 1.23 p (2) 


Equation (2) shows that the peak 
terminal velocity of a system is 
dependent only upon its physical 
properties. For a rain drop falling 
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) = 0.816 
Pp 


(U.)p = 1.23 (=) 


1 
= 3.58 ( ) 
(d)p x U2 
( Re ) (d)p caley Dev.d, (U2) p cale Dev. Ue 
- (Re)p (We)p We/, P cm. %  cm./sec. 0 
474 10.3 46 1.41x108 0.600 —17.4 4.1 —33.9 
576 3.73 155 3.73x109 0.190 — 5.0 26.0 + 0.4 
565 3.51 161 4.39x109 0.232 + 0.9 Cae + 0.5 
679 3.47 195 1.01x10!° 3.356 + 3.2 17.4 0 
741 3.66 202 1.18x10!° 0.475 — 2.1 13.5 0 
823 3.74 220 1.75x101° 0.377 — 4.6 19.0 — 1.0 
957 4.45 215 1.80x101° 0.554 —10.6 Poot — 44 
804 wao 241 2.25x10!° 0.362 + 3.4 21.0 + 19 
903 3.50 258 3.14x10!° 0.354 + 1 20.3 + 0.5 
1142 3.68 310 7.30x101° 0.792 + 0.3 12.9 — 15 
aniline = bromobenzene 
tetrabromoethane NT = o-nitrotoluene 
dibromoethane TCE = tetrachloroethylene 
ethyl bromide CT = carbon tetrachloride 
nitrobenzene CB = chlorobenzene 


TABLE 3.—Re AND Cp, AT PEAK TERMINAL VELOCITIES 


(Re)» = 2.92 
= 1.66 


Re*, Re*, Dev., Cn; Co, Dev., 
System calc. obs. % calc. obs. % 

1 Tetrabromoethane..... 550 580 —5 0.719 0.762 —5.6 
2 Dibromoethane........ 580 570 +2 0.714 0.715 —0.1 
3 Ethyl bromide......... 700 680 +3 0.692 0.672 |-3.0 
4 Nitrobenzene.......... 730 740 — 1 0.688 0.689 —0.1 
5 Bromobenzene......... 800 820 — 3 0.678 0.690 —1.7 
6 o-Nitrotoluene......... 810 960 —16 0.677 0.706 ! 
7 Tetrachloroethylene... 850 800 + 6 0.671 0.667 +0.6 
8 Carbon tetrachloride... 920 900 + 2 0.663 0.655 +1.2 
9 Chlorobenzene......... 1125 1140 — ] 0.642 0.619 +3.7 


*Values rounded off. 


in air at 20°C. Equation (2) gives 
(U,) » = 800 cm./ sec., which checks 
closely with reported values(16). 
It is however impossible to find the 
corresponding drop size by means 
of Equation (2) alone, because all 
the d terms are cancelled. 

It is interesting to note that the 
peak of the U, vs. d curve corre- 
sponds to the nose of the log Cp vs. 
log Re plot, at which the abrupt 
rise starts. A straight line joining 
all the nose points indicates very 
little scattering of the data except 
for the aniline system, which seems 
to be out of line with the other 
nine systems. The equation of this 
line, shown by the broken line in 
Figure 1, is found to be 


From this equation 


= 1.973 (Re)p B) 


1.51 x10") 0-861 


Equation (4), though capable of 
giving good results, is rather in- 
convenient to use because of the 
fractional powers involved. A much 
simpler method has been found by 
plotting log We vs. log Re. Parallel 
straight lines with a constant slope 
of about 1.4 were obtained; how- 
ever, these straight lines started 
to level off within a small We range 
of 3.33 to 3.68. It was found that 
these We values also corresponded 
te the respective peaks and an 
avuzage of 3.58 seemed to be a 
good representation for all the sys- 
tems. Thus 


(We)» = 3.58 (5) 


which agrees quite well with the 
value of 3.65 reported by Peebles 
and Garber(23a) for gas bubbles 
in liquids. 

When (d), is solved for, 


Values of (U,), and (d), for all 
(4) the systems, calculated by Equa- 
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TABLE 4.—-CRITICAL DIAMETERS 


Ap 


System Ap 
2 Tetrabromoethane....... 1.9501 
3 Dibromoethane.......... 1.1575 
4 Ethyl bromide.......... 0.4501 
5 Nitrobenzene............ 0.1975 
6 Bromobenzene........... 0.4910 
7 o-Nitrotoluene........... 0.1606 
8 Tetrachloroethylene ..... 0.6173 
9 Carbon tetrachloride .... 0.5813 
10 Chlorobenzene........... 0.1026 
12* Distilled 0.980 
13* Carbon tetrachloride... .. 1.568 
14* Methyl salicylate........ 1.303 
15* Methyl salicylate 
1.313 
16* Glycerine+2% Water.... 1.186 


(d.) cate, (de)obsy 

Ci cm. cm. Dev., % 
2.8 1.436 

35.9 0.517 0.511 + 1.2 
31.9 0.633 0.674 — 6.1 
30.0 0.984 0.914 + 7.7 
24.1 1.331 1.537 —13.4 
37.9 1.059 1.132 — 64 
26.5 1.548 

44.4 1.022 1.040 — 17 
40.6 1.007 1.040 — 3.6 
37.4 2.301 

48.0 0.70 0.84 +20.0 
70.6 1.00 1.02 + 0.2 
24.5 0.36 0.48 +33.3 
34.3 0.65 0.62 — 46 
37.2 0.85 0.64 —24.7 
63.7 0.90 0.88 — 2.2 


*Data by Merrington and Richardson on liquid drops in air. 


tions (2) and (6), are found in 
Table 2. However a more direct 
method of estimating the nose Cop 
and Re is by substituting Equation 
(5) into Equation (1) and elimi- 
nating Re from Equation (3). 
Thus, 


(Re), 292P"™ (7) 


(Ce = 1.661 


Valuc: of (Re), and (Co), are 
found in Table 3. 

The abrupt rise in the log Co vs. 
log Re curve corresponds to the dip 
after the peak in the U, vs. d plot. 
Vigorous oscillation has been ob- 
served in the falling drops, and the 
deformation in drop shape may or 
may not be noticeable, depending 
on the relative magnitudes of the 
interfacial tension and the density 
difference of the system concerned. 
This indicates that the oscillation 
induced by the peak velocity is the 
main reason for the rapid increase 
in Co and the corresponding de- 
crease in U, within this short Re 
range. The effect of deformation 
seems to be only of secondary im- 
portance. 

After the abrupt rise in the log 
Co vs. log Re curve, deformation of 
the drops becomes more and more 
severe and the oscillation progres- 
sively erratic. This part of the 
curve has a fairly constant slope 
which later increases slightly owing 
to the excessive deformation of the 
drops; however, the family of 
curves for different systems ex- 
hibits a great extent of intercross- 
ing with one another in this region, 
even though the same general pat- 
tern is retained. Different methods 
have been tried to disentangle the 
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data and the kest solution found 
after many trials is a log Cp*We 
vs. log plot, which 
surprisingly enough is capable of 
bringing all the data into one single 
curve for the entire Re range cov- 
ered in this study, the aniline sys- 
tem being again excluded. This 
generalized curve, shown in Figure 
3, has a slight curvature in the low 
Re region and shows a distinct 
break at an Re region approxi- 
mately corresponding to that where 
the peak terminal velocity occurs. 
When the pertinent physical prop- 
erties of a system are known, this 
curve can be used directly to obtain 
the terminal velocity for any given 
drop size and hence the correspond- 
ing Co, We, and Re are readily 
calculable, involving no trial-and- 
error solution at all. 

That prediction of drop motion 
is not possible in the absence of 
such a generalized curve is obvious. 
In this event, the following two 
equations representing the general- 
ized curve may be used to advan- 
tage: 


Y=(4/3) X'*” for 2<Y<S70 (9) 


Y =(0.045) for Y<70 (10) 
where 

Y=Cp We 
and 


X =(Re/P"™) + 0.75 
These two equations give errors 
usually well below 10%. Further- 
more, at the break point of Y = 70 
and X = 22.25, calculated values of 
drop size, Reynolds number, and 
terminal velocity are found to check 
with the observed peak quantities 
within 10% with the exception of 
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four occasions. The break point 
can be therefore safely used to 
calculate the peak quantities in 
addition to methods outlined above. 

It is interesting to note that the 
chlorobenzene system, with a low 
density difference coupled with a 
comparatively high interfacial ten- 
sion, behaves almost ideally. Even 
large drops are only slightly de- 
formed into a symmetrical, ellip- 
soidal shape and maintain a smooth 
motion with very little oscillation. 
On the other hand, the interfacial 
tension of the aniline system is so 
low that, despite its very low 
density difference, even a medium- 
sized drop will be badly deformed 
into a rather irregular shape being 
continually deformed into various 
queer shapes by the wake turbu- 
lence. Furthermore, the system it- 
self is not stable against oxidation 
and discoloration. In view of these 
facts, it is not surprising to find 
the data for this system fall out 
of line with the rest. 

It should be pointed out that the 
viscosity of the drop liquid seems 
to have no discernible effects on 
drop motion. The most that can be 
said is that, according to the analy- 
ses of previous workers(13, 29), 
this viscosity might exert a damp- 
ing action on the oscillation of the 
drops. But this effect is difficult to 
isolate from the much greater ef- 
fects of deformation and oscillation 
in gross-motion measurements. 

The velocity measurements were 
discontinued when either the oscil- 
lation became too erratic or the 
deformation too severe, thus ren- 
dering the data meaningless. How- 
ever, for certain systems the ex- 
periment had to be terminated at 
an early stage, long before any 
severe deformation or oscillation 
had taken place, because further 
increase in size would cause split- 
ting of the drops. This phenomenon 
indicates that, for each system, 
there is a definite maximum drop 
size, or critical size, beyond which 
the falling drops cannot be pre- 
served without being ruptured. 

Similar phenomena have been 
observed in the past for the case 
of liquid drops falling in air. The 
analysis made by Hinze(12) on the 
data of Merrington and Richard- 
son (20) on drops of six liquids 
falling in a tower over 125 ft. high 
suggests a critical We, based on the 
density of the liquids, as the cri- 
terion for the critical drop size. 
Although the We values so calcu- 
lated vary from 7.7 to 14.9 for the 
six liquids, Hinze concludes that 
an average of 10 can be used for 
the characterization. 
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Applying the previous argument 
to the systems in which splitting 
has been observed in the present 
study, the critical We are found to 
vary from 10 to 22. Evidently We 
is not the only dimensionless group 
that characterizes the critical drop 
size. From both dimensional analy- 
sis and force balances, it has been 
found that (12a) 

(WeCp), = constant 
From the data 


—2, 

Qc | 1452 x 10 Se | (11) 
Table 4 gives the calculated values 
of d, for all the ten systems used 
in the present work as well as for 
some air-liquid systems reported in 
the literature(20). 


SUMMARY 


Terminal velocity measurements 
have been made on single drops of 
ten organic liquids falling in a sta- 
tionary water field in a glass-walled 
tank 1 ft. square and 4 ft. high. 
The drop size ranged from 1.6 X 
10-* to 2.000 mm. in diameter, 
covering a range of Reynolds num- 
bers from 10 to 2,200. 

The aniline-water system has a 
very low interfacial tension and is 
very easily oxidized and discolored 
by contact with air. Results of the 
other nine systems, however, have 
been successfully correlated by 
means of a dimensionless para- 
meter, P, composed of the pertinent 
physical properties of a system in 
the following manner: 


(Re)" 


3 
P= q : 
(We) 


A 


which is a constant for each sys- 
tem at constant temperature. It has 
been found that for the data on all 
the nine systems (excluding ani- 
line-water) a plot of log CpWeP?-15 
against log (Re resulted 
in a single unique curve for the 
entire range of Reynolds numbers 
covered. Equations have been ob- 
tained for this generalized curve 
and either the equations or the 
curve can be used directly to obtain 
the terminal velocity, drag coef- 
ficient, and Reynolds and Weber 
numbers for any given drop size. 
The errors involved are generally 
less than 10%. The curve contains 
a break point which can be used to 
predict the peak terminal velocity 
and its related quantities. Alter- 
nate methods for predicting the 
peak quantities have also been pre- 
sented. 

The maximum, or critical, drop 
size of the systems is found to be 
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dependent on the criterion 
(CpWe), =a constant 

which leads to an equation for esti- 

mating the critical drop size from 

the density difference and inter- 

facial tension of a system. 

Work on systems of very low in- 
terfacial tension and on systems 
using field liquids other than water 
is in progress. 


NOTATION 


@ = constant 

c = constant 

Co = drag coefficient 

d=diameter of a solid sphere or 
equivalent diameter of a drop 

d, = critical equivalent drop diame- 
ter for maximum drop size 

d, = equivalent drop diameter cor- 
responding to peak terminal 


velocity 
D=diameter of cylindrical con- 
tainer 
F = resistance force to motion 
2 
Fr= Froude number, —*- 
gd 


g = gravitational acceleration, 980.3 
cm./sec.? for Chicago 
i = constant 
K,= correction factor for fluidity 
of moving body 
K,, = wall effect correction factors 
m,n= constants 
gus 
P =physical property group, 
Le 
Re = Reynolds number, 


M=M group, 


dU 40 


S = distance of fall required for 
reaching terminal velocity 
when starting from rest 

t = time 

T = temperature 

uw = velocity 

U, = terminal velocity with no wall 

effect 

U,,2do 

= viscosities of organic and 

water phase respectively 

vy = kinematic viscosity 

nm = 3.1416 

09,0 =densities of organic and 

water phase respectively 

Ao=density difference of a sys- 

tem, 
o; = interfacial tension 


We = Weber number, 
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ABSORPTION OF ETHYLENE OXIDE 


ina 


PACKED COLUMN WITH VARIOUS SOLVENTS 


Data were obtained on the solubility of ethylene oxide gas in a number of aqueous 
and nonaqueous solvents at various temperatures and gas concentrations. Its 
absorption from high concentrations in air was studied in a packed column with a 
cooling jacket for removal of the heat evolved. The results can be correlated with 
adequate accuracy in terms of the conditions at the top or dilute end of the column. 
The values of (H.T.U.)¢ and (H.T.U.): agree approximately with known values for 
other systems. For the solvents tested, the liquid-film resistance is controlling at room 


temperatures. 


In this research the absorption 
of ethylene oxide has been studied 
under varying conditions of gas 
composition, temperature, and sol- 
vent; and the relationship between 
absorption rate and the significant 
variables has been investigated. 
Ethylene oxide is an organic gas 
which boils at 10.5°C. and is readily 
soluble in many organic and in- 
organic solvents. The absorption 
was not strictly kept under either 
isothermal or adiabatic conditions, 
but rather a cooling jacket with 
refrigerant flowing upward at a 
constant rate was employed. The 
immediate purpose was to investi- 
gate the practicability of recover- 
ing ethylene oxide by scrubbing the 
vent gases of a plant producing 
acetyl butyro lactone (CgH;,03) 
from ethyl aceto acetate and ethy- 
lene oxide. An additional purpose 
was to check the suitability of 
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present over-all methods of column 
design to absorption of concen- 
trated soluble gases with heat evo- 
lution and cooling. Solvents em- 
ployed included acetone, ethyl 
alcohol, water, 52% by volume 
ethyl alcohol, benzene, and ethyl 
aceto acetate. For each solvent the 
concentration of ethylene oxide in 
air at the inlet to the column was 
varied from 10 to 46 mole %. The 
solubility of ethylene oxide in the 
various solvents was also measured. 


GENERAL LITERATURE SURVEY 
AND ABSORPTION THEORY 
Since the publication of the two- 

film theory(18) and the develop- 

ment of the diffusion theory(17), 
researchers have tried to correlate 
their absorption data on these 
bases. Early workers assumed that 
one film predominated and reported 
the film coefficient as a function of 
either the gas or liquid flow rate 

(4,8,11). Recent investigators 

have measured the resistances of 

both films and related them to the 

liquid and gas flow rates(5, 7, 10, 

14,19). 
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In terms of over-all height per 
transfer unit(3) (H.T.U.) og, the 
equation that expresses the addi- 
tion of the individual gas and 
liquid resistances for an isothermal 
system following Henry’s Law (so 
that m is constant) is 


(.T.U.) 


(H.T.U.) + 


mG (1—2); 
L (1—y)s @) 


(H.T.U. 
L 


When the experimentally deter- 
mined values of (H.T.U.) oe vs. = 
each absorption run 
(l1—y); 
at some constant temperature for 
the same solvent are plotted, the 
slope of the straight line yields 
(H.T.U.)z and the intercept, at 
mG (1—2),; 
— ———— equal to zero, is 

G—»), 
(H.T.U.) g. The values of the over- 
all and individual film H.T.U.’s are 
related to the over-all and individual 
mass transfer coefficients by 
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(H.T.U.) = (4) 


If the separate film coefficients 
are proportional to the flow rate of 
the corresponding streams and the 
concentration of solute in the 
streams is low, the (H.T.U.)oe 
would then be a linear function of 


there is no solute in the entering 
solvent, Colburn (3) has shown 
that where (mG/L) is constant, 
the number of transfer units Noe 
is determined by the equation: 


L 


The dilute, and ren substantial- 
ly isothermal, runs, in which the 
outlet solvent temperature was 
within + 2°C. of its inlet tempera- 
ture, were first analyzed. 
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Fic. 1. SOLUBILITY APPARATUS. 


mG 
L (l—y) t 
tors have studied systems obeying 
this relationship (1, 2, 6, 8). 

Some work has been done to 
study the effect of temperature in 
isothermal absorption. The results 
have shown that the liquid-film 
coefficient is very sensitive to tem- 
perature whereas the gas-film coef- 
ficient is only slightly affected by 
temperature (5, 8,15). However, no 
over-all analyses of concentrated 
systems involving a soluble gas 
have been located. 


Several investiga- 


METHOD OF CALCULATION 


The solubility data as tabulated 
in Table 1* show that at the de- 
termined temperatures Henry’s 
Law holds, namely y = ma. When 


*Tabular data are available as document 4474 
from A. D. Auxiliary Publications Project, 
Photoduplication Service, Library of Congress, 
Washington 25, D.C., for $2.50 for photoprints 
or $1.75 for 35-mm. microfilm. 
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For this case Equation (1) sub- 
stantially equals 


(H.T.U.) = (.T.U.) 
mG 
(6) 
mG 


By a plot of (H.T.U.) oe vs. 


———— for any given solvent at 
(1— yr) 
the same temperature, the values 
of H.T.U.c and H.T.U. were de- 
termined. 

When the solvent temperature 
changed by more than two degrees 
in each set of runs with a given 
solvent inlet and jacket tempera- 
tures, values of m corresponding 
to the range of solvent tempera- 
tures were used in calculating the 
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over-all H.T.U. That value of m 
which gave best agreement in 
(H.T.U.) oc between the isothermal 
and nonisothermal runs at the same 
average temperature was con- 
sidered as representing the mean 
value for the column. As the calcu- 
lated results in Table 3 indicate, 
the temperature corresponding to 
the mean m is in general approxi- 
mately the same as the solvent 
temperature at the top of the col- 
umn. This fact substantiates the 
approach of correlating the data 
with the conditions at the top or 
the dilute end of the column, as is 
recommended(12) by Perry for 
quick approximate solution in non- 
isothermal cases. 


ANALYTICAL PROCEDURE AND 
SOLUBILITY APPARATUS 
Ethylene oxide when absorbed in 

aqueous hydrochloric acid in the 

presence of calcium chloride reacts 
quantitatively with the hydro- 
chloric acid to form ethyl chlor- 
hydrin. The excess hydrochloric 
acid is back-titrated with sodium 
hydroxide; bromphenol blue is the 
indicator. Experiments run previ- 

ously at the laboratory of U. S. 

Industrial Chemicals, Inc., showed 

immediate absorption of ethylene 

oxide by this method if the water 
is approximately saturated with 
calcium chloride and the normality 
of the hydrochloric acid is between 
0.7 and 0.8. The calcium chloride 
is first dissolved in the water and 
the solution filtered to remove in- 
soluble impurities, apparently from 
the calcium chloride. Concentrated 
hydrochloric acid is added to bring 
the solution to the correct nor- 
mality. A stock solution contain- 
ing 3.2 lb. of calcium chloride (an- 
hydrous), 2,600 ml. of water, and 

200 ml. of concentrated hydro- 

chloric acid was used for all ethy- 

lene oxide determinations. 

The solubility data were obtained 
by passing a mixture of ethylene 
oxide and air in a constant ratio 
through the solvent at a specific 
temperature until the liquid was 
saturated. The gas and liquid 
phases were then analyzed for ethy- 
lene oxide. The equipment is shown 
in Figure 1. 


The saturator was a 1-liter flask 
used in an inverted position; to the 
neck of the flask was blown a 1 3/8- 
in. I,D., 1 1/2-ft.-long glass extension 
tube packed with 1/4-in. Raschig 
rings through which the gases were 
admitted into the absorber. A 1/8-in. 
glass return tube to the bottom of the 
packing gave good liquid recircula- 
tion. Sealed at the bottom of the 
packed tube was a 1/2-in. glass tube 
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that held a rubber stopper and a 
pipette for sampling the liquid. The 
1-liter flask was thermally insulated 
with asbestos cement 1/4 in. thick 
provided with peep holes. The exit- 
gas sampling bulb was a 2-liter flask 
of measured volume with rubber con- 
nections and screw clamps. When a 
sample was taken, the inlet connec- 
tion was closed first and then the out- 
let connection. 

The air was obtained from the reg- 
ular laboratory compressed-air-sup- 
ply system. ‘ine ethylene oxide was 
stored in liquid form in a 50-lb. cylin- 
der which fed to a 5-lb. gas cylinder 
in a heated water bath to provide the 
necessary heat to vaporize the ethyl- 
ene oxide. Owing to irregular boiling 
of the ethylene oxide in the cylinder, 
large fiuctuations in the pressure oc- 
curred. A constant ethylene oxide gas 
pressure slightly above atmospheric 
pressure was accomplished by employ- 
ing as a gas holder a Vinylite balloon, 
of the type used by the Army 
Weather bureau, in a round 50-liter 
flask. An accurately controlled air 
pressure was connected to the space 
petween the flask and the balloon. To 
inflate the balloon, its outlet connec- 
tion was shut off, the space between 
the flask and balloon vented to the 
atmosphere, and the connection from 
the 5-lb. cylinder to the balloon 
opened. When the balloon completely 
filled the flask, the ethylene oxide was 
shut off and the air supply to the 
flask turned on. A constant air pres- 
sure on the balloon caused a steady 
stream of ethylene oxide gas to pass 
into the absorber. 

The ethylene oxide flow rate was 
measured by means of a rotameter 
calibrated with air against two wet- 
test meters which agreed with eact 
other. Correction to the specific grav- 
ity of ethylene oxide of 1.52 was made 
by the nomograph supplied by the 
manufacturer. The air-flow rate was 
measured by an orifice calibrated 
against the wet-test meters. The ratio 
of ethylene oxide to gas-flow indica- 
tions was also directly checked by the 
analysis for ethylene oxide in the exit 
gas after saturation. Thermometers 
and manometers were always used, as 
required, in the air lines and during 
calibration tests, so that the flow 
rates might be corrected to standard 
conditions. All gas-line connections 
were sealed with cellulose nitrate so- 
lutions. 

The saturator was thermostatted in 
a 20-gal. barrel with a coolant at the 
desired temperature. Below 0°C., 
ethanol cooled in a deep-freeze unit 
was circulated through the barrel by 
a centrifugal pump. The temperature 
was controlled by settings on the 
freezer and by the rate of flow of the 
ethanol. Above 0°C. the ethanol was 
also employed as the coolant. 

The saturator was filled with the 
solvent to be tested to about 1 in. 
below the top of the packing and then 
immersed in the barrel to the top of 
the packing. 
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The ethylene oxide and air flow 
were started at the same time. A 
screw clamp at the saturation inlet 
was set so that the gas flow was di- 
vided about equally between the ab- 
sorber and the pipette. Every 5 min. 
during a run the exit-gas sampling 
bulb was analyzed for ethylene oxide. 
When the ratio of ethylene oxide to 
air was the same in the bulb as on 
entering the absorber, then the liquid 
was considered saturated, and a 
sample of the liquid was withdrawn 
with the 5-ml. pipette and analyzed 
for ethylene oxide. It was found that 
the dilute gas mixtures would sat- 
urate the solvent in 10 min. and the 
more concentrated mixtures in 15 min. 
The saturation pressure was taken to 
be that at the gas inlet to the pack- 
ing, which would be substantially 
correct from the location of the 
pipette. 

Solubility runs were started with 
dilute gas mixtures, and the concen- 
tration increased after each run. At 
the end of a run the screw clamp be- 
fore the gas bulb was closed, the gas 
releasing through the mercury valve. 
The gas flows were then shut off, and 
a liquid sample was immediately 
taken. Since the pipette was cali- 
brated and the liquid density known, 
it was possible to analyze the liquid 
for ethylene oxide without weighing 
it. This method gave reproducible 
results and avoided the necessity of 
weighing the sample and the possi- 
bility of losing ethylene oxide in the 
process. 

The gas sampling bulb, completely 
pinched off, was allowed to warm up 
~ to room temperature and the excess 
gas was released. A measured amount 
of the hydrochloric acid solution be- 
tween 50 and 100 cc. was placed in a 
separatory funnel and about three 
fourths allowed to flow into the bulb. 
The bulb was shut off and the hydro- 
chloric acid swirled for about 5 min. 
The remaining hydrochloric acid was 


admitted and again swirled and then . 


drained out and the bulb washed 
twice with equal volumes of water. 
The washes were added to the hydro- 
chloric acid and the sample was ti- 
trated, the results being plotted in 
Figure 2. It is evident that solutions 
in acetone and ethyl aceto acetate 
obey Raoult’s Law, with increasing 
positive deviations both for less polar 
(benzene) and more polar (water) 
liquids. The equations of the five 
lines plotted are given in Table 2. 


ABSORPTION APPARATUS 


The apparatus used for the absorp- 
tion-rate data is shown in Figure 3. 
An air-ethylene oxide mixture of 
known composition was passed up the 
absorption column, and a measured 
liquid flow rate passed down. Scrub- 
bers on the gas-outlet line measured 
the amount of ethylene oxide leaving 
the column. The difference was the 
amount of ethylene oxide absorbed. 
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° 
H 
—+ 
° 
K 
onl 
t 2 3 4 5 3 4 1.0 

CURVE SOLVENT TEMPERATURE RANGE CHTU)¢ CHTU) 
A ACETONE °C 0.37 0.25 
8 ACETONE 0.18 0.50 
ETHYL ACETO ACETATE 5 To-10 0.46 0.43 
4 ETHYL ALCOHOL 5 T0O-10 c 0.28 0.43 
F ETHYL ALCOHOL 13 To 18 0.04 o69 
G ACETONE 22. 0.00 
H BENZENE 22 TO 26.5 0.00 110 
‘ ETHYL ALCOHOL 24 TO 27 °C 0.00 0.97 
v WATER 6 4 % 0.33 1.8¢ 
K S2% ETHYL ALCOHOL To-10 0.32 1.62 


Fic. 4. COLBURN PLOT FOR ETHYLENE OXIDE ABSORPTION 
BASED ON Top (PINCH) CONDITIONS. 
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The absorption column measured 
11 in. ILD. and 45 in. high. The 
liquid level in the bottom of the col- 
umn was maintained constant and gas 
leakage was prevented by a mercury 
seal on the outlet tube. The gas inlet 
and bottom of the packing were just 
above the liquid level. 

The column was packed randomly 
with a thorough mixture of three 
sizes of glass Raschig rings to a 
height of 30.5 in. One-third of the 
total number was 21/64 in. O.D., 
13/64 in. I.D., and 21/64 in. long; 1/3 
was 9/32 in. O.D., 5/32 in. I.D., and 
21/64 in. long; and 1/3 was 8/32 in. 
O.D., 4/32 in. I.D., and 9/32 in. long. 
The calculated surface is 215 sq. ft./ 
cu. ft. Above the liquid inlet there 
was a 3-in. entrainment-removing 
section. A cooling jacket surrounded 
the packed column, which contained 
thermometers in the liquid at the bot- 
tom, in the exit gas stream at the top, 
and in the inlet and outlet streams of 
the coolant. The column was com- 
pletely insulated with asbestos 0.85 
in. thick. 

The outlet gases bubbled through 
four glass-Raschig-ring-packed scrub- 
bers 1 ft. high in series. The first and 
third scrubbers contained the hydro- 
chloric acid— and calcium chloride— 
absorbing solution and the others con- 
tained water to catch any entrained or 
vaporized hydrochloric acid. The gas 
line from the last absorber, as well as 
a line through which the gas was al- 
lowed to by-pass the absorbers at the 
start of the run, led to a mercury 
bottle and air tube connected to a 
vacuum pump. By adjusting the sub- 
mergence of the air tube it was pos- 
sible to maintain enough vacuum in 
the air bottle just to counteract the 
liquid head in the four scrubbers and 
maintain atmospheric pressure in the 
absorption column. 

The cooling system consisted of the 
deep-freeze unit filled with 30 gal. of 
alcohol, which was circulated at 1.3 
liters/min. by a small centrifugal 
pump through the column cooling 
jacket and next through a Dewar 
flask that precooled the liquid feed 
stream and then was returned to the 
deep freeze. 

The solvent for the absorption was 
fed from a 2-liter constant-head 
bottle stationed about 10 ft. above the 
column. The liquid flowed through a 
rotameter calibrated with the same 
solvent through three turns of 1/8- 
in. copper tubing 8 in. in diam., in the 
Dewar bottle, and then into the 
column. 

The air came from the previously 
mentioned air system and orifice me- 
ter. At the higher flow rates used in 
the absorption tests the boiling of the 
ethylene oxide was much steadier and 
the plastic bag was unnecessary; 
otherwise the system was as before. 
The gases mixed in a 1-ft.-long tube 
before entering the column. 

In starting a run the coolant alco- 
hol was cooled to the desired tem- 
perature and circulated through the 
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column for 1/2 hr. Then the solvent 
and gases were started through the 
column for 15 min., the gases by- 
passing the scrubbers. Stopecock 5 
was closed and 6 opened, and timing 
started with a stopwatch. Absorption 
was continued from 10 to 20 min., 
but not to exceed the capacity of the 
first scrubber. All temperatures, pres- 
sures, and flow rates were recorded 
every 5 min. At the end of the run 
the streams were stopped, and the 
hydrochloric acid scrubbers drained, 
washed, and analyzed. The first 
scrubber was found always to have 
cauzht all the ethylene oxide. 


RESULTS 


For each run first the number 
of transfer units, Noc, was com- 
puted by Equation (5) by use of 
(mG/L) at the top of the column, 
then (H.T.U.)oe was computed by 
(H/Noc). On analysis of the data 
it was found that (H.T.U.)oe cor- 
related better with the function 
mG 1 
L (1—yYyr) 
fractional powers of gas or liquid 
flow rates, where (mG/L) again 
was for the top of the column (Fig- 
ure 4). 

When the temperature is ap- 
proximately constant, this method 
should be reliable since the opera- 
ting and equilibrium lines diverge 
in going from the top to the bot- 
tom of the column, most of the 
transfer units being at the dilute 
end. When the temperature rises 
in passing down the column, the 
equilibrium line approaches the 


than with any 
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operating line, and the concentrated 
end, or bottom, of the column has 
an increasing number of transfer 
units. The effective mean tempera- 
ture for the column would then be 
intermediate between those at the 
top and bottom of the column. 

Four of the runs (AL, AM, AN, 
and AO), however (Table 4), de- 
termine a mean temperature as de- 
scribed above which is higher than 
both the inlet and outlet solvent 
temperatures. No explanation is 
evident, for it does not seem rea- 
sonable that absorption was faster 
in the middle or the top of the col- 
umn than in the bottom and so over- 
heated the liquor in the middle. 

At mean temperatures above 
20°C. with the solvents ethyl alco- 
hol, acetone, and benzene, the liquid 
film showed as the only resistance 
to mass transfer. With water in 
the temperature range from 6° to 
14°C., (H.T.U.): is five times 
greater than (H.T.U.)c. The 52% 
ethyl alcohol at —3° to —10°C. 
yielded (H.T.U.)z six times greater 
than (H.T.U.)c. At temperatures 
below 0°C., ethyl alcohol, acetone, 
and ethyl aceto acetate have (H.T. 
U.): and (H.T.U.)« of the same 
order of magnitude. 

Within the range of accuracy of 
the experimental results, ethyl 
alcohol, acetone, benzene, and ethyl 
aceto acetate have approximately 
the same value of (H.T.U.): at the 
same solvent temperature. With 
water and 52% ethyl alcohol as 
solvents, the value of (H.T.U.): is 
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about four times as great as for 
the other above-mentioned solvents. 

Figure 5 is a comparison of the 
experimental results of (H.T.U.)e 
with the equation (curve A) pro- 
posed by Sherwood and Pigford 
(16) based on absorption data for 
ammonia, sulfur dioxide, and 
chlorine with water. The solvents 
water and ethyl aceto acetate seem 
to fall reasonably close to the pro- 
posed curve. The solvents acetone, 
ethyl alcohol, and 52% ethyl! alco- 
hol average some 40% lower, clus- 
tering around the curve B repre- 
sented by the equation 


_ 0.59 
(L’) 0-33 


Considering only the _ results 
herein reported, however, the first 
two solvents fall closer to the line 
A’, or (H.T.U.)c«(L’)1/3 = 4.5, and 
the other three to line B’, or (H.T. 
U.)c(L')1/2=2.9. The relative 


GLTU.) (7) 


(HTU), 0.9 


1000 2000 4000 6000 


U'(#/nr ft?) 
Fic. 6. CORRELATION OF (H.T.U.), 
WITH LIQUID-FLOW RATE. CURVE A = 
1-IN. CERAMIC RINGS, DESORPTION OF 
O, FROM H,O aT 25° C. (15); O= 
ETHYLENE OXIDE— WATER SYSTEM 
CORRECTED TO OXYGEN-WATER SYSTEM 
25°C. 


variation in (H.T.U.)c(L’)1/3 does 
not match the variation in solu- 
bility shown in Figure 2, but there 
is a partial correlation with sur- 
face tension of the solvent, since 
water and ethyl aceto acetate have 
higher surface tensions than have 
the other solvents. 

Figure 6 compares the experi- 
mental results of (H.T.U.): for 
the ethylene oxide—-water system 
with the data obtained ky Sher- 
wood and Holloway(15) for the 
desorption of oxygen from water. 
The test results were first cor- 
rected to 25°C. by use of Sher- 
wood and Holloway’s recommended 
corrections for temperature varia- 
tion. Then, based on the diffusivity 
of the ethylene oxide—water system 
the test values of (H.T.U.): were 
converted to .the oxygen-water 
basis, as at the same solvent flow 
rate (H.T.U.): is inversely pro- 
portional to the one-half power of 
diffusivity. The diffusivity of the 
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ethylene oxide—water system was 
estimated to be equal to the known 
value of the glycerine—water sys- 
tem (0.72 X 10-° sq. cm./sec. at 20° 
C.) since ethylene oxide converts to 
a glycol upon hydrolysis. The test 
results lie reasonably close to the 
data of Sherwood and Holloway 
for l-in. rings of curve A. The 
other solvent systems were not 
compared as their diffusivities are 
not known. 


CONCLUSIONS 


1. It is feasible to recover ethy- 
lene oxide from process waste 
gases by countercurrent absorp- 
tion in a packed column. Of the 
solvents tested, ethyl alcohol, ace- 
tone, benzene, and ethyl aceto 
acetate require the lowest column 
height for a particular tempera- 
ture and change in gas and liquor 
concentrations. 

2. At room temperature the 
liquid-film resistance is controlling 
under practical conditions. At solv- 
ent temperatures below 0°C. the 
gas- and liquid-film resistances be- 
come comparable in magnitude. 

8. The absorption of ethylene 
oxide gas in the high concentration 
range (10 to 46 mole %) can be 
correlated with adequate accuracy 
for most design purposes in terms 
of the conditions at the dilute end 
of the column. 

4. The values of (H.T.U.)c and 
(H.T.U.): for the ethylene oxide— 
water system agree generally with 
the known values for other systems. 
The (H.T.U.) z of the other solvents 
were not compared because of in- 
adequate diffusivity data and in- 
sufficient published results on non- 
aqueous systems. 


NOTATION 


G=gas exit flow rate, lb. moles 
(hr.-!) (ft.-?) 
G' = gas exit flow rate, lb./(hr.-1) 
(ft.-?) 
H = absorption (packed) height of 
column, ft. 
(H.T.U.)oc =height of over-all 
transfer unit, ft. 
(H.T.U.)c =height of  gas-film 
transfer unit, ft. 
(H.T.U.).=height of liquid-film 
transfer unit, ft. 
K,a = over-all mass transfer coeffi- 
cient, lb. moles/ (hr.-1) (ft.-3) 
(atm.-!) 
L=solvent inlet flow rate, Ib. 
moles/ (hr.-1) (ft.-2) 
L'=solvent inlet flow rate, Ib./ 
(hr.-1) (ft.-2) 
Noc = number of transfer units 
a= interfacial area, ft.2/ft.-3 
k,a = gas film coefficient, Ib. moles/ 
(hr.-1) (ft.-?) (atm.-1) 


A.LCh.E. Journal 


k,a=liquid film coefficient, lb. 
moles/ (hr.-!) (ft.-3) Ib. moles 
/ft.-3) 
m =slope of the equilibrium line 
on x-y coordinates 
p=partial pressure of ethylene 
oxide in air, mm. 
t = temperature, °C. 
t = mean temperature, °C. 
x = mole fraction of solute in body 
of liquid phase 
y = mole fraction of solute in body 
of gas phase 
(1—«),;= logarithmic mean of 
and (l1—~2) at 
equil. 
(1—y),;=logarithmic mean of 
and (l—z2) at 
equil. 


Subscripts 


B= bottom of the column 
T = top of the column 
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TRANSPORT OF MOMENTUM 
| AND ENERGY IN A DUCTED JET 


L, G. ALEXANDER, ARNOLD KIVNICK, E. W. COMINGS, and E. D. Henze 


t. Engineering Experiment Station, University of Illinois, Urbana, Illinois 


¥ J. Experimental Study of a Nonisothermal Jet of Air 


4 | Discharging i D 
1scnar sins into a Vuct 
8, 
A 
A heated jet of air from an 0.898-in. standard A.S.M.E. nozzle was discharged into 
y» a 4-in. steel duct, well insulated over its entire 10-ft. length. Air from the region 
20 surrounding the nozzle was entrained into the duct. At a number of points along the 
duct, radial profiles of air velocity and temperature were obtained by means. of a 
n- probe which combined an impact tube and a thermocouple. The temperature at each 
05 of several points along the duct wall was indicated by thermocouples imbedded in 
the wall. 
4. In the experiments reported here the velocity at the jet was 585 ft./sec.; the tem- 
a perature of the jet was about 220°F. and that of the entrained air was about 88°F. 


The total air flow rate through the duct was 0.67 lb./sec. and the heat flux was 
Coy 4.9 B.t.u./sec., with the temperature of the entrained air taken as the datum. 

The radial and axial profiles of velocity and temperature are compared and dis- 
cussed; the temperatures of the stream near the duct wall and of the duct wall 


h- itself are given. Conservation of mass and heat was checked by graphical integration 
mn. of the radial profiles. 
mM. 
The mixing of high-velocity gas discharging into a duct and en- details of the duct assembly. The ap- 
% streams is a problem of numer- training with it fluid from outside proach section was fitted with five 
ous facets, many of which have in- the duct entrance. 
istribution upstream o e nozzle; 
dustrial gis nee This study APPARATUS with a thermocouple; and with a 
deals with gas mixers, jet-pumps, The fi 1 
8., and ejectors—all examples of a jet _The equipment used to supply the static pressure tap. e flow nozzle 
(ae, air, to heat it, and to control and was a standard A.S.M.E. long-radius 
et. L. G. Alexander is at present at Oak Ridge meter its rate of flow, has been de- nozzle, approximately 0.9 in. diam. 
seribed previously (1). The _experi- The duct was a 10-ft. length of 4-in. 
n, fz. Co., Wyndmoor, Pennsylvania, E. W. mental flow section used consisted of O.D. steel tubing, with thermocouples 
28 Comings with Purdue University, Lafayette, an approach section, a flow nozzle, a soldered into the wall at intervals. 


Indiana, and E. D. Henz is at the Army 
Chemical Center, Maryland. 
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duct, and a probe. Figure 1 shows the 
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The axes of the duct and the flow 
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KAYLO PIPE COVERING 


PROBE 


WITH REMOVA 2 IN. PIPE 
INSULATED 
FLOW PRIMARY 
NOZZLE AIR 
PRESSURE 
DUCT WALL 
41N. 0.D. —> 


\ 


PROBE HOLE 


| IN WALL 


ADAPTER 


20 ME SUREE 
SECONDARY AIR men 


10 FT. 


41N: 


FLANGES AND— 
SPACERS 


Fic. 1. DETAILS OF DucT ASSEMBLY. 


Fic. 2. TEMPERATURE-IMPACT PROBE. 


nozzle were aligned by means of the 
flanges and spacers shown in Figure 
Ze 

The duct was insulated with a 1-in. 
Kaylo pipe covering to prevent heat 
loss. An insulating material of high 
structural stability was required, for 
it was necessary to remove sections 
of the insulation repeatedly in order 
to place the probe holder. , 

The probe drawn in Figure 2 was 
made by bending a length of 0.065-in. 
O.D. hypodermic tubing to form a 
right angle. One side of the angle was 
1.0 in. long with the open end care- 
fully machined to the proportions 
recommended for sharp-edged Pitot 
tubes (2); the other side of the angle 
was soldered toa length of brass tube. 
Beyond the brass tube the thermo- 
couple wires were cemented to the 
impact tube and were wound with 
thread to keep them in place. The 
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wires were joined in a short twisted 
and soldered junction, placed just be- 
neath the mouth of the impact tube. 
The positioning device on which the 
temperature -velocity probe was 
mounted was machined to fit on the 
outside surface of the duct; a scale 
was attached to the positioning de- 
vice. A pointer was attached to the 
probe so that when the pointer was 
placed at the edge of the scale on the 
positioning device, the axis of the 
impact tube was oriented parallel 
with the axis of the duct, and the 
scale indicated the radial position of 
the impact tube. The probe was in- 
serted into the duct through holes 
drilled at intervals in the duct wall. 
Static pressure readings were made 
through the same holes by means of 
a tube, the end of which had been 
machined so as to conform closely 
with the inner surface of the duct. 
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Pressures were measured by means 
of a manometer system which in- 
cluded a mercury manometer, a water 
manometer, and a Meriam draft 
gauge. Temperature readings were 
obtained by means of a potentiometer 
and copper-constantan thermocouples. 


PROCEDURE 

Before any experiments were made, 
the apparatus was checked to assure 
correct alignment of duct and nozzle, 
and of probe and positioning scale. 
Such checks were also made at in- 
tervals to assure the reliability of 
the measurements. The holes in the 
duct through which the probe might 
be inserted were spaced fixed dis- 
tances apart; the distance from these 
holes to the nozzle was determined to 
the nearest 1/16 in. 

All the data reported here were 
obtained at an air flow rate of 2.07 
std. cu. ft./sec. The flow rate was in- 
dicated by the temperature and pres- 
sure upstream of the critical orifice 
meter. The metered air passed 
through heat exchangers where it 
was heated to 222° to 225°F. meas- 
ured upstream of the flow nozzle. 

One run was made to establish each 
profile. Several times during each run 
the pressure and temperature up- 
stream of the critical orifice, the pres- 
sure and temperature upstream of the 
flow nozzle, the room temperature, 
and the barometric pressure were all 
checked to discover variation from 
the desired mean values. At the be- 
ginning and end of each run the static 
pressure probe was used to measure 
the static pressure at the duct wall. 
It was assumed that the static pres- 
sure was invariant across the duct. 
Since the axial positions at which 
static pressure was measured did not 
coincide with the positions of the 
profiles, the static pressures at vari- 
ous points along the wall were plotted 
vs. distance from the nozzle, and the 
pressure corresponding to the posi- 
tion at which the profile was deter- 
mined was selected from a smoothed 
curve through the measured values. 
The wall temperature, T,, was ob- 
served several times in each run. 

A traverse was performed as fol- 
lows. The probe was inserted into the 
desired hole in the duct and raised 
to its highest position at the top of 
the duct; then its position on the 
scale was noted. Next it was lowered 
to the bottom of the duct and that 
position noted. The axis position was 
assumed to be midway between the 
two extremes. In the course of pre- 
liminary runs this procedure was 
checked against the pressure profiles 
obtained, and in each case the geo- 
metrical centers coincided. Because 
of undue disturbance of the flow pat- 
tern by the brass tube supporting the 
impact tube when the probe was lo- 
cated below the center line of the 
duct and because of the symmetry of 
the duct, the profiles were observed 
only from the duct axis upward to 
the top of the duct. 
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INSTRUMENTATION 


Velocity was measured by means 
of the modified impact tube, with 
the effect of turbulence upon the 
impact tube being ignored. Since 
the presence of the thermocouple 
immediately beneath the opening of 
the impact tube was thought likely 
to disturb the behavior of the in- 
strument, the modified impact tube 
was checked by calibration against 
an ordinary impact tube. The pres- 
ence of the thermocouple was found 
to have no noticeable effect. Hence, 
the velocity was calculated from 
the difference between the observed 
impact and static heads by the use 
of the calculated impact tube co- 
efficients given by Taylor, Grim- 
mett, and Comings(10). 

The thermocouples soldered to 
the duct wall were checked against 
each other and against the probe 
thermocouple at three tempera- 
tures, and at no time did they show 
a difference greater than 1°F. 

There was some question as to 
the significance of the temperature 
indicated by the probe thermo- 
couple. At low velocities the indi- 
cated temperature, T;,, should ap- 
proximate the free-stream tempera- 
ture; at higher velecities the tem- 
perature should be between the 
stagnation temperature, 7,, and the 
free-stream temperature, 7. Hottel 
and Kalitinsky(7) indicate that for 
twisted thermocouples the recovery 
factor should be between 0.79 and 
0.83; that is, 


The flow nozzle used in these ex- 
periments was designed to permit 
isentropic flow, and so the stagna- 
tion temperature downstream of 
the nozzle should be equal to the 
gas temperature upstream of the 
nozzle. Because the temperature 
upstream of the nozzle, and hence 
the stagnation temperature imme- 
diately downstream, were known, it 
was possible to determine the re- 
covery factor experimentally. In 
one case the upstream temperature 
was 221°F., the temperature indi- 
cated by the thermocouple was 
216°F., and the gas velocity was 
585 ft./sec. The relationship among 
stagnation temperature, free- 
stream temperature, and velocity 
was based on the assumption that 
the stagnation temperature is ob- 
tained when all the kinetic energy 
of the flowing gas is converted to 
heat; that is, 
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355-76, 
where 778 ft. lb. force/B.t.u. is the 
mechanical equivalent of heat. By 
taking the specific heat of air to be 
0.237 B.t.u./ (lb. mass) (°F.), one 
obtains from this equation 


2 


p= 


2 
u ) 
p 


_ (13.5 Pam + P) 5.2 
53.35 (T; + 460) 


u 
T. = Ts + 47900 
11,900 T; = Tin — (0.82) 11,900 
where the temperatures are in °F., 
and the velocity is in ft./sec. - 
For this case, then, the calculated f i *, 
free-stream temperature is T; = T: +1900 
= 221 — (585)?/11,900 
= 193°F., and R = 6.82. 
CALCULATIONS D/s 
The results were computed by es 
means of the following equations: W=2r } purdi 
0 
pu = 29¢ (5.2) | Pam —P | 
500 X=4 INCHES 
400- 
Ne 
30 700 200 
-INCHES 
Fic. 3. TYPICAL VELOCITY PROFILE. 
220 
X=4 INCHES 
| 
< WALL | 
a 
7 4 4 
° .50 100 150 2.00 


Fic. 4. TYPICAL PROFILE OF STREAM (LOWER CURVE) AND 
STAGNATION (UPPER CURVE) TEMPERATURE. 
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D/» 
H=2C,r | puATrar (9) 


0 


A trial and error procedure was 
necessary to solve for e, and 
First C; was assumed to be 1. Then 
pu was found from Equation (2). 
If T; was assumed equal to T;, then 
e could be calculated from Equation 


(4). Then w? was obtained by 
Equation (3). By the use of that 
value of u*, C, was obtained(10), 
and 7, was found from Equation 
(5). Final values were obtained by 
iteration. 

At each value of x the velocity 
was plotted as a function of r and 
a faired curve was drawn. Similar 
plots were made for T, and T,. In 
subsequent calculations the values 


of 4, T;, and T, were taken from 
the faired curve. Figures 5 and 6 
are examples of such plots. 


RESULTS 


The experimental data are listed 
in Tables 1 through 4*. Profiles of 
temperature and velocity have been 
plotted in Figures 5 through 8. 
Those parts of the velocity profiles 
near the center of the duct re- 
semble free-jet profiles (Figures 5 
and 6). This resemblance persists 
down the duct until the jet spreads 
far enough to be affected by the 
presence of the duct wall. If the 
radial jet boundary is defined as 
the point at which the jet property 
being considered appears first to 
have been imparted to the en- 
trained air stream, the jet boun- 
dary reached the wall at a point 
between 10 and 16 in. from the 
nozzle. The potential cone extended 
about 5 in. from the nozzle. 

The temperature profiles are 
Similar to the velocity profiles in 
the region near the duct axis, as 
seen from Figures 7 and 8. It is 
apparent that the jet boundaries 
defined in terms of stagnation tem- 
perature reach the duct wall sooner 
than the boundaries defined for 
velocity. The potential cone is 
shorter for the temperature case 
than for velocity. These phenomena 
are expected, in view of the experi- 
mentally observed fact that heat is 
transported more readily in turbu- 
lent systems than is momentum. 
The temperature profile across the 
nozzle is not nearly so flat as the 
velocity profile. This may be at- 


*Tables 1 through 4 (I A-D) are on file with 
the American Documentation Institute, Aux- 
fiiary Publications, Library of Congress, 
Washington 25 D. C., and may be ordered as 
document 4485 for $1.75 for microfilm and 
$2.50 for photoprints. 
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tributed to the impossibility of ade- 
quately insulating the nozzle to 
prevent heat flow through it. A 
similar phenomenon has been re- 
ported by Landis and Shapiro(8). 

The axial profiles of velocity anc 
temperature are compared in Fig 
ure 9. It is evident that the tem- 
perature begins to fall off before 
the velocity and that the rate o7 
fall is greater. 

In Figure 10 the stagnation tem- 
perature of air near the duct wall 
is compared with the duct wall tem- 
perature at various points. At 33 
in. the air temperature rises 
smoothly to its maximum, the tem- 
perature of the fully mixed stream. 
The duct temperature is constant 
immediately downstream from the 
nozzle, rises to a maximum, then 
decreases to a minimum, and final- 
ly levels off at about 30 in. 

The mass flux was determined at 
several values of x by plotting ou 
vs. 7 and integrating under the 
curve. Figure 11 shows three such 
plots. Figure 12 indicates that the 
average mass flux was 0.67 lb./sec. 
and the most of the points deviate 
only slightly from the average. 
Heat flux was determined in a sim- 
ilar manner by plotting eu AT 
against r? and integrating under 
the curve (Figure 13). The aver- 
age heat flux was 4.9 B.t.u./sec. 
(Figure 14). The points scatter 
rather more than do those for mass 
flux. 


DISCUSSION 


The initial velocity profiles are 
similar to those of -a free jet in a 
moving gas stream; however a sig- 
nificant difference occurs near the 
duct wall. The abrupt decrease in 
the velocity of the entrained air 
close to the wall cannot be at- 
tributed to wall friction at points 
near the duct entrance since the 
boundary layer at the wall should 
not yet have been built up; more- 
over, the wall friction should in- 
crease down the duct. Since the 
velocity gradient for the profile 
farthest down the duct is less sharp 
than for all profiles at distances 
less than 20 in., friction cannot ex- 
plain the sharp velocity gradient 
near the duct wall. 

For this phenomenon, previously 
discussed by Alexander et al.(1), 
several possible explanations can be 
presented. It may be due to chok- 
ing, which occurs when the jet can- 
not discharge from the duct all the 
fluid induced by it. It may be due 
to a combination of static and im- 
pact tube effects in a region of 
entrainment and eddies. It may 
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also be a consequence of the rela- 
tively sharp duct entrance past 
which the entrained air flowed. In 
experiments subsequent to those 
described here, Danielson(4), du- 
plicating this study, used an appa- 
ratus differing from the one em- 
ployed here only in that the entry 
section was faired, as in a subsonic 
induction wind tunnel. The abrupt 
velocity decrease was eliminated. 

The iemperature profiles have 
the expected form (Figures 7 and 
8). They support the contention 
that heat is more rapidly transport- 
ed in turbulent systems than is 
momentum. This has been observed 
experimentally by several indepen- 
dent investigators(5, 6). The vor- 
ticity-transport theory of G. I. Tay- 
lor(9) was designed to present a 
phenomenological basis for these 
observations. This anomalous be- 
havior can be allowed for readily in 
the mathematical treatment of free 
jets(3) by changing the value of 
an empirical constant in the equa- 
tions for momentum and _ heat 
transport. Inasmuch as no funda- 
mental mechanism of turbulence 
has yet been brought forward, the 
unequal rates of heat and momen- 
tum transport cannot be explained 
adequately. 

An important difference exists 
between the velocity and tempera- 
ture profiles. The velocity profiles 
indicate unusual gradients near the 
duct wall. However, no tempera- 
ture gradients were observed at the 
duct wall at any cross section. The 
duct was insulated, and, since there 
was no heat flow through the wall, 
there should have been no tempera- 
ture gradient at the wall. No re- 
verse flow occurred; such a flow 
would have been from a region of 
high temperature to one of low 
temperature. Instead, the tempera- 
tures near the wall appeared to fall 
off slightly immediately down- 
stream of the nozzle, before they 
rose because of mixing with the 
heated jet. This decrease in tem- 
perature might be explained as fol- 
lows. The temperatures plotted on 
Figures 7 and 8 are stagnation 
temperatures, which include the ef- 
fect of kinetic energy carried by 
the mean component of the axial 
stream velocity. No account has 
been taken of the energy carried by 
the turbulent velocity components, 
which are unquestionably large in 
the region being considered be- 
cause of the sharp-cornered entry. 
If the energy involved in these fluc- 
tuating velocities could be taken in- 
to account, it is likely that the stag- 
nation temperatures near the wall 
would be approximately constant 
until the jet boundaries reach the 
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wall, where they should begin to of rise of temperature. Since no 
rise. The only effect to be expect- data are available for the case 
ed from the tendency for back-flow without tendency for backflow, it is 
in the absence of actual reverse not possible to detect this tendency 
flow should be a change in the rate by comparison. 
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The unusual pattern of wall tem- 
peratures is puzzling. As shown in 
Figure 15, this pattern was 
checked at various air rates. In all 
cases the temperature reached a 
maximum at 26 in. At 28 in. the 
temperature either leveled off or 
passed through a minimum in the 
case of higher jet velocities. This 
unusual behavior was not caused by 
erroneous thermocouple readings: 
the thermocouples were checked 
when hot air was passed through 
the duct, the duct was plugged, and 
the indicated temperatures were 
observed as a function of time. The 
temperatures were high at the 
downstream end of the duct and 
lower at the upstream end because 
of heat loss from the duct through 
the flange at the upstream end to 
the ambient air. But the progres- 
sion of temperatures was a smooth 
one, indicating no erratic thermo- 
couples.. Nor was the behavior at- 
tributable to heat conduction from 
the duct to its supports. There 
were no supports in the region 
from 10 to 36 in. downstream of 
the nozzle. 
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The following speculative mecha- 
nism may explain the wall tempera- 
tures. The wall was alternately 
heated by hot eddies and cooled by 
cold ones, and the resulting wall 
temperature depended more upon 
the maximum temperature, that of 
the hottest eddies, than upon the 
mean air temperature. This mech- 
anism existed in the region imme- 
diately downstream from the jet, 
as far as 26 in. downstream. At 
another region of the duct the gas 
was mixed sufficiently so that its 
temperature was relatively con- 
stant, subject to minor fluctuations. 
In this region heat transfer to the 
wall from the air stream was a 
function of the mean temperature, 
and the wall temperature ap- 
proached the temperature of the 
mixed gases. Heating by distinct 
eddies occurred near the nozzle; 
heating by the mean fluid stream 
occurred after the jet boundaries 
had spread as far as the wall. The 
transition between the two modes 
of transfer was sharp; hence the 
wall temperature fell sharply when 
the heat transfer changed from de- 
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pendence upon hot, turbulent ed- 
dies to dependence on a moderately 
warm, low-turbulent stream. 

If this explanation is correct, one 
would expect to find that at high 


At positions beyond x= 28 in. 
the stagnation temperature near 
the wall is constant at a value high- 
er than the duct wall temperature; 
the stream temperature, however, 
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greater turbulence, the effect of hot 
eddies would be enhanced since the 
heat transfer rate is increased by 
high turbulence. Further, the tran- 
sition between the two modes of 
heat transfer would be more pro- 
nounced. Figure 15 indicates this 
to be true. 

The stagnation temperature of 
the air close to the duct wall also 
presents an unusual problem. Since 
the wall must be heated by the air, 
the second law of thermodynamics 
would preclude the wall tempera- 
ture from being higher than that 
of the air, as is apparently the case 
between 10 in. and 28 in. as indi- 
cated in Figure 10. There are sev- 
eral possible explanations for this 
phenomenon. First, because of the 
high turbulence present in the re- 
zion close to the wall in the vicinity 
mentioned, the stagnation tem- 
peratures computed might not be 
correct, since under conditions of 
high turbulence the turbulent ve- 
locity components might bear a 
substantial portion of the total 
kinetic energy; the stagnation tem- 
peratures might therefore be ap- 
preciably higher than those calcu- 
lated from mean velocity measure- 
ments. Second the effect of alter- 
nate hot and cold eddies on a ther- 
mocouple is not necessarily the 
same as the effect of those eddies 
on a solid wall. In either case, the 
calculated values would be in error. 
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expected for an insulated wall. 

The mass balance along the duct 
is satisfactory, Figure 12. If the 
value at 16 in. is disregarded, the 
mean deviation from the average 
mass flux is 1.4%, and the maxi- 
mum deviation is 2.4%. the heat 
balance, since it must reflect the 
errors in temperature measure- 
ment as well as those in velocity 
measurement, is less precise, Fig- 
ure 14. The mean deviation from 
the average heat flux is 4.1%; the 
maximum deviation is 8.6%; again, 
the profile at 16 in. has been disre- 
garded. 


SUMMARY 


Profiles of temperature and 
velocity were measured for the case 
of a jet of air at 585 ft./sec. and 
222°F. discharging into an in- 
sulated duct and entraining air at 
88°F. The temperature of the wall 
at several points along its length 
was also measured. From these 
measurements heat and mass fluxes 
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were computed at several points 
along the duct. The deviation of 
the measured values of mass flux 
from the mean value was small; the 
corresponding deviation in the case 
of heat flux was appreciably larger. 
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NOTATION 
C, = impact tube coefficient 


C, = specific heat at constant pres- 
sure 
¢ = momentum-spreading  coeffi- 
cient, empirical constant in 
Equation (19) 
9, = 82.2 ft. lb. (mass) /Ib. (force) 


sec.? 
H = energy flux at any section. 
B.t.u./see. 
P = static pressure in duct 
Pom = Static pressure in atmos- 
phere 


AP = pressure indicated by man- 
ometer, one end connected to 
a total head impact tube in a 
duct and the other open to the 
atmosphere 
R= thermocouple recovery factor, 
Equation (1) 
y =radial coordinate, 
from axis of duct 
T = temperature 
AT = temperature difference, Equa- 
tion (8) 


distance 


u = «-directed component of ve- 


locity 

W = mass flux at any section, lb. 
/sec. 

x = axial coordinate, distance 


along axis of duct from nozzle 
= density of fluid 


Subscripts 
atm = atmosphere 
f =free stream or static condi- 
tion 
i = induced stream conditions in 
plane of nozzle 
in = indicated by thermocouple 
n = upstream from flow nozzle 
or = upstream at orifice 
s = stagnation 
w = condition in duct wall 
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Il. ‘Theoretical Study of Turbulent Transport of 


Momentum, Energy, and Matter in Ducted Coaxial 


Streams 


This paper concerns the kinetics of the processes that take place when a high-velocity jet of fluid mixes turbulently with a 
low-velocity, induced stream of the same fluid in a duct of uniform diameter. Semi-two-dimensional solutions of the equations 
of transport involving two empirical coefficients were obtained by application of Reichardt’s hypothesis and three assumptions: 
(a) a negligible fraction of the flow entity (energy, mass, or momentum) is lost at the wall and the presence of the boundary 
layer may be ignored, (b) the static pressure is uniform over a section of the duct, and (c) the turbulence pattern is similar to 
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that in free jets except that the duct wall limits the growth of the scale of the turbulence. A mixing index, which is a measure 
of the degree to which the jet stream remains unmixed with the induced stream at any point, was defined and related to the 
geometry of the system and the flow parameters by means of the theoretical equation, and a method of evaluating the empirical 
coefficients for a typical case of momentum transport was described. 


The physics of the exchange of 
energy, mass, and momentum be- 
tween fluid streams is of theoreti- 
cal and practical importance. Ex- 
amples of application are jet 
pumps, Venturi atomizers, spray 
driers, combustion chambers, and 
gas burners. 

Fluid-mixing processes fall into 
two general categories: the iso- 
baric, as in free jets, and the non- 
isobaric, as in the jet ejector. An 
idealized example of the latter con- 
sists of a circular nozzle discharg- 
ing an incompressible fluid into a 
cylindrical duct open at both ends 
to a second fluid. [f the momentum 
losses can be estimated or neglect- 
ed, the flow rates may be deter- 
mined trom jet- and _  induced- 
Stream stagnation pressures and 
temperatures, flow areas, and dis- 
charge pressure by well known 
methods of thermodynamics. 

Qualitatively the mixing of the 
streams 1s conceived to proceed as 
follows. The high-velocity jet 
stream imparts momentum to the 
fluid in the duct, causing it to flow 
toward the discharge. This lowers 
the pressure at the inlet, where- 
upon exterior secondary fluid be- 
gins to fiow into the duct. Kiven- 
tually a steady state is reached. In 
the induced stream the static pres- 
sure falls between the inlet and the 
plane of the Jet nozzle, where the 
mixing process begins. ‘The momen- 
tum, mass, and energy of the jet 
stream spread by turbulent convec- 
tion into the secondary stream, and 
the static pressure rises toward the 
discharge pressure. If the mixing 
tube is long, so that mixing is 
nearly complete in, for example, 
one third ot the length, then the 
static pressure must rise above the 
discharge pressure by an amount 
sufficient to overcome the resist- 
ance to flow of the remaining two 
thirds otf length. 

The purpose of this research was 
to set forth quantitatively the 
kinetics of the mixing process in 
such systems. 


HISTORY 


General. The literature on the mix- 
ing of fluid streams in a duct is too 
extensive to be reviewed in detail 
here. The greater part of the work 
deals with the over-all dynamics of 
jet ejectors. -The thermodynamic 
theories appear to be satisfactory, and 
predictions of the optimum design of 
ejectors have been reasonably well 
verified by numerous experiments. 
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In contrast, theoretical and experi- 
mental studies of the kinetics of the 
mixing process are relatively few. 
Some investigations of the over-all 
performance included limited tests to 
ascertain that the lengths of the mix- 
ing sections were at least adequate. 
The conclusions have been of an ap- 
proximate nature and are not all in 
agreement. It is generally thought 
that the length of the mixing section 
should be from four to eleven times 
the diameter, with seven diameters 
probably optimum (8, 10, 12). Opinions 
differ concerning the variation of this 
optimum length with entrance and 
exit geometry and pressures and with 
the velocities of the jet and induced 
streams (8, 11,12). Of the experimen- 
tal investigations of the mixing pro- 
cess, those of Forstall and Shapiro 
(7), Ledgett(71), Ferguson(5), Reid 
(14), and Viktoren(15) are signifi- 
cant. These authors measured impact 
pressures at various points in the 
zone of mixing. Ledgett and Viktoren 
also. measured static pressures 
throughout this zone, and their results 
agree qualitatively with the descrip- 
tion given in this introduction. 

Flugel’s(6) analysis involves the 
crude assumption that at any cross 
section individual average velocities 
may be assigned to the high-velocity 
core and the low-velocity flow sur- 
rounding it. The drag force between 
the two streams is then equated to 
the product of the square of the dif- 
ference between their velocities and 
an empirical drag coefficient. His 
equations satisfy the momentum bal- 
ance but have little relation to the 
mechanics of the mixing process. 

Viktoren(15) obtained a solution 
that approximates the flow pattern 
in the limited region of mixing where 
the distance from the nozzle is suffi- 
ciently great that the jet may be re- 
garded as a point source of mass and 
momentum and yet sufficiently close 
to the nozzle that the spreading of the 
jet is not affected by the presence of 
the wall. His assumptions were that 
(a) the pressure is uniform through- 
out the mixing tube, (b) the mixing 
processes in cross sections at various 
distances from the nozzle are geo- 
metrically and mechanically similar, 
and (c) the Prandt! mixing length 
lp is uniform over a cross section and, 
moreover, proportional to the width 
of the mixing zone. These assump- 
tions seriously limit the value of his 
solution. In some cases, as with jet 
pumps, the pressure rise in the mix- 
ing tube is the most important effect. 
It is clear that the flow profiles and 
mixing processes cannot be similar, 
as supposed by Viktoren, except in a 
limited region which may not exist 
at ail unless the jet nozzle is very 
small compared with the dyct. That 
is, for a point-source jet the succes- 
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sive flow profiles will be similar as 
in a free jet until the spread of jet 
momentum is inhibited by the wall. 
But it is precisely a knowledge of 
the effect of the wall on the mix- 
ing process that is desired. A solu- 
tion limited to the region in a duct 
where the flow approximates that in 
a free jet gives no information con- 
cerning the length of duct required 
to mix the two streams to any given 
degree. 

Reichardt’s Hypothesis. Herman 
Reichardt, of Gottingen, has proposed 
a formula for the turbulent shearing 
stress(13). In previous publications 
from this laboratory(1) the singular 
success of Reichardt’s hypothesis and 
the principle of superposition deduced 
from it by Baron and Alexander (3) 
in correlating measurements in free 
jets was demonstrated. The flow pat- 
tern in the region adjacent to the 
nozzle was predicted with reasonable 
success. The treatment also was ap- 
plied in the region of confluence of 
twin parallel jets and in the region 
of flow of a free jet parallel to a plane 
surface(1). Reichardt’s hypothesis 
has been generalized to include the 
transport of heat and mass in a free 
turbulent jet(3). 

The hypothesis relates the turbu- 
lent shearing stress to the gradient 
of the momentum fiux density. 


where A is a scale factor somewhat 
analogous to Prandtl’s mixing length 
and is to be related to the boundary 
conditions. Setting A equal to _ 
leads to the well known distribution 
of momentum flux in a free jet(1) 
where c is reasonably invariant. There 
appear to be some second-order varia- 
tions in ¢ with changes in boundary 
conditions, but these have not been 
delimited (1). 


KINETICS OF MIXING IN THE 
DUCTED JET 


General Solution. When viscous and 
body forces may be neglected, the 
equation of motion for axially sym- 
metrical turbulent flow becomes(1) 


where « and r are axial and radial 
coodinates, w and v are axial and 
radial components of velocity, P 
is the static pressure, and ¢ is the 
density. The bar denotes time 
average values: 
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where 6 is the time of observation. 

Application of Reichardt’s hy- 
pothesis with certain approxima- 
tions leads to a semi-two-dimen- 
sional solution of the axial flow in 
a tube with mixing induced by a 
jet. Substitution of Equation (1) 
into Equation (2) gives 


E 


The sum P + ou? is recognized as 
the total momentum. If it is as- 
sumed that the static pressure is 
uniform over a cross section, then 


— 20 (5) 


Equation (5) is almost certainly 
untrue in detail. Measurements of 
the static-pressure distribution re- 
ported in the literature are meager 
and equivocal. Viktoren(15), study- 
ing a system employing water for 
both jet and induced fluids, found 
large apparent variations across 
the duct near the jet nozzle and 
concluded that  static-pressure 
measurements in such regions are 
not reliable. Ledgett(11), however, 
using air, studied a system very 
Similar to that treated here and 
found the variations to be less 
than 10% of the dynamic head in 
the same region. Hence Equation 
(5) is probably a reasonably good 
first approximation. Equation (4) 
may be written 


1 8 


E (P + ou’) | (6) 


This equation is linear in P + ou? 
and a solution may be obtained in 
orthogonal functions. 

To simplify the boundary condi- 
tions, a variable, M, is introduced 
such that 


m—m 
M= = 7 
Mj, arg— Mi, avg @) 
and 
m= P pu (8) 
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where the subscript 7 denotes the 
initial jet stream; 72, the initial in- 
duced stream; oo, the final, com- 
pletely mixed stream. In the defi- 
nition of m,, it is assumed that 
friction drag at the walls may be 
neglected and that the final distri- 
bution of momentum flux is uni- 
form over a cross section. To sim- 
plify the mathematics, only the 
case where m, and m; are uniformly 
distributed in the plane of the 
nozzle discharge will be treated; 
however, any arbitrary distribution 
can be treated. The variable M 
satisfies Equation (6), which may 
be written 


where D is the diameter of the 
duct, and r, is a normalized radial 
coordinate such that 


= (10) 


If it is assumed that i is a func- 
tion of x only, a solution is readily 
obtained by separating the vari- 
ables. 


M = As. (Kr,) + BY. | 


Differentiation with respect to r, 
gives 


| (Kr,)+BKY; | 


or, 
x 2 
exp — dx (12) 
° 


The boundary condition that 


5M 


or, 


=0;r, = 0 (13) 


requires that both terms in the 
racket vanish on the axis. Then 


Ji (0) =0 (14) 
as required, but 
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Y,(0)=-—« (15) 
hence 


B=0 (16) 


Neglecting friction requires that 
no momentum be lost at the wall; 
hence 


— ~0;r, =1 (17) 


This condition is satisfied by Equa- 
tion (12) provided K is a root of J,. 

The particular solutions may 
now be combined: 


M = Ande (aur 
1 


where a, is the n-th root of J. 

ine quantity i: 18 probably re- 
lated to the scale and intensity of 
the turbulence. In the vicinity of 
the nozzle the turbulence pattern 
should be similar to that in the 
corresponding region in a free jet. 
Far from the nozzle, the duct wall 
modifies the flow in at least two 
ways: it (a) confines the flow of 
momentum and (0b) modifies the 
turbulence pattern in that the tur- 
bulence in the vicinity of the wall 
is damped. This latter phenome- 
non is associated with the transfer 
of momentum to the wall by a 
boundary layer. Since friction at 
the wall been neglected 
throughout, the only mathematical- 
ly expressible property of the wall 
left is that of being a geometric 
boundary, and its action is repre- 
sented by Equation (17). The 
corollary assumption regarding <A, 
then, is that it is constant across a 
section and is a function only of x. 

Implicit in these assumptions is 
the prediction that because of the 
high level of turbulence generated 
by the jet, the velocity profile will 
become substantially uniform over 
the duct before the boundary layer 
has time to develop significantly. 

In fully developed turbulent flow 
in a pipe the turbulence level is 
only about 3%. In free jets the 
level reaches 20% and higher(¥4). 
With a jet mixing in a duct, the 
turbulence level will decrease from 
that of a free jet to that of normal 
pipe flow. On the other hand, the 
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scale of turbulence, as measured by 
A, cannot grow indefinitely in a 
duct, as it does in a free jet, and 
the relation between A and x must 
take this into account. A purely 
arbitrary function that reduces to 
the free-jet relation in the vicinity 
of the nozzle, but which imposes on 
A an upper limit which is a func- 
tion of the duct diameter, is 


where b and ¢ are empirical coeffi- 
cients. Substitution of this into 
Equation (18) followed by integra- 
tion gives 


M = exp _ 
1 


2an°C” | bx bx || 

For the case where b is zero, this 
reduces to 


M = (aur) exp 


Gn” (21) 


The remaining boundary condi- 
tions are 


M —+>0as x —> 
and 


M.=f (r,) 


where the subscript o denotes the 
plane of the jet nozzle. The first 
condition results from the fact that 
m approaches m,, and is satisfied 
by the exponential term, which 
tends toward zero as x increases 
without limit. The second condi- 
tion is imposed on the A,, by use 
of the Bessel series. 


2 
oJ o (Anty) dry 


A, = 
Jo’ (dn) 


(22) 
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Although any arbitrary initial 
profile of total momentum can be 
imposed on the A,, the only case 
developed here will be that where 
the jet velocity is uniform over the 
plane of the nozzle and the velocity 
of the induced stream is uniform 
in the same plane. It follows that 


Mj — Me. d 


M;= 


where d is the diameter of the jet 
nozzle and 


d 


M; = 
Substitution in Equation (22) and 
integration results in 


d d 


(dn) 


Thus the definition of M chosen in 
Equation (18) renders the A, de- 
pendent only on the ratio d/D and 
independent of the initial velocities 
for the case under consideration. 

The quantity m, may be eval- 
uated from the fact that the total 
momentum, with friction neglected, 
is conserved. Thus 


1 dr, = const (=Q) (26) 


Since M tends toward zero with in- 
creasing x, the constant must be 
zero. Substitution of Equations 
(23) and (24) into Equation (26) 
followed by integration and solu- 
tion for m,, gives 


Ma = mj mi E (4)! 


(27) 


The principal defect of the treat- 
ment given here is that a knowl- 
edge of M does not immediately 
yield information concerning the 
distribution of the static pressure, 


P, nor of the flow momentum, eu?. 


A knowledge of the distribution of 
the turbulence intensity is re- 
quired. It is thus desirable to ex- 
pand the flow variables in mean 
and fluctuating components, as fel- 
lows: 
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v=v+o' (28) 


where the mean value is denoted by 
the bar and the primed quantity is 
the fluctuating component. By defi- 
nition 


=0 
y = 0 (29) 
P’ =0 


Combining Equation (8) and (28) 
gives 


| 
pu =\/p (m — P —pw’”) (30) 


whence the total flux of mass is ob- 
tained by integrating ew over a 
cross section. 


D | 
ON p (m pu 


mass flux (31) 


The distribution of m may be 
obtained from that of M. To eval- 
uate P and obtain the distribution 
of ou? at any cross section, it is 
necessary to choose values of P, 
perform the integration numerical- 
ly, and compare the result with the 
integral mass fiux until agreement 
is obtained. However, there is no 
satisfactory way of estimating w? 
and experimental data are non- 
existent. Possibly the best course 
at present is to assign to wu’? an av- 
erage value, based on Corrsin’s 
free-jet data(4), of 0.04 w?. 

The tedious procedure outlined 
above is neither necessary nor de- 
sirable for comparing Equations 
(20) and (21) with measured 
values. If the turbulence compo- 
nents are to be neglected or ap- 
proximate values used, it is better 
to do so in connection with the 
quantity m. 

In experimental work the flow is 
conveniently explored with a total- 
head impact tube connected to a 
manometer having one arm open to 
the atmosphere. Unfortunately im- 
pact-tube measurements do not im- 
mediately yield a knowledge of ou? 
(1). So far as turbulence is con- 
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cerned, impact tubes should respond 
in (locally) incompressible flow ac- 
cording to the equation 


ap=P+ + + w”) 

To obtain gu?, a knowledge of v2 

and w” is required. Since this is, 

in general, not available, these 


terms must be neglected, and ap- 
proximately 


m ~ 29.0; (AP+ 1 P) 
(32) 


where AP is the manometer pres- 
sure reading in consistent units, Cy 
is an impact-tube coefficient, and 
Pam is the atmospheric pressure. 


The Mixing Index. There is as yet 
no way of predicting the values of 
the constants b and c, in Equation 
(19). In free jets discharging into 
a stagnant atmosphere, c ranges 
from 0.07 to 0.08 with a small vari- 
ation with position in the jet, 
nozzle geometry, and discharge 
velocity(1). Calculations based on 
the data of Forstall and Sha- 
piro(7) for a free jet discharging 
into a moving secondary stream 
give values of c down to 0.01 as 
the velocity of the secondary 
stream approaches the jet veloci- 
ty(9). 

Point-by-poiit application of 
Equations (20) and (21) is not a 
satisfactory means of evaluating b 
and ¢c from experimental data. It is 
preferable that these be determined 
from a plot of the axial distribu- 
tion of some function integral in r. 
Linear plots are to be desired but 
are not always obtainable. If wall 
friction is neglected, the total mo- 
mentum flux is conserved, and the 
axial distribution of the left-hand 
member of Equation (26) gives no 
information concerning ¢ and Db. 
However, the integral of the 
square of the momentum flux densi- 
ty is not conserved and may be 
used to define a mixing index in 
terms of the deviation of the 
square of the momentum-fiux den- 
sity from the average value; thus 


1 
= (M — 2rr,dr,, (33) 


where 


1 
Mavg = Md(r,) (84) 
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But the latter integral has al- 
ready been shown to be zero. Hence 
Myyvg is zero. Substitution now from 
Equations (20) and (25) into 
Equation (33) gives 


d 
Jo 


(any) exp — D 


b 


2 
In (1 dr, (35) 


of the 


From the orthogonality 
series, 


1 
(Airy (anr,)dr,=0 (36) 


for k4~n, whereas 


1 


(an) + Ji (a) | (37) 


Hence, integration of Equation 
(35) leads to the equation 


9 d 
J1 (dn 
=> dr (2) —_ D exp 


9 2 


ts 


which converges rapidly except for 
small values of x. For the case 
where b is zero, Equation (38) re- 
duces to 


1.0 
os DIAM. RATIO 
=0.236 
< 
x 06 
x< 
W 
z 
oO 
\ 
x< 
FACTOR 
3.82 
b/c=0 


0.2 NN 


a0 


0. 0.3 
AXIAL DISTANCE PARAMETER (cx/D) 


0.4 


Fie. 1. 
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TABLE 1.—THE MIXING INDEX 


Calculated from Equations (38) and (39) 
with d/D=0.23Y 


Axial 
distance 

parameter, A--Limit factor, b/c 

cx/D 0 1.91 3.81 
Mixing index, y 

0.00 0.1650 0.1650 0.1650 
0.02 0.1408 0.1408 0.1408 
0.04 0.1155 0.1200 0.1205 
0.06 0.0975 0.0996 0.1018 
0.08 0.0771 0.0779 0.0837 
0.10 0.0606 0.0649 0.0683 
0.15 0.0313 0.0371 0.0413 
0.20 0.0163 0.0215 0.0258 
0.30 0.0035 0.0076 0.0109 
0.40 0.0005 0.0020 0.0045 


Inspection of Equation (38) shows 
that y approaches zero as @ in- 
creases and, that the initial value, 
Yo, is dependent only on the diame- 
ter ratio, d/D. It may be evaluated 
by substitution from Equations 
(23) and (24) into Equation (33) 
followed by integration, whence 


The mixing index, y, may also be 
evaluated from experimental data 
by graphical integration of Equa- 
tion (838). 


Values of the mixing index have 
been calculated. In order to gen- 
eralize the calculations, they were 
carried out by assigning various 
values to an axial distance parame- 
ter cz/D and to a A-limit factor, 
b/c. The results are listed in Table 
1 and are shown graphically in 
Figure 1 for a diameter ratio, d/D, 
of 0.236. 


For given values of x, b, and c, 
the corresponding value may be 
found readily by interpolation. The 
values of b/c chosen correspond to 
the condition that if c is 0.075, 
then A will have increased in seven 
duct diameters to the fractions 0, 
1/2, and 2/3 of its maximum value 
respectively. It is seen that limit- 
ing the growth of A does not affect 
the decay of y greatly except at 
small values of y/y,. 
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Experimental data will show 
some loss of momentum through 
friction at the wall. This noncon- 
servation of the experimentally de- 
termined flux of total momentum 
presents a difficulty in calculating 
the mixing index, y, from the data. 
If m, is calculated from Equation 
(27), Equation (26) is not borne 
out by the experimental measure- 
ments. It is important that the 
data satisfy both Equations (26) 
and (27). Accordingly, a variable 
M,», Was defined which is to be 
evaluated at each cross section: 


m = mary (41) 
° 


That is, m, at x is taken as the 
average value of m over the cross 
section at 


The spreading coefficient is eval- 
uated by assigning to it the value 
which gives the best fit between 
Equation (39) (if 6 is zero), nor- 
malized with respect to y,, and the 
experimental data points calculated 
from Equation (33), also normal- 
ized. The method of least squares 
may be applied conveniently. Let 
A be the deviation between theo- 
retical and experimental values of 
y/y, for a value of c that gives a 
reasonably good visual fit: 


-(X)-(+) 


From statistical theory, the most 
probable value of ¢ is that which 
minimizes the sum of the squares 
of the deviations for all the data: 


= 0 (43) 


If the probable value, cp, does not 
differ greatly from the value 
chosen visually, cy, derivatives of 
orders higher than the first may be 
neglected, and in the _ interval 
Cp— Cy, 


6A 
A= A, + (44) 


where Ay is the deviation obtained 
by visual matching. Substitution in 
Equation (43) followed by solution 
for cp gives 
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The differential is readily evaluated 
by differentiating Equation (39) 
after normalizing; whence 


a 
i ) 
2 d 
An” a; (dn) 


Now let there be defined a function 


cx ) such that 
D 


Cx 6A 
(=) 


Substitution of Equations (46) 
and (48) into (45) gives 


Values of o for various selected 
values of (cv/D) are listed in 
Table 2 

TABLE 2.—THE FUNCTION As 


For evaluating ¢ from the gamma 


correlation 
(ex/D) 9 
0.00 0.000 
0.02 0.152 
0.04 0.297 
0.06 0.407 
0.08 0.468 
0.10 0.484 
0.15 0.417 
0.20 0.232 
0.25 0.155 
0.30 0.093 
0.40 0.021 


This method of evaluating c 
weights heavily those data corre- 
sponding to middle values of ca/D. 
These are the most accurate data 
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because near the nozzle turbulence 
interferes, and far down the duct, 
where y is small, the boundary lay- 
er contributes significantly to the 
shape of the profile. 


TRANSPORT OF ENERGY IN A 
DUCTED JET 


If molecular transport and gen- 
eration terms may be neglected, the 
equation for the turbulent trans- 
port of energy may be put in the 
form(1) 


v.pCp VT. =0 (50) 
which, in cylindrical coordinates 
for axially symmetrical flow, takes 
the form 

5 ak 
+ = = 0 
x r or 
(51) 


Here 7, denotes the total or stag- 
nation temperature: 


pC,T. = + (52) 


where 7; is the free-stream tem- 
perature. Substituting and re- 
grouping give 


6 + + 
x 

bx 29. r or 2G. on 


(53) 


Assume now that similarity exists 
between the transport of heat and 
momentum in free turbulence. The 
equation analogous to Reichardt’s 
formula for shearing stress is(1) 


Ty (54) 
1. Case of Kinetic 
Energy 
For this case the last two terms 
in Equation (53) drop out, and ap- 
plication of Equation (54) gives 


Negligible 


6x 


(55) 


which is linear in T yu. If one de- 
fines 


pCpT ju (56) 
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and substitutes Equations (7) and 
(10) into Equation (55), it be- 
comes identical with Equation (9) 
except for subscripts. Therefore 
Equation (18) is a solution of 
Equation (55), and a mixing index 
for heat transport may be defined 
in the same way as that for mo- 
mentum, by Equation (38) or (39). 
2. Case of Appreciable Kinetic 

Energy 

For Equation (53) to be linear- 
ized completely, it is necessary that 
the lateral transport of kinetic 
energy be governed by an equation 
similar to Equation (54) with the 
same value of A,;. But this law 
must also be consistent with the 
law governing the lateral transport 
of momentum. The approximations 
involved in assuming such a law 
for transport of kinetic energy to 
be valid will be investigated. 

Expanding the velocity in mean 
and fluctuating components, 


for axially symmetrical flow where 

Application of Equation (1) now 
gives 
Viv = — 2A u— (58) 


On the other hand, 


=u + u +0" (59) 


Now assuming that, to a first de- 
gree of approximation, 


9 
Sw’ (60) 
whence 


72 
Vu=u +5uw 


| 


9 


(61) 


Differentiation with respect to r 
gives 


(62) 
Recombining terms gives 
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If the last two terms may be 
neglected (they are small through- 
out most of the flow field of a free 
jet), 


(64) 


The equation for kinetic energy 
transfer analogous to Equation 
(54) is 


Combining Equations (58), (64), 
and (65) and solving for A, gives 


A. A (66) 
It has been observed repeatedly 
that heat is dissipated more rapidly 
than momentum in turbulent flow, 
and the ratio of the relative rate 
factors has been given as approxi- 
mately 4/3 in free jet(8). There- 
fore 


A. ~A (67) 
When this result together with 
Equations (52) and (54) is ap- 


plied to Equation (53), there re- 
sults 


E 68) 
which is linear in Tu. By defining 


ms = pC,>Tu (69) 


and using Equations (7) and (10), 
Equation (68) becomes identical 
with Equation (9) except for sub- 
scripts. Equation (18) is therefore 
a solution of Equation (68), and 
Equation (38) or (39) may be ap- 
plied to the correlation of the stag- 
nation temperature. 


TRANSPORT OF MASS IN A 
DUCTED JET 

For the transport of mass when 
there are no sources or sinks 
present and chemical interconver- 
sion is negligible: 
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dpgu 


where g is the mass fraction of 
jet-stream fluid in the mixture. If 
similarity to momentum transport 
exists, then 


A, (71) 


when 


Mg = pgu 


Equation (70) is transformed into 
Equation (9), and the solution fol- 
lows as before. 

Of course, in order to solve 
Equation (21) for the distribution 
of energy or mass, the velocity 
profile must be known. A difficulty 
enters here in that the products Tu 
and gu involve cross products of 
the fluctuating components: 


Tu = Tu + T'w' 
gu=gut+gw 
2 y2 

u =u +u 


Presumably 7 can be measured 


with a thermocouple and g by 
chemical analysis, but the situa- 
tion is equivocal. The mean prod- 
ucts of the fluctuating components 
can be measured, in theory, with a 
suitable type of hot-wire anemo- 
meter(4), but such measurements 
are not easy. There is evidence(1) 
that neglect of these fluctuating 
components introduces errors of 
30% or more into the correlations 
of energy and mass transport in 
free jets. 


SUMMARY 


It has been shown that (a) if 
Reichardt’s formula applies to the 
turbulent transport of energy, 
mass, and momentum in ducted 
jets, (6) if molecular transport 
and boundary layer formation may 
be neglected, and (c) if radial 
pressure gradients and heat losses 
at the wall may be neglected, then 
the transport equations are linear- 
ized in the corresponding fluxes, 
and solutions may be obtained in 
orthogonal functions. This was 
done. In order to permit evaluation 
of the empirical constants appear- 
ing in the solutions, a function y, 
the mixing index, was devised. It 
is a measure of the degree to which 
the two streams remain unmixed 
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at any point, and it approaches 
zero as the mixing proceeds. Meth- 
ods of correlating experimental 
data in terms of y were given. 
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NOTATION 
A = cross-sectional area of mixing 
duct 


A, = arbitrary coefficient of mth 
term in a series of J, 

@, = nth root of J, 

B,= arbitrary coefficient of mth 
term in series of Y, 

b= empirical constant in Equa- 
tion (19)—a measure of the 
action of the duct wall in in- 
hibiting the growth of the 
scale of the turbulence 

C; = impact-tube coefficient 

C, = specific heat at constant pres- 


sure 
€=momentum spreading coeffi- 
cient, empirical constant in 


Equation (19) 
D = diameter of mixing duct 
d = diameter of jet nozzle 
g = fraction by weight of jet fluid 
in mixture 
J, = zero-order Bessel function of 
the first kind 
J, = first-order Bessel function of 
the first kind 
K=constant of integration in 
Equation (11); the boundary 
conditions require that K bea 
root of J; 
M =variable defined by Equation 
(7); M is proportional to the 
flux density of total momen- 
tum, energy, or mass 
m = flux density of total momen- 
tum, energy, or mass, Equa- 
tion (8) 
P = static pressure in duct 
Pum = Static pressure in 
phere 
AP = pressure indicated by man- 
ometer one end of which is 
connected to a total-head im- 
pact tube in a duct and the 
other open to the atmosphere 


atmos- 
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distance 


r=radial coordinate, 
from axis of duct 
Ys = normalized radial coordinate, 
Equation (10) 
T = temperature 
u=x-directed component of ve- 


locity 

v = r-directed component of veloc- 
ity 

=axial coordinate, distance 


along axis of duct from nozzle 
Y, = zero-order Bessel function of 
second kind 
Y, = first-order Bessel function of 
second kind 


Greek 

y = mixing index, Equation (33) 

A=proportionality function in 
Reichardt’s shearing - stress 
equation, function of « and 7, 
Equation (1) 

e = density of fluid 

6 = time 


Subscripts 
avg = average 
atm = atmosphere 
E =transport of energy 
f =—free stream 
g = transport of mass 
i= induced stream conditions in 
plane of nozzle 
j = jet-stream conditions in plane 
of nozzle 
k = kth term in series of J, 
s = stagnation 
T = transport of heat 
x = conditions in cross section o: 
flow at distance x from nozzle 
o=conditions in plane of je 
nozzle 
co =condition that would be ob- 
tained by complete mixing of 
the flow at any section with no 
further loss of momentum °” 
energy 
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III. Correlation of Profiles of Total Momentum and 


Energy Flux in a Nonisothermal Jet Discharging 


into a Duct 


The data in the first paper of this series on the distribution of momentum and 
energy in nonisothermal air streams mixing in a straight duct were correlated by the 
methods described in the second paper. Mixing indexes were evaluated and used to 
correlate profiles of total momentum and stagnation temperature at various sections 


of the duct. 


The understanding and predic- 
tion of the processes that take 
place when a fluid stream mixes 
turbulently with another of differ- 
ent velocity, composition, or tem- 
perature is becoming of ever 
greater technological importance. 
This paper studies the mixing of a 
round jet of heated air, discharged 
into a straight, cylindrical duct, 
with a freely induced ambient air 
stream. The mixing index, a quan- 
tity which is a measure of the de- 
gree to which the two streams re- 
main unmixed at any given section 
of flow, was computed from the ex- 
perimental data presented in the 
first paper of this series and was 
correlated theoretically by methods 
described in the second. From this 
correlation, empirical spreading 
coefficients were evaluated, and 
these were used to predict distribu- 
tion of energy and momentum flux 
(temperature and velocity distribu- 
tion) at varicus sections. 


APPARATUS AND PROCEDURE 


The aparatus and procedure em- 
ployed in the experimental work, 
the results of which are correlated 
here, have been described in detail 
in Part I of this series. All the 
data were obtained at an air-flow 
rate of 2.07 std. cu. ft./sec., as me- 
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tered through a calibrated orifice. 
The air was heated to 222° to 
225°F. as measured upstream from 
the flow nozzle. 


RESULTS 

Correlation of the Mixing Index for 
Momentum Transport. On approach 
to the problem of correlating the 
momentum data it was clear that 
account would have to be taken of 
the scatter in the integral mass 
flux noted in connection with Fig- 
ure 14 of Part I. This scatter is 
amplified in momentum-flux calcu- 
lations, where the velocity enters as 
the square, and to an even greater 
extent in mixing-index calculations, 
where the velocity enters as the 
fourth power. It was noticed that 
the individual points on the velocity 
profiles did not show much scatter 
relative to one another and that the 
continuous curves appeared to be 
reasonably well defined. It seemed 
to be more likely that the scatter in 
the integral mass flux resulted 
from random changes of 5 to 10% 
in the flow pattern and induction 
ratio between successive profile 
measurements. This effect has been 
noticed by others(3) and is thought 
to reflect a true physical instability 
in the system. 

It was postulated, however, that 
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the relative shape of a momentum- 
flux profile, rather than its relative 
position, is the true measure of the 
degree of mixing of the two 
streams, and it seemed reasonable 
that some method of normalizing 
the profiles might eliminate the 
scatter and yield reliable values of 
the mixing index. Implicit in this 
is the hypothesis that the mixing is 
a function only of the geometry of 
the system and independent of the 
relative velocities of the initial 
streams. The manner in which the 
generalized flux function M was 
constructed [Equation (7)*] ac- 
complishes the desired normaliza- 
tion as shown by the fact that it 
leads to an analytical solution 
[Equations (20) and (25) and dis- 
cussion] that is independent of the 
relative velocities, provided the 
spreading coefficient ¢ is indepen- 
dent also. Although this in general 
is probably not the case(2), minor 
variations in the flow ratio, as en- 
countered here, should result in 
only second-order variations in c. 
In Part II the necessity of evalu- 
ating m,, at each cross section be- 
cause of the unavoidable loss of mo- 
mentum at the wall of the duct was 
discussed [Equation (41)]. The 


*All equations referred to appear in Part 
II. 
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present scatter is an effect of the 
same kind but of a larger order of 
magnitude and may be treated in 
the same way. 

The following procedure was 
used in assigning values to Mj,avg 
and ™j,q,, appearing in Equation 
(7). The first profile was taken at 
1 in. from the nozzle. It was as- 
sumed that the velocity on the axis 
of flow here was the same as at the 
nozzle discharge. A value of 20,500 
ft.-lb./ (sec.) (sq.ft.)/sec. was cal- 
culated for m;.,, from the impact 
and static pressure data for this 
profile, as it was assumed that this 
value fairly represented the aver- 
age momentum fiux density over 
the nozzle discharge. It is possible 
by use of this value of mj qy, and 
Mz,» aS defined by Equation (41) 
to calculate by difference an ap- 
parent Mj,qvg at each cross section 
by use of Equation (27). The re- 
sults are shown in Table 1. 


TABLE 1 

distance from ft. lb. /(sec. 
nozzle, in. (sq. ft.) sec. 

1 396 

4 95 

480 

10 291 

16 —98 

20 131 

23 171 

26 96 


It is seen that there is consid- 
erable variation, and in one in- 
stance a negative value occurred. 
Reference to Equation (33) shows 
that the stream momenta enter in- 
to the calculation of the mixing 
index as the term (Mj qyy-Miavg) 7° 
Although m;,q,, is small compared 
with mj,o,,, nevertheless, when the 
difference is squared, the varia- 
tions in Mj,q,, introduce fluctua- 
tions into the gamma values. But it 
is these fluctuations which it is 
desired to eliminate by the nor- 
malization procedure. 

The quantity mj,,, may be esti- 
mated in another way. The static 
pressure at the first profile was 
—2.6 in. of water relative to the 
atmosphere. If the inlet section of 
the duct is treated as an ideal-flow 
nozzle, it is readily calculated that 
the flow momentum, ¢w?, is 896 
ft. lb./ (sec.) /(sq.ft.) /sec. Conver- 
sion of the static pressure te mo- 
mentum units gives P, equal to 
—436. The sum, which is the total 
momentum of the induced stream, 
m:, is 433, which is in fair agree- 
ment with the value listed in Table 
1 for the first profile. Since there 
was undoubtedly some _irreversi- 
bility in the flow in the inlet sec- 
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tion of the duct, it was decided to 
use a compromise value of 400 for 
Mi,avg throughout the calculations. 
The mixing index y was evaluat- 
ed at the various cross sections by 
graphical integration of Equation 
(33). The values listed in Table 2 
when plotted vs. x defined a smooth 
curve which appeared to extrapo- 
late with reasonable probability to 
a gamma of 0.165. This is the theo- 
retical value at 2 equal to zero for 
the system studied as calculated 
from Equation (40) with nozzle 
diameter d of 0.898 in. and duct 
diameter D of 3.81 in. The spread- 
ing coefficient ¢ was then evaluated 
by the method discussed in Part 
II [Equation (49) ] and found to 
be 0.0480. Values of the mixing- 
index ratio y/y, are listed in 
Table 2 and are shown plotted in 
Figure 1. The solid curve repre- 


c was found to be 0.0445. It ap- 
pears that heating the jet to 225°F. 
may have increased the rate of 
mixing of the two streams com- 
pared with the isothermal case. 
However, sufficient data have not 
been accumulated to permit esti- 
mating the precision of these 
values of c, and it would be pre- 
mature to conclude that heating 
the jet affected the mixing sig- 
nificantly. 


Correlation of the Mixing Index for 
Energy Transport. Mixing indexes 
were calculated from the tempera- 
ture and momentum data of Part I 
by means of Equations (56), (7), 
and (33). It was observed that the 
temperature profile taken nearest 
the discharge of the nozzle did not 
have a central region of uniform 
temperature corresponding to the 


TABLE 2.—EXPERIMENTAL VALUES OF MIXING INDEX FOR MOMENTUM TRANSPORT 


cx 
x 
— - D 
D d (c =0.0480) 
0.00 0.00 (0.165) (1.000) 0.009 
0.26 1.11 0.140 0.849 0.013 
1.05 4.45 0.102 0.618 0.050 
1.84 7.80 0.0754 0.457 0.088 
2.62 iO 0.0470 0.285 0.126 
4.20 17.8 0.0126 0.076 0.202 
0.0056 0.034 0.252 
6.03 25.6 0.0021 0.013 0.290 
6.83 29.0 0.0007 0.004 0.328 


sents Equation (39) with b taken 
as zero. This value of b correlates 
the data better than any positive 
value. In fact, the three points at 
highest cav/D lie below the curve, 
implying that the mixing here is 
proceeding more rapidly than cor- 
responds to b equal to zero. 
The correlation could be improved 
by increasing the mixing coefficient 
c and taking negative values of b. 
Physically this situation would 
correspond to the condition where 
the presence of the duct wall in- 
creases the rate of growth of A 
over that occurring in free jets. 
Such a possibility cannot be exclud- 
ed because the boundary layer at 
the wall does generate turbulence; 
however, as discussed in Part II, 
the correlation is not sensitive to 
variations in b, and the scatter in 
the present data prevents a precise 
evaluation of b. For this reason, 
the data were provisionally corre- 
lated with 6 taken as zero. 

The correlation in Figure 1 is 
reasonably good. A correlation of 
momentum data obtained with an 
isothermal jet in the same appara- 
tus used in this study has been pub- 
lished elsewhere(1). In that case, 
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core of uniform velocity observed 
in the momentum measurements. 
Although no temperature profile in 
the nozzle discharge was obtained, 
it is readily apparent that it could 
not have been uniform because of 
heat losses to the nozzle and antece- 
dent piping. However the relative 
nonuniformity was certainly not 
great—at most 5° or 6°F. It was 
believed that the equations devel- 
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oped in Part II on the basis of an energy-flux density in the theory data. The same values of m,; and 
assumed uniformity of initial jet used here, were calculated from m, were used as in the calculation 
temperature could be used with Equation (21) with d/D equal to ot the mixing indexes. The results 
’ reasonable success in correlating 0.236. They are listed in Table 4? are listed in Table 5* and are 
: the data and that marked discrep- as a function of r. with cx/D as plotted in Figure 3. Also shown as 
7 ancies would appear only adjacent the parameter and are plotted in solid lines are curves taken from 
¥ to the nozzle. The mean energy Figure 2 vs. cx/D with r. as pa- Figure 2 at the appropriate values 
2 flux, m,,,, Was calculated from rameter. Profiles of M at any of «/D, and with ¢ equal to 0.0480 
. Equation (41), and the results are c1z/D may be obtained from that as evaluated from the mixing- 
y listed in Table 3. figure. index correlation. It is seen that 
- the agreement is within the preci- 
TABLE 3.—EXPERIMENTAL VALUES OF MIXING INDEX FOR ENERGY TRANSPORT Se dae ee 
0.26 shows the data to fall off as 
D d (c =0.0545) approaches unity. This is be- 
\- 0.00 0.00 ir (0.165) (1.000) 0.000 lieved to be indicative of a tenden- 
I 0.26 Ll 240 0.1459 0.884 0.014 cy toward separation of the flow in 
. 1.05 4.45 269 0.0991 0.601 0.057 the vicinity of the sharply rounded 
e 1.84 7.80 267 0.0663 0.402 0.100 entrance plate. In subsequent 
st 2.62 11.1 240 0.0330 0.200 0.143 curves only the point st th 
4.20 178 206 0.0060 0.036 0.229 
ot 5.26 22.3 235 0.0026 0.016 0.286 wall shows appreciable diminution; 
m 6.03 25.6 240 0.0010 0.006 0.329 this is thought to signify the pres- 
1e 6.83 29.0 246 0.0005 0.003 0.372 ence of a thin boundary layer. 
a Considerable scatter is observed 
in the values of mzy,,,. These 
should show only a monotonic de- 
crease with increasing x owing to 
loss of heat at the wall. The aver- Lo 
age of these values gave 4,460 for - | 
M;,avy When substituted into Equa- | 
tion (27). This value was used 
throughout the calculations. The 4. \ | 
resulting values of when plotted | | 
vs. defined a smooth curve which a6 + 
could be extrapolated with reason- 5 | | | | 
able probability to 0.165. The gam- es 0.236 | | | 
mas were then normalized with re- 
spect to y, = 0.165 and the spread- e | 
ed ing coefficient ¢ was evaluated by nN | 
ts. Equation (49). A value of 0.0545 z | | 
in was obtained. ‘the muixing-index 
ed, ratios y/y, are hsted in ‘able 3 o 
uld and are plotted in Figure 1. Lhe 
of scatter appears to be of the same 
ce- order as that for the momentum 0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32 
ive transfer data, and the same trend AXIAL DISTANCE PARAMETER, Cx/D 
with Fig. 2. GENERALIZED FLUX FUNCTION. 
vel- As the spreading function A is 
proportional to c?, the ratio of the 
Only twenty terms of the series _As expected from the trend ex- 
% . in Equation (21) were used. The hibited by the gamma correlation, 
s. We Ce" ‘ 9.0545 \? series converges very slowly for r the M correlation shows the points 
oral 4/35 equal to d/D. Scatter was observed along the center line to lie above 
A ¢ 0.0480 in calculated M at r. values of 0.20 the theoretical curve close to the 
ate! (1) and 0.25, being greater in the lat- nozzle and below the curve farther 
ter case. However, it is believed away. 
which is in agreement with the that the best smooth curve through Ina similar way, the data on the 
— hypothesis introduced in Part Il the points is sufficiently reliable distribution of energy were corre- 
: . j for present purposes and that the lated. The M values are listed in 
uncertainty involved is within the Table 6* and are plotted in Figure 
"=9 Prediction of Energy- and Momentum- probable error in the experimental 4, together with solid curves cross- 
Flux Profiles in the Ducted Jet. Theo- data. plotted from Figure 2. The initial 
retical values of M, which may temperature profile in the jet 
os represent either momentum- or Correlation of the Generalized Flux stream was not uniform because 
‘ t For Tables 4, 5, and 6 (III D-F) order Function M for Simultaneous Transport of experimental difficulties. As a 
of Energy and Momentum. The func- result, the central points on the 
ERGY brary of Congress, Washington 25, D. C., tion M of Equation (7) was calcu- curve at 2/D of 0.262 lie above the 
photoprintss microfilm or $2.59 for ated from the momentum-flux theoretical curve, as expected. On 
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the other hand, it is unlikely that 
the nonuniformity of the initial 
jet temperature can account for the 
excessive magnitudes of the M 
values near the center of the profile 
at «/D of 1.84 and 2.62. This is 
more probably the same _ effect 
noted in the momentum-flux corre- 
lation and represents a fundamen- 
tal defect in the theory. 
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under one set of operating condi- 
tions, and it is not known how the 
spreading coefficients vary with the 
ratios of velocities, diameters, and 
temperatures of the jet and in- 
duced streams. The transport vari- 
ables were defined in such a way 
that, if the theory is correct, the 
spreading coefficient should be in- 
dependent of diameter and tem- 
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Fic. 3. CORRELATION OF GENERALIZED FLUX FUNCTION M FoR 


As before, at increasing «/D, the 
experimental points tend to fall 
below the theoretical curves, wheth- 
er because of neglect of heat loss 
at the wall or of some other defect 
in the theory is uncertain. The 
M curves could all be rectified by 
progressive diminution of the cor- 
responding m,;s. However very 
precise data yielding values of m 
with negligible scatter would be 
required for such a procedure to be 
feasible. 

The experiments were performed 


Page 72 


perature ratio. The theory pro- 
vides no clue concerning the 
dependence of the spreading co- 
efficient on the velocity ratio. The 
system used in these experiments is 
intermediate between the extremes 
of a free jet discharging into a 
stagnant fluid and a jet discharg- 
ing into a stream having nearly 
the same velocity. The evidence is 
that the spreading coefficient varies 
from 0.075 for free jets down to 
zero as the velocity ratio ap- 
proaches unity(2). 
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SUMMARY AND CONCLUSIONS | 
The data on turbulent transport 
of momentum and energy present- 
ed in Part I may be successfully 
correlated by the method developed 
in Part II. The correlation de- 
pends upon the evaluation of two 
empirical coefficients, and Db. 
However it is insensitive to varia- 
tions in b, which is a measure of 
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MOMENTUM TRANSPORT. 


the limitation imposed by the duct 
on the growth of the scale of the 
turbulence. A value of zero for b 
was found to be not inconsistent 
with the data. Thus momentum- 
and energy-flux profiles were cor- 
related in effect by the single 
(spreading) coefficient c, the value 
of which was 0.0480 for momentum 
transport and 0.0545 for energy 
transport. The theory neglected 
radial static pressure gradients as 
well as momentum and heat losses 
at the wall of the duct; neverthe- 
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less these values of c¢ suffice to de- 
scribe satisfactorily the entire flow 
field. 
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NOTATION 


b = empirical coefficient in Equa- 
tion (19), a measure of the 
effect of the duct wall on the 
growth of the scale of the tur- 
bulence 

€=momentum spreading coeffi- 
cient, empirical coefficient in 
Equation (19) 

D = diameter of mixing duct 

d = diameter of jet nozzle 


Vo). 1, No. 1 


OF 


M=variable defined by Equation 
(7); M is proportional to 
the flux density of total mo- 
mentum or of energy as the 
case may be 

m = flux density of total momen- 
tum or of energy, Equation 
(8), Equation (69) 

P, = gauge static pressure in duct. 


P — Patm- 
r.=normalized radial coordinate, 
=2r/D 
u = a«-directed component of ve- 
locity 
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plane of nozzle 

j = jet-stream conditions in plane 
of nozzle 

x = conditions in cross section of 
flow at distance « from nozzle 

o = conditions 
nozzle 


in plane of jet 


co =condition that would be ob- 
tained by complete mixing of 
the flow at any section with 
no further loss of momentum 
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= axial coordinate, distance 

along axis of duct from nozzle 


Greek 

~ = mixing index, Equation (33) 

A = proportionality function in 
Reichardt’s shearing - stress 
formula, function of « and r 
in general, Equation (1), 
Part II 

o = density of fluid in duct 


Subscripts 
avg = average 
E = transport of energy 
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Laws of 


Corresponding States 


L. NELSON and E. F. OBERT 


Northwestern Technological Institute, Evanston, Illinois 


Various laws of corresponding states are examined briefly in this paper to show 
the corrections that are in common use to increase the accuracy of forecasting com- 
pressibility factors. Two trends are noticeable: (1) the use of specific compressibility 
charts with the results generalized for all gases either by corrections related to Ze 
(the compressibility factor at the critical point) or by the use of pseudocritical prop- 
erties and (2) the use of a true generalized chart based upon averaged data. It is 
shown that the selection of the plot parameters affects the accuracy of the generalized 
chart. In recent years reduced parameters based upon kinetic theory have been pro- 
posed but for a restricted class of gases (nonpolar gases with spherically symmetrical 
molecules and negligible quantum effects). It is shown that the kinetic parameters 
are directly related to the critical constants and also that the kinetic parameter charts 
can be used for all gases without serious loss of accuracy. 


The compressibility factor z is 
defined : 


pv 


= (1) 


In terms of reduced properties rela- 
tive to the critical constants, Equa- 
tion (1) is equivalent to 


2) 
(2) 


where z, is the compressibility fac- 
tor at the critical point. A com- 
pressibility chart can be construct- 
ed to correlate z with two selected 
reduced properties, such as 7, and 
p,, With acceptable accuracy for 
most gases. As an approximation 
therefore 


=f(T,, Pr (3) 


all gases 


The implications of Equation (3) 
and other laws of corresponding 
states have been discussed many 
times [(1 and 2) for examples], 
but several aspects of the general- 
ized laws are not usually recog- 
nized. It may be considered that 
for any one gas, as z is a state 
property, an exact functional rela- 
tionship exists between z and any 
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two of the independent properties 
p, v, and T. If p and T are selected 
so that for several gases T,., = T,» 
=T,, and then by 
Equation (2), which is also an 
exact equation, 


(4) 


2b Urb Zeb 


Equation (4) shows that the gen- 
eralization of Equation (3) is suc- 
cessful for gases having essentially 
the same z, values because the van 
der Waals law of corresponding 
states, 


vr =f (Tr, pr) (5) 


holds with adequate precision; the 
generalization is successful for 
gases having different (or the 
same) z, values because the modi- 
fied law of corresponding states 
proposed by Su(3), 


Vv,’ = Vic fi Pr) (6) 


holds with adequate precision. It 
is emphasized that where z, values 
are essentially constant, the regions 
of the generalized chart where cor- 
relation is exceptional can be found 
only by trial. Similarly, when gases 
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have different z, values, obviously 
from Equation (2) correlation at 
or near the critical point will be 
poor, but this is no assurance that 
correlation will continue to be poor 
in regions other than the critical. 
In other words a compensating ef- 
fect for z, is the failure of Equa- 
tion (5) to hold exactly for all 
gases. Thus gases with the same 
z, value usually correlate closely 
on the chart, but this happens be- 
cause the molecular structures are 
closely related. When the struc- 
tures or molecular laws of force 
are different, gases will not corre- 
late well no matter whether the z, 
values are equal or not (and an 
additional parameter becomes 
necessary: a quantum parameter 
for the light gases such as helium 
and hydrogen; a _ dipole-moment 
parameter for polar gases, such as 
the freons, water, and ammonia; 
and size or shape parameters for 
the complex organic gases). 


z, CORRECTION FACTORS 


Meissner and Seferian (2) have 
published correction charts to ac- 
count for deviations in z, between 
gases. These charts are useful 
when z values below 0.6 are indi- 
cated and when the molecular 
structures are closely related. The 
law of corresponding states for 
their work has the form 
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z Pr, 2) (7) 


The corrections can be ignored 
however for regions above T, = 1.3 
and also for all similar gases with 
values of z, between 0.25 and 0.28. 
In the latter case a difference of 
over 10% exists in 2,3; yet corre- 
lation on the compressibility chart 
is well within 2 1/2% for most 
gases. 

A fundamentally correct method 
for modifying the generalized z 
values to account for the deviations 
of polar gases has been recently 
proposed by Hall and Ibele(13). 
Their work is based upon a law of 
corresponding states of the form 


Vr’; Mr) \7b) 


where yp, is a reduced dipole mo- 
ment. The corrections of Hall and 
Ibele enable z values for the polar 
gases to be obtained with surpris- 
ing accuracy from a generalized 
compressibility chart (such as Fig- 
ure 1). However, the important 
by-product of their work is the 
added reliance that can now be 
given to generalized property 
charts when allowances are made 
for the type of molecular structure. 


CHANGE IN INDEPENDENT 

VARIABLE 

The inconsistency between Equa- 
tions (2) and (5) was first recog- 
nized by Onnes(4), who proposed 
combining z, and v, because in 
those days critical volumes were 
open to serious question. The Onnes 
transformation yields the Su law 
of corresponding states, Equation 
(6), Which is equivalent to Equa- 
tion (3), as 


v 

RT ./pe (8) 

For that matter, the variable z, 

could have been combined with 

either 7. or p,, rather than v,, to 

yield a pseudoreduced temperature 
and a pseudoreduced pressure: 


= ——_— 9 
Tel Dde/R \9) 


The laws of corresponding states 
for these two cases are of the form 


vr) =0 \10) 
The correlations implied by Equa- 
tions (3), (10), and (11) are not 
equivalent because none of the 


=0 (11) 
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“laws” are exactly true. No one to 
the authors’ knowledge has inves- 
tigated which of the three equa- 
tions would best serve for a gen- 
eralized compressibility chart, prob- 
ably because the critical volume has 
in the past been either unknown or 
else a variable of some disrepute. 
For this reason a study was made of 
twelve gases (CH,, C.H,, No, 
H,, CO, CO, Ne, C3Hs, Xe, A, and 
air), which indicated that a chart 
based upon one equation would 
yield regions of improved correla- 
tion relative to charts based upon 
the other two equations, and of 
course the opposite trend was also 
true for other regions. For one 
example the following data for 
water (z,=0.232) and methane 
0.289) at reduced pressures 
less than p.=1.5 may be consid- 
ered: 


MAXIMUM DEVIATIONS IN Zezp 


Chartof T-=11 T-=138 T-=18 
2=f(Tr, pr) 0.05 0.038 0.015 
z2=f(T:, pr) 0.06 0.015 0.004 


Thus for these two gases correla- 
tion has been improved in the high- 
er T, regions with some loss of 
accuracy near the critical. It is 
suggested that further work along 
this line may prove profitable. 


EMPIRICAL PSEUDOCRITICAL 
CONSTANTS 

To improve the correlation of 
data, corrections can be applied to 
the critical constants. Such correc- 
tions can be found by either graph- 
ical or analytical methods but in 
both methods a solution by trial is 
required. Empirical corrections 
have been proposed by Morgan and 
Childs(5) and by Maslan and Litt- 
man(6), among others. A study of 
certain of these corrections shows 
that the correction does no more 
than to shift the region of devia- 
tion, and unsuspected errors may 
arise; for example, the so-called 
Newton corrections for H., and He 
(T.+8,p.+8) when used in re- 
gions below the Boyle-point iso- 
therm have been reported by sev- 
eral investigators(2,7) to cause 
errors aS much as 40% in 2z al- 
though improving considerably the 
correlation at higher temperatures. 
It seems reasonable to conclude 
that the selection of correction 
factors by trial, because of the 
labor involved, is practically an im- 
possibility. 


THEORETICAL PSEUDOCRITICAL 
CONSTANTS 


A means for obtaining the vari- 
able correction factors for a select- 
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ed group of fluids without undue 
labor is now available by a method 
derived from statistical mechanics 
theory. Hirschfelder, Bird, and 
Spotz(8, 9) have developed a virial 
equation of state based upon the 
Lennard-Jones force potential. 
Their work is limited however to 
the semisymmetrical nonpolar 
gases, and the analytical results 
include only the effects of the first 
three virial coefficients. From the 
underlying theory, reduced quanti- 
ties, first proposed by deBoer(10), 
can be defined: 


Reduced density 


pr’ = bop a) 
Reduced temperature 
(13) 
Reduced pressure 
(14) 


Pe (/kb.) 


The kinetic constants b, and « (and 
the gas constants k and RF) will not 
be discussed here since several pa- 
pers on them are available in the 
literature (10, 11, 12). The impor- 
tant point is that this analytical 
work rests upon a law of corre- 
sponding states of the form 


(pr; T; Pr’) = 0 (15) 


which is equivalent, for one ex- 


ample, to 
f (z, Ty pr’) = 0 (16) 


The Hirschfelder-Bird-Spotz tables 
(9) are limited to the low-density 
region (up to 40% of the critical 
density) since evaluations of the 
fourth and higher virials were not 
made. But if values of the reduced 
parameters are plotted as in Fig- 
ure 1 from experimenta! data [de- 
tails of construction in (7) ], the 
resulting plot represents a virial 
equation with an infinite number 
of terms*. In other words, Figure 
1 extends by graphical means the 
Hirschfelder-Bird-Spotz tables to 
regions of high density. 

Once the kinetic parameters are 
determined, pseudocritical con- 
stants can be directly calculated 
from the following equations and 
Equations (12), (13), and (14): 


*A series of various compressibility charts can 
be obtained by writing to the authors. 
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RT | 
mo 


T 
(17) 
Cop. (18) 
p 
site C3 Pc (19) 


with values for various gases as 
shown in Table 1. 


Example 1. Find the compressibili- 
ty factor for methane at 251.5°K. 
and 131.3 atm. 


Table 2 has been constructed to 
show the agreement of the chart 
with experimental data and with 
values obtained existing 
charts. The data were selected not 
for high z values, but to agree es- 
sentially with Table 2 of Maslan 
and Littman(6). Figure 1 does not 
include the critical region [where 
the method and corrections of 
Meissner and Seferian(2) may be 
preferable]. 

As an aside comment on the use 
of Figure 1, it should be noted that 
the isotherms for nitrogen corre- 
late other gases either on a chart 
based on critical constants or on a 


126.3 | 
= 1.320 \20) 
r c bo 
Rp,’ = P = = 
(€/k b.) e/k 
33.5 
Dr | = 22.52 p, (21) 


In the same manner, pseudoforce 
constants can be determined: 


é'/k = 0.756 (22) 
De 


> 
a 


0.804 


Reduced pressure, ' 
b H 


COMPRESSIBILITY FACTOR, Z 
x 


ima 


Pr ="R (e/k) 


Reduced temperature, 


T 


H 
H 


Fic. 1. GENERALIZED COMPRESSIBILITY CHART. 


Solution 
From Table 1, 


Rp _ 82.06 (131.3) 


(x cc. atm 
ote R =82.06 mole °K 
From Figure 1, z = 0.66 
(Zenp = 0.659) 
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chart such as Figure 1. This fact 
allows the Bird-Spotz tables and 
Figure 1 to be extended to include 
all gases with a fair degree of 
accuracy (at z values above 0.6). 
Equations (12), (13), and (14) 
can be generalized by substituting 
reduced and critical values of nitro- 
gen for o, T and p, for example, 


2 
T= = = 


e/k (€/k)Ne 
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COPE I 
No 120 130 140 150 


Example 2. Find the compressibili- 
ty factor for ethylene at 425°K. 
and 126 atm. 


Solution 
Pr =p, 80.5 
425 
gay 
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Vv 


R 
0.50 DEVIATION > 23% i 
wing: 10 20 30 40 50 60 70 80 90 100 t] 
Ro, 2 
g 
u 
li 
d 
T 251.5 
CT. 0.775 (191) 
Ol 
n 
) 
b, 


With Equations (20) and 21), C,=kinetic _critical-temperature «’ = pseudoforce constant = 0.756 


20) 1.825 T, = 1.825 (1.5) = 1.99 Tk 


= 22.52p, = 22.52 (2.5) = 56.3 = kinetic reduced density = 9b, 
C,=kinetic critical-pressure con- =KkKinetic reduced temperature 
Figure 1 for these values yields R(e/k) =Tk/e=T/C,T, 
= stant = 


2 = 0.822 =molecular dipole moment 


which is also the experimental C;=kinetic critical-density con- u,=reduced dipole moment = 
value. stant = u?/ (v,/N) 
(21) 
TABLE 1.—A COMPARISON OF THE CRITICAL CONSTANTS AND THE KINETIC CONSTANTS 
rce FOR SOME SEMISPHERICAL NONPOLAR GASES 
Substance Pc atm Ye cc./mole °K. bo cc./mole Ci C2 C; 
22) N; 126.3 33.3 79.8 95.4 64.1 0.752 3.65 1.24 
O; 154.8 50.1 74.4 117.0 54.4 0.758 3.53 1.36 
Air 132.5 Bi 82.9 102.0 60.3 0.769 3.73 1.33 
23) Ne 44.4 26.9 41.7 34.9 27.1 0.788 3.94 1.54 
: CO 132.9 34.5 90.0 100.2 67.2 0.752 3.55 1.34 
CH, 191.0 45.8 98.7 148.2 70.2 0.775 3.79 1.41 
A 150.7 48.0 (EY 119.8 49.8 0.794 4,29 1.51 
Xe 289.8 57.9 113.7 221 86.9 0.764 3.60 1.31 
Kr 209.4 54.2 107.3 117 58.9 0.820 4.38 1.83 
H, Si 12.8 65.0 29.2 29.8 0.877 6.25 2.18 
Average (except Hz) 0.770 3.82 1.43 
TABLE 2.—COMPARISON OF EXPERIMENTAL DATA FOR SOME NONPOLAR GASES WITH 
THE GENERALIZED COMPRESSIBILITY CHARTS 
Temp. Pressure Exp., Maslan & Littman Morgan & Childs Nelson & Obert 
ss atm Z Chart z Chart z Chart z 
Ht Neon 60.04 59.77 0.712 0.730 0.680 0.715 
= 90.5 41.37 0.964 0.950 0.950 0.967 
293.1 61.7 1.040 1.030 1.020 1.043 
eae Argon 157.26 41.9 0.673 0.700 0.675 0.705 
215.4 0.925 0.917 0.920 0.921 
a] 293.5 61.7 0.970 0.956 0.962 0.964 
188.0 1.015 0.980 1.020 1.006 
CO 273.2 150 0.962 0.987 
CH, 248.2 200 0.710 0.700 
HH 323.2 200 0.900 0.874 
473.2 300 Wwe 1.085 1.073 
tH If the Bird-Spctz tables are to k = Boltzmann constant LITERATURE CITED 
a be used, Equations (22) and (23) N = Avogadro’s number 1. Joffe, J., Chem. Eng. Progr., 45, 
H will yield the correct pseudocon- p = pressure, atm. 160 (1949). 
H stants for the Bird-Spotz equa- p, =critical pressure 2. Meissner, H. P., and R. Seferian, 
H tions. If the real-force constants p, = reduced pressure = p/p, Chem. Eng. Progr. 47, 57 
H listed by Bird-Spotz for ethylene p,/ = pseudoreduced pressure = (1951). h 
: were to be used, the z value would pv,/RT, also, kinetic reduced 3. aa tiaies Ind. Eng. Chem., 38, 
be greatly in error as ethylene does pressure = p 4. Kammerlingh Onnes, H., Com- 
H not have the spherical symmetry R = universal gas constant = 82.06 mun. Phys. Lab. Univ. Leiden, 11 
i of the gases listed in Table 1. cc.atm./mole °K. Suppl. 23, 115 (1912). ee 
oof It should be emphasized however r, =collision diameter between 


5. Morgan, R. A., and J. H. Childs, 


50 that the method shown in Example two molecules with negligible Ind. Eng. Chem., 37, 669 (1945). 

2 can yield no better results than a kinetic energy 6. Maslan, F. D., and T. M. Littman, 

good compressibility chart based T = absolute temperature, °K. Ind. Eng. Chem., 45, 1566 (1953). 

upon critical constants. The ad- T..= critical temperature 7. Nelson, L. C., and E. F. Obert, 

vantage of the proposed method T,.= reduced temperature = T/T, Trans. Am. Soc. Mech. Engrs., 76, 

lies in the derivatives of the Bird- T,’= pseudoreduced temperature = 1057 (October, 1954). 

Spotz tables, which allow thermo- RT/p.v, 8. Hirschfelder, J. O., R. B. Bird, 
bili- dynamic properties to be readily v =specific volume = cc./mole and E. L. Spotz, Trans. Am. Soe. 
5°K, calculated (rather than to find v, = critical volume Mech. Engrs., 71, 921 (1949). 

compressibility factors). Since =reduced volume = v/v, 9. Bird, R. B., and E. L. Spotz, Univ. 

the computations for property v,/ = pseudoreduced volume = p,v/ Wisconsin, CM-599 (May, 1950). 

values are tedious, no example is RT, 10. DeBoer, J., and A. Michaels, 

given here; the foregoing discus- z =compressibility factor = pv/ Physica, 6, 97 (1939). 

sion and Equations (20) to (23) RT 11. Hirschfelder, J. O., R. B. Bird, 

outline sufficiently the proposed Z, = compressibility factor at the and E. L. Spotz, Chem. Revs., 44, 

method. critical point = p,v,/ RT, 205 (1949). 

12. Lennard-Jones, J. E., Proc. Roy. 

NOTATION Greek Letters Soc. (London), A106, 463 (1924). 

b, =kinetic constant = 2/3xzNr,° « = kinetic force constant or maxi- 13. Hall, N. A., and W. Ibele, Pre- 

b,/ = pseudokinetic constant = 17 mum energy of attraction be- print Paper 54-A-140, Am. Soe. 

Delp: tween two molecules Mech. Engrs. (Dec. 3, 1954). 
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Upward Cocurrent Annular Flow of Air and Water 
in Smooth Tubes 


SEYMOUR CALVERT AND BRYMER WILLIAMS 
University of Michigan, Ann Arbor, Michigan 


Two-phase fluid flow is distinguished from single-phase flow in two respects: (1) the cross section for flow of either fluid is 
not defined by the conduit alone and (2) not only the extent but the manner of frictional energy exchange for each fluid 
depends on the individual rates of flow for both fluids. It was believed therefore that an empirical approach would not ade- 
quately describe the various situations encountered in two-phase flow, and so study was undertaken to obtain some under- 
standing of the mechanisms of the flow of liquid with a free surface and the momentum exchange between fluids at that surface. 
It resulted in the development of a method of predicting liquid holdup and pressure drop for flowing systems in which the 
liquid, lifted by the gas flowing as a central core, moves upward as an annular film along the pipe wall. 

In order to clarify the relationship of annular flow to the entire range of vertical two-phase flow modes, a discussion of ver- 
tical two-phase flow is presented, followed by an analysis of the special case of vertical, upward, annular flow; a description of 
the experimental work; and a comparison of experimental data with predictions. 


The possible modes of vertical, 
two-phase flow are illustrated in 
the sketches in Figure 1, the con- 
ditions of liquid and gas flow under 


which the modes occur being indi- 
cated by the positions of the let- 
ters on the plot of pressure drop 
vs. air rate, shown as the bottom 
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Fic. 1. FLow PATTERNS IN UPWARD TWO-PHASE FLOW AND A PLOT OF PRESSURE 


Drop vs. AIR RATE IN A 1-IN. I. D. TUBE. 
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part of the figure. This pressure 
drop was drawn from experimental 
data(22) for the upward flow of 
air and 175 lb./hr. of water in a 
l-in. I.D. plastic tube. At zero air 
rate the pressure drop is 12 in. of 
water/ft. of tube plus a smal! fric- 
tional loss. When a small amount 
of air is introduced continuously, 
it is dispersed and the pressure 
drop with increasing air rate ap- 
proaches a minimum as the density 
of the mixture in the tube de- 
creases. This is the mode of flow 
in ordinary gas lift. At about this 
minimum the flow mechanism 
changes from aerated, in which the 
air flows as small bubbles, to piston 
flow, in which the air flows as 
large, bullet-shaped bubbles. As the 
air rate is further increased, the 
pistons become unstable and the 
flow mechanism passes through the 
regimes of churn and of wave en- 
trainment. These regimes may be 
thought of as merely the transition 
region between piston and annular 
flow since the violent, patternless 
agitation of churn flow gives way 
to the more placid, but still erratic, 
movement of waves superimposed 
on a film of water and finally to the 
uniform motion of annular flow. 
At some higher air rate drops of 
water will be pulled from the crests 
of the small waves on the annular 
film and entrained. 

Thus annular flow is bounded 
by the regimes of wave and drop 
entrainment. The lower limit of 
annular flow is at the second mini- 
mum pressure drop (at about 18 
cu.ft./min. in Figure 1). The upper 
limit has not been observed within 
the range of experimental data 
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available (the position of point F 
in Figure 1 is merely illustrative). 

The regime of upward, cocurrent 
annular flow is defined as that in 
which the liquid flows as a uniform 
annular film on the pipe wall -while 
the gas flows as a central core in- 
side the liquid annulus. Two simul- 
taneous processes take place in 
annular flow: the liquid film flows 
as a result of the drag exerted on 
it by the gas and the flowing gas 
loses a quantity of energy which 
is dictated by the amount of liquid 
flowing. A mathematical descrip- 
tion of the flow of the liquid film is 
derived here through an analytical 
procedure based on the Prandtl and 
Von Karman(17) theories of tur- 
bulent flow, and the result is a 
general expression which is valid 
for any liquid film. This special 
derivation is necessitated by the 
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is exerted gradually into the main 
stream. The other mechanism is 
that of “profile drag,” where gas 
of high velocity impinges on a pro- 
jecting object and loses a part of 
its kinetic energy. The obstacles in 
the path of the gas are the liquid 
waves. Their projected areas de- 
termine the drag area and their 
shapes and spacing determine the 
drag coefficient, which represents 
the fraction of the kinetic energy 
of impingement lost. 

Skin friction can be determined 
in the usual manner of predicting 
pressure drop for single-phase flow 
through smooth pipes by employing 
the friction factor. The determina- 
tion of profile drag requires a 
knowledge of the velocity of the 
gas striking the projections, the 
area of the projections, and the 
drag coefficient. The combined ef- 
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Fic 2. FLoOw ELEMENT AND ILLUSTRATIONS OF FORCE AND SHEAR DISTRIBUTIONS. 


significant effect of gravity on the 
vertical flow of the liquid and by 
special consideration which must 
be given to the effect of the solid 
boundary, which is of more im- 
portance in film flow than in a full- 
running pipe. 

Gas loses momentum to the liquid 
in annular flow in what may be 
considered two separate mechan- 
isms. One is the loss by “skin fric- 
tion,” where the gas directly in 
contact with the boundary is mov- 
ing slowly and the retarding effect 
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fect of these quantities on profile 
drag had to be determined experi- 
mentally. 

Derivations of equations describ- 
ing the liquid film and the determi- 
nation of profile drag from experi- 
mental data will be given in the 
following pages. The rate of the 
liquid film can be defined in terms 
of the pressure drop and the thick- 
ness of the film. The pressure drop 
is also related to the air velocity 
and the liquid-film thickness. A 
combination of these two relation- 
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ships will yield one equation with 
three variables: air rate, water 
rate, and pressvre drop. 


LIQUID FILM 

As every application of force is 
opposed by an equal reaction, the 
force distribution in a vertical an- 
nular film can be described in gen- 
eral terms by making free-body 
force balances over successive slices 
of the film as illustrated in Figure 
2. By this means the pressure drop 
can be related to the local shear 
stress, which is the force acting in 
the direction of flow over a unit 
of area in a plane parallel to the 
flow. 

The general expression for the 
shear distribution in a verticle film 


is 
(BZ) =7:(BZ)+ AP(yi—y) 


(yi—y) BZp, (1) 
where 


<+—=shear (force per unit area — 
BZ) at any position y in the 
film, lb./sq.ft. 

t,-= Shear at the air-water inter- 
face, lb./sq.ft. 

y = distance from the solid boun- 
dary, ft. 

y; = film thickness, ft. 

B= width of the film, ft. 

Z = height of the film 

AP = pressure drop in the direc- 

tion of Z, lb./sq.ft. 
9, = density of the liquid, lb./cu.ft. 


Figure 2a is a sketch of an ele- 
mental section of the annular flow 
system, and Figure 20 illustrates 
the force balance over a slice of 
this element. It should be noted 
that the model element is simplified 
by being considered a flat plane 
rather than a cylinder. Figure 2c 
represents possible shear distribu- 
tions in both vertical, upward, 
annular flow and single-phase flow 
in tubes. The shear distribution in 
both cases is given by a force 
balance; that for single-phase verti- 
cal flow is 


mr Zp 


or 


where r is the radius. 
Equation (1) has been derived 
for annular film flow, and as <; can 


be related to by Equation (2), 
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the shear distribution for a film 
can be written as 


To clarify the disconcerting ex- 
perimental observation that a 
water film can flow up a tube with 
a pressure drop of much less than 
1 ft. of water/ft. of height (see 
Figure 1), one may compare the 
shear distributions for single- and 
two-phase flow. 

If the fluid in the single-phase 
case has the same density as that 
flowing in the film, and the shear 
at a distance y; from the wall is 
the same in both cases, as shown 
in Figure 2c, the pressure drops 
in the two cases are related by 
Equation (5): 


AP AP 
A 


where 


AP, =pressure drop for annular 
flow, lb./sq.ft. 

APg=pressure drop for single- 
phase flow, lb./sq.ft. 

¢q = density of gas phase, lb./cu.ft. 


If the two fluids in question are 
air and water at atmospheric pres- 
sure, og is negligible. The pressure 
drop required to produce a given 
«, is lower for annular flow than 
for single-phase flow. It is seen 
that the shear distribution within 
the annular film is not the same 
as it would be for the same film in 
single-phase flow of the same fluid; 
therefore equations which describe 
single-phase flow will not describe 
vertical annular-film flow. The two 
cases will approach each other 
when the pressure drop is so high 
that it overshadows the effect of 
liquid density upon the shear dis- 
tribution. 

With the shear distribution de- 
fined, the next problem is to de- 
scribe the manner in which the 
fluid will act to implement this dis- 
tribution of forces. One element of 
a fluid body can exert a force on 
an adjacent element only if there 
is a difference in velocity between 
them. Consequently the ultimate 
goal of this next analysis is the 
determination of a velocity pattern 
that will sustain the annular-flow 
shear distribution. 

One can predict whether the flow 
pattern will be laminar or turbu- 
lent in single-phase flow by the 
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use of the Reynolds criterion of 
turbulence. Unfortunately this cri- 
terion becomes meaningless when 
it is applied to two-phase flow, be- 
cause of the absence of a term 
which considers the phase-to-phase 
energy transfer. A more general 
criterion which has been developed 
here and will be discussed in a 
later section indicates that turbu- 
lent flow is the predominant type 
encountered in vertical, annular 
water-film flow. All further atten- 
tion is, then, given to the turbulent 
flow of liquid films. 


TURBULENT-FLOW CONCEPTS: 
ANNULAR FLOW 


The application of the Prandtl 
theory to single-phase flow has 
been well discussed(1). Several 
simplifying assumptions which are 
made in that treatment, however, 
are not sufficiently accurate to 
justify its adoption for liquid-film 
flow. The fact that the bulk of the 
fluid in single-phase flow moves in 
the central turbulent core masks 
errors in the consideration of the 
fluid close to. the boundary. In 
annular flow the liquid is so great- 
ly influenced by the solid boundary 
that one must be especially con- 
cerned with fluid behavior in this 
region and the assumptions must 
be evaluated for this special case. 

First, it may be assumed that 
the motion of the fluid at any point 
is dependent upon the local shear 
stress. With this concept Von Kar- 
man(1) arrived at a definition of 
turbuient flow which is almost 
identical with Prandtl’s. Both defi- 
nitions are valid for single-phase 
flow, as is shown by their use in 
correlating experimentally deter- 
mined velocity profiles. 

Next there are assumptions 
which are implied by the first con- 
dition. If the local velocity gradient 
is dependent on the local shear 
alone, then the mixing-length dis- 
tribution in a film of liquid must 
be the same as that in a pipe run- 
ning full of liquid. Likewise the 
thickness, 5 of the laminar layer 
must depend on the shear at the 
laminar layer. 

The first of these implications is 
quite sound as the mixing length 
is a function of distance from the 
wall and not of the flow conditions. 
The second assumption is more 
difficult to justify as the point con- 
ditions which determine thickness 
of the laminar layer 6 are not 
known. The only definite informa- 
tion available is the empirical re- 
lationship giving 6 as a function 
of kinematic viscosity and shear 
at the wall for single-phase flow. 
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: 


where 


6 = thickness of the laminar layer 
D=pipe diameter. 

N =a constant for all fluids 

Re =Reynolds number 

f = friction factor 

T) = Shear at pipe wall 

py. = absolute viscosity 


This relationship must be modi- 
fied and utilized to define 6 for 
annular flow although it is not yet 
directly applicable. It was shown 
earlier (see Figure 2) that while 
the shear at the wall defines a 
unique shear distribution for sin- 
gle-phase flow, it does not for 
annular flow. Consequently, it is 
assumed that the shear stress at 6 
in an annular film bears the same 
relationship to 6 that wall shear 
does in single-phase flow. 


DERIVATION OF FILM-FLOW 
EQUATIONS 

The mathematical description of 
film flow is attained in two steps. 
First the differential equations ex- 
pressing velocity gradient are inte- 
grated to give a description of 
velocity distribution. Once the 
velocity distribution is known, the 
rate of flow can be determined by 
another integration process. This 
is done first for the turbulent layer 
and next for the laminar layer. 

The shear is related to the 
velocity gradient which it produces 


by 
T= (7) 


where 1 is the Prandtl mixing 
length and w is the velocity in the 
axial direction at a distance y from 
the wall. 

The shear + may be eliminated 
by combining Equations (4) and 


) 
g dy/ N@ G 
Yi AP 


(8) 

The velocity distribution is found 
by integration of Equation (8), 
which states the relationship be- 
tween loca! velocity gradient and 
local shear. To do this it is as- 
sumed that (r,—y;)~ 7, and that 


is negligible. This 
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al 


] 
6) 
_ 


amounts to taking an average value 


for the shear due to ms 


2 
#( (9) 
The mixing length /=0.4y, as 
evaluated by Nikuradse (1). 


Next, if the equation is rear- 
ranged and the square root taken 


OF 
du ale 


dy 0.4y 
let 
A= (11) 


To obtain a simple form after 
this equation is integrated, the 
term in the brackets is expanded 
according to the binomial theorem: 


du _VAg , Vg 
2(0.4y) VA 


8(0.4y)A™ 


with the condition for convergence 


that 
W-¥) P< 


2p Z 


The significance of this condi- 
tion may be more readily seen 
after rearrangement of (17) to 
give 


= < <}r.| (14) 


Ti 


lo 

This means that the series will 
not converge for the values of 
t, = 0 which would occur if the 
gravity terms were equal to the 
interfacial shear. The necessary 
condition is obtained in vertical, 
upward, annular flow, and so the 
series is convergent for the case. 

Equation (12) may be integrated 
to give 


2(0.4)V/ A 
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(4 Qyyi iy (15)* 


The velocity distribution in the 
turbulent region is thus given by 


(16) 
0.8 AP 


then 


Iny) — 6+yiIn (17) 


Equation (17) describes the 
velocity distribution in the turbu- 
lent region in terms of a base 
velocity, wd, which can be deter- 
mined by application of laminar- 
flow equations in the region from 
the wall to 5. The quantity of liquid 
flowing through the film can be 
computed by integrating an equa- 
tion giving the product of velocity 
and the differential area for flow; 
that is, 

*It is interesting to note that this is in the 


form of the Prandtl velocity distribution for 
full pipes where 


u* 
u=——Iny+C 
and in the same symbols, for Equation (15), 
k 2k u 


(y—yi ny) 


where 


and = 0.4 (15a) 


In Equation (15a) the terms after the first 
on the right side account for the gravity effect. 
Without these terms Equation (15a) would be 
identical with Prandtl’s. The first two terms on 
the right side of (15) are sufficient to represent 
the series with reasonable accuracy, and ac- 
cordingly the remaining terms are neglected. 
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L= arr dy (18) 


o 


The volume rate of flow, L, is 
defined as 


6 "Yi 
+ 


6 


6 


The first two terms in the brackets 
in Equation (19) depend on the 
laminar-flow mechanism and 3 so 
they are called the laminar terms. 
As the third term involves the 
turbulent-flow mechanism, it is 
called the turbulent term. 

The laminar terms may be ap- 
proximated as 


6 
Liam — = (20) 


In the derivation of the forego- 
ing equation it was assumed that 
the laminar velocity gradient may 
be considered constant for the cal- 
culation of L,,,, although it cannot 
be so assumed for the calculation 
of u 

The volume rate of flow in the 
turbulent term is 


6 
/ E In- > + Y(y—6—y) 
6 
In- v_| Iny (21) 


Integration of Equation (21) 
gives Equation (22): 


(2) 


and since 9/yi K3 
:) 
XYi Yyi } (23) 
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Fic. 3. PREDICTED FILM THICKNESS VS. WATER RATE WITH INTERFACIAL SHEAR AS THE PARAMETER. 


The final form of the volume 
rate of flow equation is the sum of 
Liam and L, as given below: 


In = ryt) 
\(xy ry) | (24) 
Yi 2 


The remaining task is to evaluate 


wo and 6 in terms of - and Yj. 


If 6 is determined by Ts, one can 


evaluate 6 by solving Equations 
(25) and (26) below: 


3 (25) 


Ti — (yi — 8) (26) 
The value of 11.6 has been taken 
for the value of the constant N; 
this is an assumption since there 
is some dispute as to the exact 
value of N although 11.6 appears 
to be good average(1). 

Next ws can be determined by 
solving Equation (27), which is 
the definition of viscosity 


u 


fine (yi—y)] dy (27) 


which gives upon integration 


SUMMARY OF LIQUID-FILM 
FLOW MEASUREMENTS 


To summarize the preceding de- 
velopment, one may set up a pro- 
cedure for determining the volume 
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rate of flow, L, if y;, u, o, 7, and 7, 
are known. The following stages 
are involved: 

1. Determination of 6 with Equa- 

tions (25) and (26). 

. Determination of ys with Equa- 

tion (28). 

3. Determination of L,,,, with 
Equation (20). 

4. Determination of L, with Equa- 
tion (23). 

5. Addition of L,,,, and ZL, to 
give L. 

The results of a series of com- 
putations under the foregoing pro- 
cedure can be tabulated graphically 
in a plot of y; vs. L with <; as a 
parameter. Figure 3 is such a plot 
for the upward flow of water films. 
The lines of constant shear are 
dotted in the region in which 
annular flow does not exist. 


THE CRITERION OF TURBULENCE 

The Reynolds criterion has been 
applied to two-phase flow by vari- 
ous workers who used a hydraulic 
diameter as the significant length. 
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The success of such an approach is 
limited to special-cases in which 
the interphase momentum exchange 
is either negligible or constant. 

An example of this approach is 
the work of Friedman and Miller 
(7) on falling annular films in 
vertical pipes. They indicate that 
liquid films running downward 
while a stationary core of air fills 
the center of the pipe become 
turbulent at a Reynolds number of 
1,000. Fallah, Hunter, and Nash 
(6) show that when another fluid, 
denser than air but lighter than 
water, is employed as the central 
core the critical Reynolds number 
is much less than 1,000, even as 
low as 15. Obviously, the flow rate 
of the film, its fluid properties, and 
the pipe diameter alone are not 
sufficient to define its state of mo- 
tion. 

In order completely to define the 
flow of each fluid in two-phase flow 
it is necessary to include the effect 
of momentum transfer between 
phases in the criterion of turbu- 
lence. One familiar quantity has 
this property although it is de- 
ficient in a significant length term: 
the thickness of the laminar layer 
5 set by the kinematic viscosity of 
and the shear in the fluid. The ratio 
of 6 to pipe diameter for single- 
phase flow is a function of the 
Reynolds number and the friction 
factor only(1). Since the friction 
factor becomes a function of Reyn- 
olds number alone rather than of 
Reynolds number and_ relative 
roughness as the Reynolds number 
decreases to values of about 2,100, 
the ratio of 6 to diameter has a 
single critical value corresponding 
to Re = 2,100. 

By analogy, the ratio of 3/y; is 
taken as the criterion of turbulence 
for film flow. Film thickness re- 
places pipe diameter as the signifi- 
cant length in the ratio. A critical 
value of this ratio, determined 
from the data presented by Fried- 
man and Miller by evaluating 
6/y, at Re = 1,000, is 


yi le 


- = ().425 (29) 
2.85+/2.859 

This critical ratio marks the point 
of abrupt change from turbulent 
to laminar flow. If it is larger than 
0.425 the flow pattern will be 
laminar. It is interesting to note 
that this criterion indicates that 
the film will become entirely lami- 
nar in character at a point where 
roughly half its thickness would 
flow by the laminar mechanism 
even if the flow were turbulent. 
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TABLE 1.—RANGE OF EXPERIMENTAL INVESTIGATION 


lenge 7 8 20 and 10 
Air rate, cu. ft./min. at test conditions .. 55-112 10-74 10-74 
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| TO DRAIN | 
| TAPS 
| 
| | WATER ENTRANCE 
WS 
| COMPRESSED 
| DETAIL OF WATER 
4 ENTRANCE 
water THERMOMETER 
§ < HYPODERMIC 
TUBE 
A 
CITY z 
WATER 2 DETAIL OF PRESSURE 
3 TAP 
PACKED 


Fic. 4. DIAGRAMS OF EXPERIMENTAL APPARATUS. 


This criterion was applied to the 
case of vertical upward annular 
flow of water, and the indication 
was that the flow is turbulent 
throughout the regime. 


EXPERIMENTAL 

Theoretical considerations of the 
modes of flow predict the momentum 
transfer and pressure drop between 
the phases. It was necessary to obtain 
experimental data to establish the 
validity of these equations which de- 
fine film flow and to evaluate certain 
coefficients. Data of B. H. Rad- 
ford(18) for the upward flow of air 
and water in a 1-in. tube provided 
water-holdup information which was 
used to estimate liquid-film thickness. 
The present investigation provided 
pressure-drop data for the various 
tubes and flow conditions given in 
Table 1. 

The system is shown in Figure 4. 
The equipment provides for metered 
air to enter the test pipe from a 
straightening section and metered 
water to enter through a circumfer- 
ential slot in the bottom of the test 
section. Pressure drops were meas- 
ured over 2- or 3-ft. intervals along 
the tube with manometers connected 
with air-flushed pressure taps. This 
arrangement provided for measure- 
ment of entrance and exit effects, if 
any. Various entrance devices were 
tried, and as the annular ring shown 
in Figure 4 proved to be the most 


A.LCh.E. Journal 


stable, results reported are for its 
use. Typical data are shown in Fig- 
ure 5. 


EQUATION FOR PROFILE DRAG 

One can describe the profile- 
drag process mathematically by 
writing first that the shear pro- 
duced is equal to a fraction of the 
stagnation pressure of the gas 
stream times the area of stagna- 
tion, as 


F =C A_)Z2nr, (30) 
D 


where 
F = drag force, lb. 
Z = length of pipe, ft. 
Co = drag coefficient 
APs = stagnation pressure, lb./sq.ft. 
Ap = projected area for drag, sq.ft. 
/sq.ft. inside pipe area. 
= pipe radius, ft. 
The stagnation pressure is ob- 
tained from Bernoulli’s equation as 


9 


A AE 
- 3 
29 p G1) 


F = Pop) (32) 
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Fic. 5. PRESSURE-DROP vs. AIR-RATE PLOTS FOR VARIOUS WATER ENTRANCES AND FOR TUBE ROUGHNESS. 


and also 


and 


where 
AP; = pressure drop due to profile 


A drag, lb./sq.ft. 
D ) =) = Shear due to profile drag, Ib./ 
sq.ft. 


¢q = gas density, lb./ cu.ft. 
(33) Yavg = average velocity of gas 
stream based on superficial 

area, ft./sec. 
Equation (33) is in a form which 
would permit one to predict profile- 
drag loss if the terms on the right- 
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hand side are known. By adding 
profile drag to the skin friction 
the total pressure drop is obtained. 


AP. = AP, AP (35) 

where 

APw= total pressure drop (wet), 
lb./sq.ft. 

AP» = pressure drop for dry tube, 
lb./sq.ft. 
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1 To predict APz one must know 
- Cp and Ap under given conditions 

of flow. No analytical method is 

10 7 available for predicting these quan- 


tities, but an empirical correlation 
valid for the air-water system may 
9 / be developed by use of the experi- 
va mental data. The method of corre- 


lation is based on the assumption 
that Av is dependent mainly on the 
"4 amount of water present in the 

tube and to some extent upon the 

of velocity of the air. 

7 0-90 P®UNDS / [HOUR (Of WATER) Since Co will vary with the wave 
rat 4 geometry and the gas velocity, it 
2-384 is combined with Ap in this corre- 
6 v-543 lation as the term (CpAp), which 


yA may be computed directly from ex- 


perimental pressure-drop data. It 


c's was found from experimental data 
that (CpAp) is proportional to 
and also dependent upon y;. This 

4 A relationship is graphically shown 
VG 


3 vs. y; By use of Figure 6 in con- 
v junction with Equation (36) be- 

low, the pressure drop due to pro- 

file drag can be determined if air 


ay rate and density, tube diameter, 
and water-film thickness are known. 


in Figure 6, a plot of CpAp 


2 
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Fic. 6. RELATIONSHIP BETWEEN — AND Yj. 
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TUBE COMPARED WITH EXPERIMENTAL POINTS. 
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To summarize the method of 
computing pressure drop for annu- 
lar flow if y;, G, og, ug, and 7, are 
known, the following procedure is 
given 


1. Determine APo by the fric- 
tion-factor method for the 
flow rate of G through a dry 
tube of radius 1. 

. Determine APs by use of 
Equation (36) and Figure 6. 

3. Add AP, and APp to get AP,,, 

the pressure drop for annular 
flow. 


bo 
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Fic. 8. COMPARISON OF EXPERIMENTAL 

WITH PREDICTED RELATIONSHIPS BE- 

TWEEN PRESSURE DROP, AIR RATE, AND 
WATER RATE FOR ANNULAR FLOW. 


COMPARISON OF PREDICTED 
WITH EXPERIMENTAL WATER- 
FILM THICKNESS 

The mathematical definition of 
vertical liquid-film flow was em- 
ployed to predict water-film thick- 
ness as a function of interfacial 
shear and water-flow rate. The pre- 
dictions for 90, 123, 175, 269, 384, 
and 543 lb. of water/hr. in a 1-in. 
I.D. tube are compared in Figure 
7 with experimentally determined 
values. In the region of annular 
flow, that is, for film thicknesses 
smaller than those at the point of 
minimum shear, there is close 
agreement between the observed 
and predicted values. 


COMPARISON OF PREDICTED 
WITH EXPERIMENTAL 
PRESSURE DROP 


Values of pressure drop as a 
function of air rate for the flow 
of 200, 300, 400, 500, 740, 1,240, 
and 1,560 lb. of water/hr. in a 2-in. 
I.D. tube were predicted by means 
of the method described. The pre- 
dicted values are shown along with 
experimentally observed points on 
Figure 8, a plot of pressure drop 
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vs. air rate with water rate as the 
parameter. The solid lines repre- 
senting predicted values are dis- 
continued at air rates lower than 
the minimum for annular flow. 


CONCLUSION 
The agreement between predic- 


- tion and observation for both film 


thickness and pressure drop is suf- 
ficient to establish the validity of 
the methods of prediction. The 
deviation of both observed pressure 
drop and film thickness from the 
predicted values at high water 
rates is probably due to the oc- 
currence of wave entrainment. 
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NOTATION 

A = area, sq.ft. 

A, = projected area for drag, sq.ft. 

/sq.ft. 

B = width of film, ft. 

Cy = drag coefficient 

C =a constant 

D = diameter, ft. 

F = drag force, lb. 

f = friction factor 

G = mass velocity, lb./ (hr.) (sq.ft.) 

g = acceleration of gravity 

k=Uy 

l= Prandtl mixing length, ft. 

L = volume rate of flow 

N =a constant 

AP = pressure drop lb./sq.ft. 

AP» = pressure drop due to drag, 
lb./sq.ft. 

AP, = stagnation pressure drop, lb. 
/sq.ft. 

Re = Reynolds number 

r = radius, ft. 

w= velocity in axial direction at 


point y 

y = distance from solid boundary, 

y; — film thickness, ft. 

Z = height of film, ft. 

Subscripts 


A=annular flow 

C = critical or transition of lami- 
nar to turbulent flow 

D=dry tube 

E = in profile drag 

G = gas phase 

i = gas-liquid interface 

L = liquid phase 

lam = laminar flow 

o = tube wall 
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s = single-phase flow 
t=turbulent flow 
w= wet tube 


Greek letters 


3 = thickness of turbulent layer 
v. = absolute viscosity 

o = density 

< = shear 
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ENTHALPY-CONCENTRATION DIAGRAMS OF 
BINARY AQUEOUS MIXTURES OF HYDRAZINE. 
SODIUM CARBONATE, AND GLYCERINE 


Generally an enthalpy-concentration diagram for a system is prepared for fixed 
pressure, and to be complete it should include data on the solid, liquid, and vapor 
phases. Such charts are useful for calculations involving heat balances with ac- 
companying concentration changes. This article outlines the steps in the preparation 
of a diagram and includes the diagrams for aqueous solutions of hydrazine, sodium 


carbonate, and glycerine. 


Calculation of heat effects ac- 
companying concentration changes 
in binary solutions can be quickly 
and easily performed by use of an 
enthalpy - concentration diagram. 
Such charts have been called Mer- 
kel diagrams after Merkel(1), who 
was the first to give a thermo- 
dynamic analysis of the chart and 
who emphasized the use of it in 
heat-balance calculations. Zeisberg 
(2) was perhaps the first to com- 
pute enthalpy charts of binary mix- 
tures. Ponchon(3) and Savarit(4) 
were the first to use the chart for 
calculating the number of theoreti- 
cal plates in a rectifying column. 
Others have contributed to the use 
of the chart such as Hirsch(5), 
who applied it to single- and multi- 
ple-effect evaporators, and McCabe 
(6), who presented the sodium hy- 
droxide-water diagram and_ re- 
viewed its use in heat-balance cal- 
culations. Probably the most com- 
plete development ef its use was due 
to Bosnjakovic(7). He recently ap- 
plied the diagram to heat-exchange 
processes in sugar solutions(8) and 
to chemical processes such as 
ammonia synthesis (9). In summary 
it might be said that the chart may 
be used to solve any binary-mixture 
problem involving the first law of 
thermodynamics. The second law 
of thermodynamics is involved only 
in the phase-equilibrium portions 
of the diagram. 
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The principles involved in con- 
structing an enthalpy-concentration 
diagram, given by Dodge(10), 
will be illustrated here by the con- 
struction of a diagram for the 
hydrazine-water system at 1 atm. 
The construction requires a com- 
plete set of thermochemical data 
for the pure substances and their 
mixtures over the temperature 
range desired for the diagram. Lack 
of such data is the chief reason 
that there are so few of these dia- 
grams available to industry today. 
The data required are as follows: 

1. Complete enthalpy-tempera- 

ture data for the pure sub- 

stances. 
. Heat of solution or dilution 
data for the binary mixtures. 
3. Heat-capacity data for the 
binary mixtures. 

4, Phase-equilibria data for the 
system if the solid or vapor 
phases are to be included in 
the diagram. 

As temperatures are frequently 
measured on the centigrade scale 
and heat quantities are given in 
calories in the scientific literature, 
the most convenient way to report 
heat quantities or enthalpies is in 
calories per gram of system ov, for 
engineering use, the equivalent, 
which is centigrade heat units per 
pound (C.h.u.). The enthalpy re- 
sults in these units may be con- 
verted to British thermal units per 
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pound by multiplying by 1.8. 


Enthalpy of Pure Substances 


The enthalpy data for water are 
available in tabular form from the 
work of Keenan and Keyes(11); 
the enthalpy data for solid, liquid, 
and gaseous hydrazine are given in 
equation form by Audrieth and Ogg 
(12). Generally the enthalpy of a 
pure substance must be calculated 
from heat capacity and latent-heat 
data after suitable enthalpy refer- 
ence conditions have been selected. 
The enthalpy reference conditions 
used here are zero enthalpy for 
liquid water and solid hydrazine at 
0°C. Then the enthalpy of hydra- 
zine liquid at any temperature be- 
tween its melting point (2.0°C.) 
and its boiling point (113.5°C.) is 
given by 


Hiiq = dt + Susion + 
0 
Cprig dt = 95.5 +f" Cprigdt (1) 


and its enthalpy in the vapor region 
at 1 atm. is given by 


vapor dt = 
113-5 
485.0 + CPvapor dt (2) 
113-5 
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Fic. 8. PHASE DIAGRAM FOR THE 
HYDRAZINE-WATER SYSTEM AT 1 ATM. 
(15,16, 77). 
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Fic. 2. HEAT CAPACITY OF AQUEOUS 
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DATA OF SAGE ET AL. (14). 


The enthalpy-temperature curves 
for the pure substances are shown 
in Figure 5 as the lines in the two 
H-t planes representing pure water 
and pure hydrazine. Figure 5 is an 
isometric drawing representing the 
complete H-t-x surface in space. 
Since the effect of pressure on 
the enthalpy of solids, liquids, and 
gases at low pressures is very small, 
no attempt has been made here to 
correct the enthalpy values from 
the equilibrium vapor pressure of 
the various phases to 1 atm., the 
pressure for the diagram. 


Heat of Solution or Dilution 


The heat of solution of hydrazine 
‘n water is given by Audrieth and 
Ogg (12) at 25°C. for infinite dilu- 
tion and for a concentration of 1 
mole water/mole hydrazine. By 
analogy with ammonia, the hydra- 
zine infinite dilution value is plotted 
at 7.5 moles water/mole hydrazine, 
since ammonia has realized its in- 
finite dilution value at this concen- 
tration. These data are plotted in 
Figure 1 and a smooth curve has 
been put through the points for the 
purpose of reading intermediate 
heat-of-solution values for various 
quantities of water added. The 
enthalpy of binary mixtures at 
25°C. relative to the pure sub- 
stances having zero enthalpy at 
0°C. is given by Equation (3) from 
Dodge(10). 


H =(1—2z) Hott oon 
(3) 
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where H is the enthalpy in C.h.u. 
7 per pound of binary mixture at 
| 25°C. of weight fraction xz in hydra- 
zine and in water; and 
Hy.u, are the enthalpies of water 
and hydrazine at 25°C. relative to 
zero values at 0°C. AH,,,, is the 
heat of solution of hydrazine in 
water _in calories per gram hydra- 
zine (numerically the same as 
C.h.u. per pound) read from Figure 
1 for the various compositions. 
Thus Equation (3) together with 
Re Figure 1 determines the 25°C. iso- 
therm shown on the H — x diagram 
in Figure (4)..If heat-of-dilution 
data are available, the calculations 
are very similar. For more details 
on using heat-of-dilution data the 
reader is referred to McCabe(6) 
ail or Dodge(10). 


Heat Capacity of Binary Mixtures 


4 
The enthalpy of a constant-com- 3 " | 
sie position mixture at various tem- a 
oe peratures relative to the pure sub- C2 ENTHALPY - CONCENTRATION 


PE 


stances at the reference conditions DIAGRAM 
is obtained by adding the integral 


= FOR HYDRAZINE — WATER SYSTEM 
of the heat capacity of the mixture S AT ONE ATMOSPHERE 
with respect to temperature from REFERENCE ENTHALPIES ARE ZERO FOR 
ves 25°C. to t °C. to the enthalpy of Q 304 LIQUID WATER AND SOLID HYDRAZINE AT O'c 
wn that mixture at 25°C., as indicated 2 
Lwo by Equation (4), where the sub- > 
iter script x indicates constant compo- ® 
an sition. 
the 
(H.)2 = (Hs). Cp, dt \4) : 
and Frequently the heat-capacity data 
all, are not available over the range of 3 
» to temperature and composition de- 
deter sired, and so it is necessary to use 150 
of some method of estimating these 
the data. Bushnell, Hughes, and Gil- 
bert(13) give heat-capacity data 
for very dilute aqueous hydrazine < 
ins solutions at 25°C. and Hough, 
ial Mason, and Sage(14) have data 
on various compositions from 40 
1 wt. % to pure hydrazine at sev- 
By eral temperatures. These data to- 
whe gether with those of pure water 
ted were plotted against composition at © 
ine, various constant temperatures, and 
tx smooth curves were drawn through 
the points. Then the heat-capacitv- 
| in temperature plots at constant com- | 
has position shown in Figure 2 were C4 | | 
the made by cross plot from the origi- | ° 
sate nal data curves. The dotted portions ie - 
Said of the curves indicate estimated | | | * 
The data. Freezing points and boiling | | l 
points of the varlous compositions | 
are also indicated on Figure 2. HO 
at Figure 4 shows the complete CONCENTRATION — WEIGHT PERCENTAGE HYDRAZINE ——~ 
enthalpy-concentration diagram for Fu. 4 
hydrazine and water. The 25°C. 
isotherm, which was established 
Hf from heat-of-solution data, is the 
oe starting point for calculating all 
(3) the other isotherms on the diagram. 


1955 Vol. 1, No. 1 A.I.Ch.E. Journal Page 89 
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Isotherms in the liquid region were 
established by integrating the heat- 
capacity data in Figure 2 at con- 
stant composition between tem- 
perature limits (25° and ¢t°C.) 
and adding the value of that in- 
tegral to the enthalpy of that com- 
position at 25°C., as indicated by 


POUND 


GHU PER 


ENTHALPY , 


Equation (4), to obtain the en- 
thalpy of that composition at £°C. 
The value of the integral is posi- 
tive for temperatures above 25°C. 
and negative for isotherms below 
25°C. In this manner isotherms 
were calculated and plotted as 
shown in Figure (4) for tempera- 


Fic. 5. ISOMETRIC VIEW OF H-a-t SURFACE IN SPACE. 
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tures up to the boiling point and 
down to the freezing point of the 
various compositions at 1 atm. 
pressure. The phase diagram for 
the system at 1 atm. furnishes 
data on the equilibrium-phase com- 
positions and transition tempera- 
tures. 
Phase Diagram for Binary Mixtures 
Data on the phase relationships 
in the binary system are necessary 
if the enthalpy-concentration dia- 
gram is to include enthalpy data 
on the system in the solid and vapor 
phases. The data of Hill and Sum- 
ner(15) in the solid-liquid region 
and those of Bjorkman(16) and 
Uchida, Ogawa, and Yamaguchi 
(17) in the liquid-vapor region are 
the most recent measurements on 
the hydrazine-water system. They 
are shown in Figure 3. The system 
has one solid compound, N.H,*H.O, 
which melts at —51.7°C., and an 
azeotrope containing 66.6 wt.% 
hydrazine, which boils at 120.2°C. 
at 1 atm. pressure. In the solid- 
liquid-equilibrium region the dia- 
gram shows that hydrazine hydrate 
forms eutectic compositions with 
both water and hydrazine and also 
it indicates that the solid hydrate 
is not soluble in either solid water 
(ice) or solid hydrazine. 
Completion of the Diagram 
The procedure for establishing 
isotherms throughout the liquid re- 
gion was shown above. The liquid- 
region boundaries are determined 
from the phase diagram. In the 
two phase regions enthalpies are 
additive (no heat effect is ob- 
served on mixing equilibrium 
phases), and so isotherms in these 
areas are straight lines connecting 
the enthalpies of the two phases at 
the equilibrium temperature. Three 
phases in a two-component system 
at constant pressure occur at in- 
variant temperatures on the phase 
diagram and appear as isothermal 
triangular areas on the enthalpy- 
concentration diagram with the 
corners of the triangle located at 
the enthalpy value of each phase 
at the invariant temperature. 
Isotherms in the vapor region 
are straight lines since there is 
little or no heat effect observed on 
mixing nonreactive vapors. The 
solid region in this diagram is in- 
complete since no information is 
available on the heat capacity and 
heat of fusion or heat of formation 
of the hydrazine monohydrate solid. 
Figure 4 is the complete diagram 
including solid, liquid, and vapor 
regions at l-atm. pressure. Figure 
5 is an isometric plot showing the 
H-«x-t diagram of Figure 4 in space. 
It is not so useful for calculation 
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purposes as is Figure 4, but it 
illustrates how the H-t diagrams 
for the pure substances and the 
system phase diagram fit together. 
Note that the H-t diagrams for the 
pure substances form the composi- 
tion boundaries on the figure, and 
the phase diagram is the projection 
of all the phase boundaries onto 
the t-x plane. 

In view of the approximations 
involved in Figures 1 and 2 and the 
scale of plotting used in Figure 4, 
it is probable that the errors in an 
enthalpy value read from Figure 4 
may be as much as + 2 C.h.u./Ib. 
of solution; however, it is believed 
that the chart is sufficiently ac- 
curate for most engineering calcu- 
lations. 


AQUEOUS SODIUM CARBONATE 

Sodium carbonate is a_ widely 
used industrial chemical. In 1948 
the estimated national consumption 
was 4,880,000 short tons. Since 
most processes involving the manu- 
facture and use of sodium carbonate 
are carried out in aqueous solution, 
the thermal properties of these 
solutions are of utmost importance. 
An enthalpy-concentration diagram 
is indispensable for calculating the 
amount of heat necessary to warm 
or cool batches of solutions and 
mixtures of solids and solutions. 

Recently Kobe and Sheehy (18) 
reviewed and also collated the 
thermochemical data on sodium 
carbonate and its hydrates and 
solutions. Their results and the 
tabulations by Rossini et al.(19) 
for the heat of formation of the 
hydrates and the heat of solution 
of the anhydrous salt are in essen- 
tial agreement. Kobe and Sheehy’s 
data were used in the construction 
of Figure 6. The tnaermal proper- 
ties of water were taken from 
Keenan and Keyes(11). 

ine heat capacities of the mono- 
hydrate and septahydrate salts are 
unknown, but they have been esti- 
mated from the known heat capaci- 
ties of the anhydrous and decva- 
hydrate salts on the assumption 
tnat the heat capacity of the vari- 
ous hydrates is directly propor- 
tional to the moles of water in the 
salt; thus 


Na.CO, (s) 26.38 
Na.CO,°H.0 (s) 36.5 (est.) 
Na.,CO,* 7 (s) 97.1 (est.) 
Na.CO.°10 (s) 127.40 

An enthalpy-concentration dia- 


gram using the data sources dis- 
cussed above is shown in Figure 6. 
As enthalpy changes at constant 
pressure are heat quantities, the 
diagram may be used at atmos- 
pheric pressure to find the result- 
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ing temperature for any adiabatic 
mixing process occurring in this 
system or the amount of heat (a) 
to be removed in any sodium car- 
bonate crystallization process, (b) 
to change the temperature of any 
mixture in this system, and (c) to 
keep any solution process in this 
system at constant temperature. 
Positive enthalpy changes mean 
that heat is gained by the system 
and negative values mean heat lost 
from the system. 


AQUEOUS GLYCERINE 

Glycerine and its aqueous solu- 
tions are used in the quick-freeze 
and refrigerating industries. They 


are particularly useful in the food 
industry because glycerine is edible 
and has an agreeable, sweet taste; 
consequently accidental contamina- 
tion of food with the refrigerant 
is not completely objectionable. 
Glycerine solutions are also used 
in cold plates to act as a thermal 
buffer. Hospital ice bags filled with 
a 10 to 15% solution can be per- 
manently sealed and frozen in a 
refrigerator to be used when 
needed. The thermal buffering ca- 
pacity of an aqueous glycerine mix- 
ture is found by subtracting the 
enthalpy of the system at its origi- 
nal temperature from its enthalpy 
at the final temperature. 
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The reference conditions for the 
enthalpy-concentration diagram in 
Figure 7 are zero enthalpies for 
pure liquid water and solid gly- 
cerine at 0°C. The enthalpy data 
for water were obtained from 
Keenan and Keyes(11) and Hodg- 
man(20). The enthalpy data for 
glycerine were calculated from 
heat-capacity data from Hodgman 
(20). Heat-of-solution data for the 
system at 20°C. were obtained from 
the International Critical Tables 
(21). Heat-capacity data for aque- 
ous solutions are given by Perry 
(22) at 15° and 32°C. and by 
Gucker and Marsh(23) down to 
—30°C. Gucker and Marsh give 
heat-capacity data in the two-phase 
(solid-liquid) region and also a 
tabulation of the heat required to 
heat 1 lb. of glycerine-water mix- 


ture from various temperatures to 
0°C. From these data and the solid- 
liquid phase diagram of Lane(24) 
the diagram was extended to the 
eutectic temperature. Below the 
eutectic temperature the phases are 
pure solid water and solid glycerine 
and the isotherms are straight lines 
connecting the enthalpies of the 
pure materials. 

Isotherms above 20°C. were con- 
structed by adding the temperature 
integral of the heat capacity to the 
20°C. value. In this manner iso- 
therms up to the boiling point may 
be constructed. Heat-capacity data 
at 25°C. and normal boiling tem- 
peratures of the aqueous solutions 
were obtained from Miner and 
Dalton (25). 

Figure 7 gives the diagram com- 
plete in the solid and liquid regions. 
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The liquid-vapor and vapor regions 
are not included because sufficient 
experimental data are not avail- 
able to establish this portion of 
the diagram. 
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ENRICHMENT CALCULATIONS IN GASEOUS 
DIFFUSION: Large Separation Factor 


ROBERT W. NAYLOR and PAUL O. BACKER 


Vitro Corporation of America, West Orange, New Jersey 


A general method has been devised for calculating gaseous-diffusion-stage require- 
ments to separate gases of widely differing molecular weights. For such a mixture 
the actual separation factor is shown to be less than the ideal separation factor, 
depending on the undiffused-gas composition and the ratio of absolute pressures 
on each side of the barrier. The equilibrium relationship between the compositions 
of the diffused- and undiffused-gas streams leaving any stage is also derived by means 
of the Rayleigh concept. Application of the method is illustrated with a diagram, 
like that of McCabe and Thiele for distillation, on which are stepped off the 
required number of theoretical stages to separate a particular hydrogen-nitrogen 


mixture. 


Enrichment in gaseous diffusion 
results from the preferential ef- 
fusion of the low-molecular-weight 
component through a barrier whose 
pore diameter is small with respect 
to the molecular mean free paths. 
A cascade of stages in series is 
used to enrich the mixture re- 
peatedly until desired terminal 
compositions are achieved. In spite 
of inherent low thermodynamic ef- 
ficiencies, the successful separation 
of uranium isotopes by gaseous 
diffusion has demonstrated the 
large-scale workability of the proc- 
ess for cases where product worth 
or other special considerations 
justify its use. Outside the field 
of isotope separation, gaseous dif- 
fusion might compete with low- 
temperature processes particularly 
for the separation of hydrogen 
from heavier gases. In such a case 
a high separation factor might re- 
duce plant-size and energy require- 
ments sufficiently to make the proc- 
ess economically attractive. It is 
to investigate such possibilities 
that the work of this paper was 
done. 

In connection with their work 
on rubber and plastic membranes, 
Weller and Steiner(4, 5) have pre- 
sented an exact and an approximate 
method for calculating membrane 
or barrier area and enriched-gas 
composition for a single stage when 
permeability coefficients and undif- 
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fused exit-gas composition are 
known. Although the method here- 
in presented does not include de- 
termination of barrier area, it is 
believed to be a somewhat simpler 
and more general approach to cal- 
culation of stage requirements. 
Benedict (1,2), Cohen(3), and oth- 
ers have developed the cascade en- 
richment calculations for isotope 
separation where the ideal separa- 
tion factor is very close to unity so 
that. certain approximations are 
permissible to gain simplification in 
the cascade calculations. Further- 
more, with the relatively slight 
enrichment per stage and the con- 
sequent large number of stages in 
an isotope-separation cascade, it 
is permissible to treat the compo- 
sition at any point in the cascade 
as a continuous function of stage 
number. Analytical methods in- 
volving conventional integration 
are then used to calculate the num- 
ber of stages in the stripping and 
enriching sections of the cascade. 
This paper presents a method for 
enrichment calculations where the 
separation factor is considerably 
greater than one and the approxi- 
mations of the isotope cascade are 
therefore not applicable. 

The ideal separation factor for 
perfect effusion of a gas mixture 
into a total vacuum is given by 


a*=,/ H (1) 
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Benedict(2) has shown that for 
the case of isotope separation the 
actual separation factor is iade- 
pendent of concentration, but it is 
lower than the ideal separation fac- 
tor because of finite back pressure. 
The relationship is 


-1)u- ) (2) 


For an ideal separation factor con- 
siderably greater than one, the 
actual separation factor is shown 
below to depend on compositicn as 
well as on the pressure ratio. Then 
by use of the Rayleigh concept to 
handle changes in composition 
across a stage, a relationship is 
derived between the composition 
of the two streams leaving any 
stage. The required number of 
theoretical stages is found by using 
a diagram like that of McCabe and 
Thiele for distillation. The method 
is illustrated by determining the 
number of theoretical stages neces- 
sary to separate a feed of 25 mole% 
hydrogen in nitrogen into an over- 
head of 99 mole% hydrogen and a 
bottoms of 99 mole% nitrogen. 


ACTUAL SEPARATION FACTOR 


For effusive flow through a bar- 
rier the pore size of which is small 
with respect to the molecular mean 
free path, the molar flow rate is 
defined by Knudsen’s law of molec- 
ular effusion: 


For a particular barrier at a cer- 
tain operating temperature, the 
barrier permeability may be de- 
fined by 
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By use of the appropriate mole 
fractions, Knudsen’s law may be 
written for each component of a 
mixture as follows: 


N =Vm, (5) 


N Vim, [P’(1—x) —P"(1—y)] (6) 


Dividing (5) by (6); substituting 
a*, the ideal separation factor, for 


v— ; and letting p — 5 give: 


The actual separation factor is de- 
fined by 


Y/1—Y of 


ax 
= 
Consideration of the fiow reaching 
the low-pressure side of the barrier 
shows 


> 


SEPARATION FACTOR (FOR x=0.500) 
n 
° 
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Fic. 1. VARIATION OF SEPARATION FAC- 
TOR WITH PRESSURE RATIO FOR EQUI- 
MOLAR MIXTURE. 


(9) 


Substituting (9) through (8) into 
(7) and solving for « gives f 


j For isotope separation where (a *—1) is 
-x 
. 1-y 
unity because enrichment per stage is small, 


much less than unity and ( is nearly 


(10) becomes identical with (2), which was 


derived by Benedict (2). 
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Using (8) to eliminate y from (10) 
and then solving for « give. 


2u 2x 


a =1.364—2.7284 P+ 


(+ =0-500) 


7.442 P’ —7.442 P+5.588 (14) 


The curve of Figure 1 represents 
Equation (14). For the case of ef- 


2 
CHOOSING PRESSURE RATIO 
FOR CASCADE 


For the case of H2-N:2 


* _\_# |2(14.008) 


=, = 3.7284 
m \ 2(1.008) (12) 

and so (11) becomes 
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Fic. 2. MINIMUM NUMBER OF THEO- 

RETICAL STAGES VS. PRESSURE RATIO, 

BASED ON FOR «= 0.500 IN THE 
H.-N» EXAMPLE. 


x 22 


or 


fusion into a perfect vacuum, P = 
0 and « becomes «*, the ideal sepa- 
ration factor; when the back and 
fore pressures are equal and P is 


SEPARATION FACTOR 
° 


| | 
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FIG. 3. VARIATION OF SEPARATION FAC- 
TOR WITH MOLE FRACTION Ho, IN 
UNDIFFUSED GAS FOR P = 1/4. 


unity, « falls to 1, indicating no 
enrichment. 

The Fenske equation for the 
minimum number of theoretical 
stages at total reflux is 


2.728 —12.897 P 


\ 1.860-+ 
2x 


To examine the effect of the pres- 
sure ratio on the separation factor, 
x in (13) is fixed at 0.500. This 
is equivalent to assuming that the 
separation factor corresponding to 
x = 0.500 at any pressure ratio is 
a reasonable average value for the 
entire concentration span. Making 
this substitution in (13) reduces 
that equation to 


t Numerical work shows that the positive 
root must be used. 
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(13) 


22 


Bain = 


The effect of the pressure ratio on 
the length of the cascade may be 
judged by plotting the ratio against 
the minimum number of theoreti- 
cal stages required to span the 
concentration range from 
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0.010 to yp =—0.990. Figure 2 is 
such a plot for the HN, cascade of 
the example as calculated from 
Equations (14) and (15). The 
nearly horizontal portion of this 
curve serves to indicate the range 
of P values in which a cascade 
might economically be operated. 
Other engineering considerations, 
such as the type of compressors 
and the actual fore pressure to be 
used, will aid in fixing the particu- 
lar value of P for cascade opera- 
tion. For further calculations of 
the example H.N. cascade, P = 0.25 
has been chosen. This lies toward 
the upper end of the nearly level 
portion of the curve and represents 
a compression ratio of four, which 
is attainable with single-stage com- 
pressors. 

The selected value of P may be 
substituted into Equation (13) to 
get the relationship of separation 
factor to mole fraction of H. for 
the system operating at a back-to- 
fore pressure ratio of 0.25: 


V.84105 


a = 2.364 — 


0.70728 
(16) 


,/1.860 — 


Figure 3 represents Equation (16) 
graphically; a varies from 2.222 
for x=0.010 upward toward a 
limit of 3.046 as x approaches 
unity.} 


RELATION OF x AND y 


Figure 4 is a schematic sketch 
of a gaseous-diffusion stage. It is 
evident that to achieve any enrich- 
ment some, but not all, of the en- 
tering stream must pass through 
the barrier; and there must be a 
concentration gradient between the 
undiffused gas entering and leav- 
ing the stage. If the stage is de- 
signed to give complete turbulence 
so that all the undiffused gas in 
the stage is of the same compo- 
sition as that leaving, the situa- 
tion becomes analogous to that as- 
sumed in conventional distillation 
calculations for a small column, 
where liquid mixing by the rising 
vapor negates any effect of liquid 
gradient on the plate. For such a 
case compositions of the effluent 
streams from the stage are cor- 
rectly related by Equation (8) by 
use of separation factors from (11) 
or, for the example cascade, from 
(16). However in gaseous diffusion 
the undiffused gas must travel 
along the barrier while undergo- 
ing continual depletion of the light 


jNumerical data for Figure 38, calculated 
from (16), are included in Table 


Vol. 1, No. 1 


component. Good stage design to 
minimize film thickness at the 
barrier requires turbulence at any 
cross section of the axis of flow, 
but because there is a gradual 
composition gradient along the 
axis of flow, which is analogous to 
the liquid composition gradient 
observed in large distillation col- 
umns, it is proper to assume con- 
stant composition only within an 
element like that of Figure 4. A 
material balance around the ele- 
ment is 


dq dx 
q 


For such an element Equation (8) 
correctly relates the compositions 
across the barrier. Substituting « 
for (a-1) allows (17) therefore 
to be rewritten as 


(17) 


q «(1-2) 


Although the separation factor 
has been shown to vary with com- 
position, it is assumed that the 
variation across any one stage is 
small enough that e may be treated 
as a constant between «, and %. 
If the value of « corresponding to 
% is used, the error may be taken 
on the conservative side and thus 
made to compensate in part for 
errors from depletion of the film 
adjacent to the barrier. Under the 
assumption of constant separation 
factor, (18) may be integrated 
from the element of Figure 4 to 
the exit: 


Jom 


In (19) 96, the cut, represents the 
fraction of the gas entering the 
stage which passes through the 
barrier, and c is the ratio a/e or 
a/(a-1). 

The composition of the enriched 
stream leaving any stage may be 
written 


The term ydq may be written in 
terms of x by multiplying the 
right-hand sides of Equations (8), 
(18), and (19). Making this mul- 
tiplication, canceling, rearranging, 
and noting that Q, (1-0), and x 
are constant permit writing (20) 
as 
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dr (21) 

v1 (1-2) 

Integrating (21) after appropriate 

changes of variables and canceling 

and rearranging give 


With reference again to Figure 4, 
a material balance around the stage 
is 


(23) 


Since conventional enrichment cal- 
culations deal with the composi- 
tions of streams leaving a stage, 
Equation (23) may be used to 


TO COMPRESSOR 
FOR NEXT STAGE ABOVE 


BARRIER 
Yo 


(-8)Q=L q- dq 
Xo x-dx |] * 
COOLER 


< DIFFERENTIAL 
ELEMENT 


UNDIFFUSED GAS 
FROM NEXT 
STAGE ABOVE 


COMPRESSOR 


DIFFUSED GAS 
FROM NEXT 
STAGE BELOW 


TO INLET OF NEXT 
STAGE BELOW 


Fic. 4. SCHEMATIC SKETCH OF A GAS- 
EOUS-DIFFUSION STAGE. 


eliminate x,, from (22), and the 
subscripts are then no longer neces- 


TABLE 1.—EQUILIBRIUM DATA FOR 
THE H.-N. EXAMPLE CASCADE 


y 
(P=1/4) 6=0.3471 §=0.5833 
0.010 2.222 0.029 


025 2.241 .070 
2.253 .098 
.050 2.270 136 
075 2.298 197 
-100 2.326 252 
2.374 351 
.200 2.437 438 0.507 
.250 2.490 512 579 
2.542 579 639 


400 2.641 
500 2.730 807 
2.809 863 
-700 2.880 .907 
2.942 944 
.900 2.985 974 
.950 3.022 .988 


From Equations (16) and (27) 
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sary. Thus the x-y relationship for 
any stage is 


1 — + (1 4) z) 
Once the cut is fixed for each sec- 
tion of the cascade and the separa- 
tion factor is fixed as a function 
of the undiffused-gas composition, 
Equation (24) may be used to con- 
struct an a-y diagram to permit 
making enrichment calculations by 
the method of McCabe and Thiele 
for distillation. It should be noted 
that (24) is divergent for the pur- 
pose of iteration. Therefore a re- 
sult calculated from a first approxi- 
mation should not be used as a 
second approximation in the trial- 
and error solution, because the 
computed result is farther from 
the actual root than is the assumed 
value of y. 


SELECTION OF CUT 
From Figure 4 it is evident that 
for any stage 


(25) 


Thus for total reflux where L = V 
the cut must be 1/2 ; and for any 
finite product rate it must be 
greater than 1/2 in the rectifying 
section and less than 1/2 in the 
stripping section of the cascade. 
If the L/V ratio for either section 
or the V/D ratio for the cascade 
is known, then 0 is fixed and the 
a-y curve may be calculated. A 
reasonable approximation of the 
continuously tapered ideai cascade 
which minimizes total flow may be 
made by using Equation (24) with 
§@=1/2 and the appropriate equa- 


tions of Benedict(2). Economics 
would probably dictate squaring 


off the rectifying and stripping 
sections of the optimum cascade 
into several parts each operating 
at a constant L/V to achieve stand- 
ardization of equipment. Once this 
is done Equation (24) may be 
used to determine the w-y curve 
appropriate to each part of the 
cascade. 

With separation factors as great 
as those for HN», a square cas- 
cade having constant L/V ratios 
throughout the stripping and en- 
riching sections would probably be 
chosen. For the continuation of the 
H:--N, example a square cascade has 
been chosen with V/D=3.5 for 
the rectifying section. From ma- 
terial balances and Equation (25) 
the cut for the rectifying section 
is calculated to be 0.5833. For a 
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Fic. 5. ENRICHMENT DIAGRAM FOR THE Ho-No CASCADE OF THE EXAMPLE. 


square cascade the following ma- 
terial balances may be written: 


Yn = ( L 
V /N V /N 


At the feed stage one may set y, = 
Ym ANd Ly 44 = 41 = Xp and so the 
foregoing equations may be com- 
bined to give 


L 


Using (25) to substitute for (L/V) 
in terms of the cuts yields the fol- 
lowing after solution for 9,,;: 


N 


(29 


A.I.Ch.E. Journal 


The cut for the stripping section 
of the example cascade is then 
readily calculated as 0.3471. 


EQUILIBRIUM CURVES FOR THE 
EXAMPLE CASCADE 


Substituting the cuts into (24) 
gives the equations of the equilib- 
rium curves for the two sections 
of the cascade: 


Rectifying Section 
y = 0.71432 / 
0.5833 y+0.4167 x 


1 — (0.5833 y-0.4167 x) 
(30a) 


Stripping Section 


y = 188102 


| 0.3471 y+0.6529 x | a 
1— (0.3471 y-+0.6529 x) 
(300) 


Solution of these equations by trial 
for various values of « by use of 
corresponding values of a from 
Equation (16) defines the equilib- 
rium curves for the cascade of the 
example.t 


{ Equilibrium +-y values, calculated from (30), 
are presented in Table 
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ENRICHMENT DIAGRAM FOR 
CASCADE 


Equations (26a) and (26b) rep- 
resent the material balances re- 
spectively for the enriching and 
stripping sections of a square cas- 
cade. For the cascade of H:-N. ex- 
ample these equations become 


Yn =0.7143 an417-0.2829 (ord) 
Ym — 1.8810 —0.0088 (310) 


If Equation (80) is used for the 
equilibrium lines and (81) for the 
operating lines, a diagram like that 
of McCabe and Thiele for distilla- 
tion may be constructed and the 
number of stages determined in 
the usual manner. Figure 5 is such 
a diagram fcr the H.-N. cascade 
of the example; it shows that a 
cascade of fifteen theoretical stages 
is needed to effect the separation 
under the conditions used for this 
example. 


LIMITATICNS CF THE METHOD 


Utilization of this method for 
gaseous-diffusion enrichment cal- 
culations is subject to certain in- 
accuracies and limitations. The use 
of Knudsen’s law of molecular ef- 
fusion implies a barrier capable of 
producing effusive flow to the ex- 
clusion of ordinary mass flow, 
which is nonseparative. It is prob- 
able that some mass flow would 
take place through an actual bar- 
rier unless the fore pressure were 
very low. 

Good stage design requires high 
turbulence of the undiffused gas 
to minimize depletion of light com- 
ponent from the film immediately 
adjacent to the barrier. This effect 
is neglected in the derivation of 
Equation (24) by the assumption 
of constant composition in the dif- 
ferential element of Figure 4 
around which (17) is written. 

In the integration of Equation 
(21) the separation factor is as- 
sumed constant across any one 
stage. Figure 3 shows the actual 
variation for the cascade of the 
example; however, since a is cal- 
culated from (16) based on the 
composition x leaving the stage, 
the value used is actually the lowest 
separation factor encountered with- 
in the stage. This should tend to 
compensate, at least in part, for 
losses in enrichment from the fric- 
tion pressure drop in the undif- 
fused-gas stream and from the 
other factors discussed above. 

The nature of the method, how- 
ever, makes very simple the use of 
an individual or over-all stage ef- 
ficiency to account for the effects 
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discussed here. Relatively small- 
scale experiments with the barrier 
material and stage design of choice 
should yield this information. 
Scale-up to production scale should 
then be possible with a minimum 
of intermediate development. 


SUMMARY 


The successful separation of 
uranium isotopes by gaseous dif- 
fusion has demonstrated the large- 
scale workability of the process 
for cases where product worth or 
other special considerations justify 
the high energy expenditure. In 
spite of inherent low thermody- 
namic efficiencies gascous diffusion 
might compete economically with 
processes utilizing very low tem- 
peratures to separate gases of 
widely differing molecular weights. 

A general method of calculating 
gaseous-diffusion-stage require- 
ments for separating gases of 
widely differing molecular weights 
has been devised. For the separa- 
tion of such gases by gaseous dif- 
fusion the actual separation fac- 
tor is shown to depend on the ideal- 
separation factor (square root of 
the molecular weight ratio), the 
ratio of absolute pressures on each 
side of the barrier, and the undif- 
fused-gas composition. The rela- 
tionship is derived from Knudsen’s 
law of molecular effusion, and its 
similarities to that for isotope sepa- 
ration are pointed out. By use of the 
Rayleigh concept, the equilibrium 
relationship between the composi- 
tions of the diffused- and undif- 
fused-gas streams leaving any 
stage is also derived. Application 
of these equations is illustrated by 
determination of the required num- 
ber of theoretical stages to sepa- 
rate a particular H.-N. mixture. 
A diagram similar to that of Mc- 
Cabe and Thiele for distillation is 
used. Certain limitations of the 
method are pointed out, and the 
use of a stage efficiency is sug- 
gested to account for them. 


NOTATION 


B=cascade bottoms 
rate, moles/min. 

D=casecade overhead withdrawal 
rate, moles/min. 

d=average diameter of barrier 
pores, in. 

g = acceleration from gravity, ft./ 
min’. 

L = interstage 
moles/min. 

m= molecular weight 

N=molar velocity through the 
barrier, moles/(sq.ft.) (min.) 


withdrawal 


downflow _ rate, 
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P= P"/P'=ratio of back pressure 
to fore pressure across barrier 

P'=fore pressure  (undiffused 
gas), lb./sq.ft. 

P” = back pressure (diffused gas), 

lb./sq. ft. 

Q=gas rate entering a 
moles/min. 

q = undiffused-gas rate along the 
barrier at any cross section, 
moles/min. 

R=universal gas 
lb./ (mole) (°R.) 

Smin = minimum number of theo- 

retical stages 


stage, 


constant, ft.- 


T=cascade operating tempera- 
ture, °R 

V = interstage upflow rate, moles/ 
min. 


W = thickness of barrier, in. 
x=mole fraction of light com- 
ponent in undiffused gas 
y =mole fraction light component 

in diffused gas 

Greek 

a= separation factor 

a* = ideal separation factor = 

My/Mrz, 

e = (a—1) 

6 =cut, the fraction of gas enter- 
ing a stage which diffuses 
through the barrier 

i} = fraction of barrier area open 
to flow 

o = a/e = a/(a—1) 

@=barrier permeability, 
by Equation (4) 


defined 


fubscripts 

B = bottoms 

D = overhead 

F = feed 

H = heavy component 

1 = entering a stage 

L= light component 

M =stripping section 

m= any stage of stripping section 


N = enriching section 
n= any stage of enriching section 
o = leaving a stage 
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Use of the Redlich and Kwong Equation 


of State in Calculating Thermodynamic Properties 


of Gases from Experimental Compressibility Data 


HENDRICK C. VAN NESS Purdue University, West Lafayette, Indiana 


Convenient and accurate methods of calculating the thermodynamic properties 
of gases from experimental compressibility-factor data through the use of the Redlich 
and Kwong equation of state are presented. Analytical and graphical methods are 
combined. As an example, fugacity and activity coefficients are calculated for the 
nitrogen-ethylene system at 50°C. for pressures up to 500 atm. 


There are two problems in the 
determination of thermodynamic 
properties of gases; one is the ex- 
perimental problem of getting ac- 
curate data, and the other is the 
problem of calculating properties 
from these data. This paper deals 
with the latter problem and as- 
sumes that adequate compressi- 
bility-factor data are available. 
The general equations relating 
thermodynamic properties to pres- 
sure by use of compressibility 
factors (defined by the equation 
pV =CnRT) are well known(10): 


H — H* = AH = 


In (f/p (c-1) (2) 
PES p 


S — S* = AS = 


(3) 


Equation (3) does not need to 
be solved independently, for it can 
readily be put in a form involving 
the integrals of Equations (1) 
and (2). Making the logical sub- 
stitutions reduces it to 
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S — S* = AS = — Rln(f/p) 


+ AH/T — Rln(p/p*) (4) 


It should be noted that an as- 
terisk is used to denote the zero- 
pressure state, where all gases are 
assumed to obey the ideal-gas law. 
This state is a satisfactory ref- 
erence for enthalpy and fugacity, 
but it is inconvenient in the case 
of entropy because S* is infinite. 
In this case the reference state is 
taken as the ideal-gas state at 1 
atm. The entropy in this state is 
designated as S°, and Equation (4) 
becomes 


S —S° = — Rl1n(f/p) 


+ AH/T—Rin(p) 


This reference state for entropy 
is particularly convenient, because 
absolute values of entropy can be 
calculated for it by statistical 
methods. In the case of enthalpy, 
absolute values are not known, and 
an arbitrary value must be as- 
signed at a selected temperature 
in the reference state. By defini- 
tion, fugacity and pressure are 
taken as equal in the zero-pressure 
reference state. The influence of 
temperature on thermodynamic 
properties is not considered in this 
paper, for this cannot be deter- 
mined from compressibility data 
alone; moreover, it does not pre- 
sent a calculational problem com- 
parable to that of determining the 
effect of pressure. 

The application of Equation (5) 
is obvious once Equations (1) and 
(2) have been solved. The problem 
reduces then to one of evaluating 
the integrals in these two equa- 
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tions. There are two straightfor- 
ward methods for doing this. The 
first is to perform the required 
operations of differentiation and 
integration directly by graphical 
methods based on the experimental 
compressibility-factor data. To 
obtain accurate results by this 
method, one must make exceeding- 
ly large graphs. Furthermore, 
graphical differentiation is  in- 
herently inaccurate, and the sub- 
sequent integration accumulates 
the errors. 

The other method is to repre- 
sent the compressibility-factor data 
by a very accurate equation, es- 
sentially an equation of state, and 
to perform the required operations 
entirely analytically. This is a 
highly desirable method, but at 
the present time no equation of 
state sufficiently accurate over wide 
ranges of temperature and pressure 
is known; moreover, such an equa- 
tion would probably be highly 
complex and difficult to use. 

A less straightforward method, 
but one which combines the ad- 
vantages of both the foregoing 
methods, is the use of an approxi- 
mate but simple equation of state 
for the calculation of approximate 
results, plus the use of residuals 
for the graphical calculation of 
correction factors. This general 
method is by no means new. It 
allows the analytical calculation of 
the major part of the result and 
restricts the graphical part to the 
determination of small numbers 
which can be plotted with the re- 
quired accuracy on a normal-size 
sheet of graph paper. 


CALCULATIONS 
To carry out this method, one 
defines the residual, AC, as the 
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difference between the experimental 
value of the compressibility factor 
and the value predicted by the 
equation of state at the same tem- 
perature and pressure, i.e., 


AC =C—C’ (6) 
Substitution for C by Equation 


(6) in Equations (1) and (2) 
gives 


Pp 
AH = — RT’ 


p 
=f 
+f 


The first terms of these equa- 
tions are determined analytically 
using an equation of state since C’ 
is the “equation” value of the com- 
pressibility factor. The second 
terms are small correction factors 
and are usually determined graphi- 
cally. The ease of the analytical 
calculations will of course depend 
on the simplicity of the equation 
of state; on the other hand, the 
size of the graphical correction 
factors will depend on the success 
with which the equation of state 
approximates the experimental 
data. Simplicity and high accuracy 
have not yet been combined in an 
equation of state. An_ excellent 
compromise however has been at- 
tained for gases by the Redlich 
and Kwong equation(9) : 


C’ = 1/(1—h) — (A?/B)(h/1+h) 
(9) 

and 
h = Bp/C’ (10) 


For a given gas or gas mixture, 
A and B are constants which de- 
pend on temperature only, i.e., 


= k/T (11) 
and 


A?/B = (12) 
By use of Equations (9) to (12), 


Equation (7) may be reduced to 
the form 


AH =—1.5RT (A’/B) In (1+h) 
+ RT(C’—1) 


Pp 


Although this equation was not 
presented by Redlich and Kwong 
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(9), they did develop the analyti- 
cal expression for the first integral 
of Equation (8). Using their re- 
sult reduces Equation (8) to 


In (f/p) = (C’—1) — In (C’—C'h) 


2 P dp 
—(A?/B) In (1+h)+ — 
(14) 


x 


AC/p x 105 


° 100 200 300 400 500 
p, atmospheres 


Fic. 1. CURVE FOR GRAPHICAL IN- 
TEGRATION; 59.7% No; NITROGEN- 
ETHYLENL MIXTURE, 50°C. 
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Fic. 2. CURVES FOR GRAPHICAL DIF- 
FERENTIATIONS; NITROGEN-ETHYLENE 
MIXTURES, 50°C. 


For the application of Equations 
(9), (10), (18), and (14), values 
of the constants B and A?/B must 
be selected. This should be done 
with care. Probably the most satis- 
factory method involves a trial 
procedure: first, an arbitrary value 
of B is selected; as a starting ap- 
proximation a value may be calcu- 
lated from the equation given by 
Redlich and Kwong (9): 


B = 0.08677 ./p-T (15) 
A.LCh.E. Journal 


Then for a given temperature a 
series of values of pressure cover- 
ing the range being considered is 
used together with the correspond- 
ing experimental values of C for 
substitution in Equation (10) for 
the calculation of a series of values 
of h. Equation (9) is then used 
with these results and the corre- 
sponding experimental values of C 
to calculate a series of values of 
A?/B. The optimum result would 
be values of A?/B, which are nearly 
constant; one might repeat the fore- 
going procedure with different val- 
ues of B until one was found that 
led to the lowest deviation of the 
values of A?/B from the mean. A 
better procedure however is to find 
by trial the value of B which leads 
to a very nearly constant value of 
A?/B at low pressure with increas- 
ing deviations at high pressures, 
and it is this constant low-pressure 
value of A’/B which should be 
used together with the value of B 
which leads to it in Equations (9) 
and (10) and those which follow. 
The reason for this is that the 
integral in Equation (14) is evalu- 
ated graphically by plotting AC/p 
vs. p and determining the area un- 
der the curve. By having AC small 
at low pressures and increasing 
with p, values of AC/p will always 
be reasonably small, and the 
graphical integration will be fa- 
cilitated. It should be mentioned 
that although AC and p both ap- 
proach zero at zero pressure, AC/p 
remains finite, and its value is the 
slope of the curve of AC vs. p at 
the origin. Once the values of B 
and A*/B have been selected, they 
are used in Equations (9) and (10) 
to calculate values of C’ at pres- 
sures for which experimental 
values of C are available. Values 
of C’ must of course be calculated 
(a trial procedure) with the same 
precision as that for which C is 
known. Equation (6) is then used 
to calculate the required values of 
AC. From this point the applica- 
tions of Equations (13), (14), and 
(5) are obvious and do not need 
to be illustrated here. 

Much more difficult than the fore- 
going calculations are the determi- 
nations of fugacity coefficients and 
activity coefficients of the com- 
ponents of. gaseous mixtures. The 
former are defined(9) by the equa- 
tion 


oi = (16) 


where f,; is the fugacity of com- 
ponent 7 in a mixture whose mole 
fraction in 7 is x;. It may be shown 
that (3): 
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TABLE 1.—CONSTANTS FOR THE REDLICH AND KWONG HQUATION AT 50°C. 


A. A‘*/B 

0.076850 0.0014300 4.1300 

0.050416 0.0011912 2.1338 

TABLE 2.—CALCULATED VALUES 

Approx. Approx. 
Al Ing Al 

100 atm. 

0 0.0006 0.5859 0.0064 1.808 1.793 —0.5099 0.0007 0.6010 1.000 0.584 
0.198 0.0028 0.2437 0.0163 1.297 1.287 —0.4772 —0.0007 0.6202 1.032 0.222 
0.401 0.0073 0.1085 0.0230 1.141 1.132 —0.4226 —0.0032 0.6533 1.088 0.038 
0.597 0.0101 0.0465 0.0053 1.053 1.014 —0.3616 0.0166 0.7083 1.178 —0.120 
0.796 0.0054 0.0164 0.0005 1.017 1.008 —0.2941 0.0244 0.7637 1.270 —0.229 
1.000 0.0008 0.0074 0.0007 1.008 1.000 —0.2172 0.0226 0.8232 1.370 —0.316 

200 atm. 

0 —0.0034 0.6854 0.0465 2.079 2.007 —0.8516 —0.0035 0.4253 1.000 0.696 
0.198 0.0062 0.4221 0.0419 1.590 1.534 —0.8189 —0.0028 0.4397 1.034 0.394 
0.401 0.0142 0.2204 0.0343 1.290 1.247 —0.7379 0.0005 0.4784 1.125 0.103 
0.597 0.0179 0.1073 0.0122 1.127 1.088 —0.6262 0.0260 0.5488 1.292 —0.170 
0.796 0.0097 0.0511 —0.0007 1.052 1.016 —0.4998 0.0497 0.6377 1.500 —0.390 
1.000 0.0007 0.0345 0.0007 1.036 1.000 —0.3597 0.0382 0.7251 1.705 —0.533 

300 atm. 

0 0.0001 0.6713 0.0553 2.068 1.910 —0.9832 0.0000 0.3742 1.000 0.647 
0.198 0.0108 0.4629 0.0534 1.676 1.547 —0.9590 0.0002 0.38834 1.024 0.412 
0.401 0.0214 0.2844 0.0523 1.400 1.292 —0.8837 0.0005 0.4135 1.104 0.156 
0.597 0.0255 0.1654 0.0161 1.199 1.108 —0.7660 0.0394 0.4836 1.292 —0.152 
0.796 0.0145 0.0990 0.0016 1.106 1.021 —9.6140 0.0645 0.5773 1.543 —0.412 
1.000 0.0016 0.0778 0.0016 1.083 1.000 —0.4362 0.0645 0.6896 1.848 —0.611 

400 atm. 

0 0.0075 0.6842 0.0578 2.100 1.831 —1.0237 0.0076 0.3621 1.000 0.604 
0.198 0.0180 0.5011 0.0633 1.758 1.532 —1.0041 0.0067 0.3689 1.019 0.407 
0.401 0.0303 0.3406 0.0682 1.505 1.312 —0.9346 0.0046 0.3946 1.085 0.186 
0.597 0.0341 0.2257 0.0202 1.279 1.116 —0.8194 0.0541 0.4653 1.285 —0.140 
0.796 0.0206 0.1561 0.0044 1.174 1.025 —0.6612 0.0829 0.5609 1.550 —0.412 
1.000 0.0040 0.1333 0.0039 1.147 1.000 —0.4615 0.0857 0.6868 1.898 —0.640 

500 atm. 

0 0.0169 0.7181 0.0594 2.176 1.773 —1.0154 0.0168 0.3685 1.000 0.572 
0.198 0.0270 0.5506 0.0737 1.867 1.522 —0.9965 0.0152 0.3749 1.017 0.404 
0.401 0.0404 0.4012 0.0815 1.620 1.821 —0.93829 0.0129 0.3986 1.081 0.200 
0.597 0.0437 0.2911 0.0242 LSTL 1.117 —0.8222 0.0719 0.4723 1.281 —0.136 
0.796 0.0278 0.2213 0.0081 1.258 1.026 —0.6621 0.1041 0.5724 1.552 —0.415 
1.000 0.0072 0.1976 0.0071 L227 1.000 —0.4518 0.1087 0.7076 1.925 —0.653 


In (f/p) = $a 


(17) 


where f is the fugacity of the mix- 
ture, defined exactly as the fugacity 
of a pure gas. When Equation (17) 
is compared with the general equa- 
tion for a property of a mixture 


(2): 
G = 2.Ge+ 2Gs + +... (18) 


we see that In¢,, Indy», In¢,, etc., are 
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related to In (f/p) exactly as par- 
tial molal properties are related to 
the total property. Thus the usual 
equations for partial molal proper- 
ties may be used to calculate values 
of the terms In¢;. Thus (2) 


In 6: = In (f/p) 24 


_ _ , (F/P) 
OXd OXe 

In this equation the ith term is 

omitted, and the differentiations 


A.LCh.E. Journal 


are carried out with all 2’s con- 
stant except x, and the x with re- 
spect to which the term is dif- 
ferentiated. 


The values of In (f/p) deter- 
mined from Equation (14) can be 
divided into two parts: the part 
calculated analytically and the part 
calculated by graphical integra- 
tion. This latter part is represented 
by the integral in Equation (14), 
and it will be defined equal to 


A In (f/p), Le., 
March, 1955 


1 

1 
1 

bs 

1. 

1. 
1.¢ 

FI 

E 

| Su 
Kc 
div 
of 
cal 

Th 

by 

the 

pre 

apy 

(C 

All 

for 

ing 

| 

] A 

and 

Vol. 


DO Ge tw 


1955 


2.0 
1.8 
0% No 
1.6 
Na 
1.4 ] 
| t+. 
1.214 
60% No 
1.0 80% No 
0 100 200 300 400 500 


Pp, atmospheres 
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ETHYLENE; NiTROGEN-ETHYLENE MIXx- 
TURES, 50°C. 


Ain (f/p) = (AC) (20) 


Substitution of the two parts of 
Equation (14) into Equation (19) 
divides it also into two parts, one 
of which may be evaluated analyti- 
cally and the other graphically. 
The analytical solution was given 
by Redlich and Kwonz(9), and 
their equation therefcre gives ap- 
proximate values of In ¢;: 


approximates In ¢;= (B;,/B) 


(C’—1) — In (C’—C’h) — (A°/B) 


E; +h) (21) 


All quantities in this equation are 
for the mixture except those bear- 
ing the subscript 7. A and B for the 
mixture are calculated by(9): 


and 
B= + + (22) 
Vol. 1, No. 1 


The corrections to be added to 
Equation (21) are determined ac- 
cording to the following equation, 
which comes directly from Equa- 
tion (19): 


A Ing:= Aln (f/p) >) 


oxa 
24 In 24 In (f/p) 


(23) 


Again Aln¢; corresponds to a par- 
tial molal quantity and again in this 
equation the ith term is omitted 
and the differentiations are car- 
ried out with all 2’s constant ex- 
cept x, and the w with respect to 
which the term is differentiated. 
These differentiations are ordi- 
narily performed graphically. 

For the final calculation of the 
logarithm of the fugacity coeffi- 
cient: 


Ing; = approximate In¢;+ Alng; (24) 


Activity coefficients are readily 
calculated from fugacity  coeffi- 
cients by the following equation: 


rifi fi/p fi/p 


APPLICATICN TO THE NITROGEN- 
ETHYLENE SYSTEM 
Since these calculations are some- 


trated by applying them to the 
binary system, nitrogen-ethylene. 
The calculations can be checked 
against the values reported by 
Bennett(1), who calculated activ- 
ity coefficients for this system from 
the same data by an entirely graphi- 
cal method. It should be noted how- 
ever that the method illustrated 
here is inherently more accurate 
than a purely graphical method; 
hence exact agreement between the 
results cannot be expected. 

Data for four nitrogen-ethylene 
mixtures were reported by Hagen- 
bach and Comings(5). Data for 
pure nitrogen and pure ethylene 
were taken from Michels, Michels, 
and Wouters(7) and Michels and 
Geldermans(6). The pressure range 
covered is from 0 to 500 atm. at a 
temperature of 50°C. 

The constants for use in the 
Redlich and Kwong equation for 
the pure components were selected 
according to the method already 
described. Constants for the mix- 
tures, calculated by Equation (22), 
are listed in Table 1. 

For each composition a series of 
values of AC covering the pressure 
range was calculated using Equa- 
tions (6), (9), and (10). It is to 
be noted that no value of AC ex- 
ceeded 0.053. Graphs of AC/p vs. 
p were then prepared for each 
composition as illustrated in Fig- 
ure 1 for the mixture containing 


what involved, they will be illus- 59.7% Ns. Values of Aln (f/p) 
4 
y y 
100 atm. 200 atm. 300 atm. 
sp 4 
y y 
4 
400 atm. 500 atm. 
10) XNo 19) XN> 


Fig. 5. NITROGEN-ETHYLENE MIXTURES, 50°C.; TESTS FOR THERMODYNAMIC CON- 
SISTENCY. y = 
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TABLE 3.—COMPARISON OF RESULTS WITH THOSE OF BENNETT (1). 
z =0.0 =02 2 =0.4 zx. =08 x =1.0 
P; Ne Ne Ne Ne Ne No 
atm. Ye Ye Yo Ye Ye Yo Ye Ye 
Nitrogen 
0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
100 1.79 1.45 1.30 1.27 1.13 1.14 1.05 1.06 1.01 1.01 1.00 1.00 
200 2.01 1.85 1.53 1.48 1.25 1.25 1.09 1.10 1.02 1.02 1.00 1.00 
300 1.91 1.99 1.55 1.55 1.29 1.28 1.10 1.11 1.02 1.03 1.00 1.00 
400 1.83 1.99 1.53 1.55 1.31 1.28 1.20 1.11 1.02 1.03 1.00 1.00 
500 LT 1.99 1.52 1.55 1.32 1.28 1.20 1.11 1.02 1.03 1.00 1.00 
Ethylene 
0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
100 1.00 1.00 1.03 1.01 1.09 1.06 1.18 1.14 1.27 1.27 1.37 1.45 
200 1.00 1.00 1.04 1.02 1.12 1.10 1.29 1.25 1.50 1.48 1.71 1.85 
300 1.00 1.00 1.03 1.03 1.11 1.11 1.29 1.28 1.55 1.55 1.84 1.99 
400 1.00 1.00 1.02 1.03 1.09 1.11 1.29 1.28 1.56 1.55 1.90 1.99 
500 1.00 1.00 1.02 1.03 1.08 BAd 1.28 1.28 1.56 1.55 1.92 1.99 : 
c= activity coefficients calculated in this paper; y»—=smoothed activity coefficients reported by Bennett. iS 
were then determined by graphical graphs shown in Figure 5. The » = pressure, atm. te 
integration [see Equation (20) ] data are from Table 2. »,. = critical pressure, atm. 
at pressures of 100, 200, 300, 400, A comparison of these results R=universal gas-law constant t 
and 500 atm. These values are with those of Bennett(1) is given S = entropy 
listed in Table 2 and are shown in Table 3. The agreement is not S° = entropy in the ideal-gas state al 
on Figure 2, which is a plot of perfect, but this is probably large- at 1 atm. oO 
Aln (f/p) vs. #y2 with pressure as ly accounted for by the inherent T = absolute temperature : 
parameter. The graphical determi- inaccuracies of the straight graphi- T.= absolute critical temperature ; 
nation of values of Aln¢; by Equa- cal method. V = volume 
tion (23) is particularly convenient x, mole fraction of component 7 
for a binary mixture because the CONCLUSIONS ~;, = activity coefficient of com- fy 
method of intercepts(4) can be A convenient and accurate meth- ponent 7 ta 
used, as is illustrated in Figure 2 0d of calculating thermodynamic. 4¢,= fugacity coefficient of com- a 
for the 59.7% N. mixture at 500 properties of gases from experi- ponent i st 
atm. Values of Aln¢, determined mental compressibility measure- * — the zero-pressure state ac 
in this way are listed in Table 2. _ ments through the use of the Red- n 
The analytical part of the calcula- lich and Kwong equation of state j)7ERATURE CITED ge 
tion was carried out by use of has been presented. The method , 4 sil t 
. é ‘ ennett, C. O., Chem. Eng. Progr. 0 
Equations (9) and (10) to calcu- was demonstrated for the usually Symposium Series No. 7, 49, 45 (J 
late values of C’ and h at even troublesome calculation of fugacity (1953). sheds pe 
pressures of 100, 200, 300, 400, and activity coefficients of the 9 Dodge, B. F., “Chemical Engineer- Ox 
and 500 atm. for each composition, Components of a gaseous mixture. ing Thermodynamics,” pp. 105, ge 
These values were then used in The calculated activity coefficients 106, McGraw-Hill Book Co., Ince., ve 
Equation (21) to calculate values are believed to be correct in the New York (1944). pe 
of approximate In¢; which are also second decimal place, indicating an 3. Gamson, B. W, and K. M. Wat- ia 
listed in Table 2. The true values error of less than +0.5%. a uae oa News, Tech. ins 
of In¢; were then found by Equa- Bere “Thor re Ox 
were calculated by Equation (25). A =a constant strand Co. Inc. New York du 
B=a constant (1947). ca 
RESULTS C = experimental value of compres- 5. Hagenbach, W. P., and E. W. fo 
Values of 9, and y, are listed in sibility factor Comings, Ind. Eng. Chem., 45, ga 
Table 2, and Figures 3 and 4 show ©’ = equation value of compressi- 6 eo aragaa M bu 
the activity coefficients plotted as bility factor wi 
a: tuaetton of oresuve wi f =fugacity of a gaseous mixture Physica, 9, 967 (1942). 
un pressure with com- 2 : 7. Michels, A., C. Michels, and H. Ox 
position as parameter. fi = fugacity of pure Wouters, Proc. Roy. Soc. (Lon- 
These results may be checked f; =fugacity of component 7 in a don), A153, 214 (1935). co’ 
for thermodynamic consistency by gaseous mixture 8. Redlich, O., and A. T. Kister, Ind. un 
the method of Redlich and Kister G = general property Eng. Chem., 40, 345 (1948). me 
(8), which requires that a plot of G= general partial molal property 9. Redlich, O., and J. N. S. Kwong, pr 
In (yyo2/Yeon4) VS. cut off equal h=defined being equal to Chem. Revs., 44, 288 (1949). 
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Controlling Mechanism in the Aqueous 
Absorption of Nitrogen Oxides 


M. S. PETERS, C. P. ROSS, AND J. E. KLEIN, University of Illinois, Urbana, Illinois 


The reactions involved in the removal of nitrogen oxides from gases by reaction 
with water are reversible and proceed at a finite rate. It is possible therefore that 
the over-all process is controlled by the rate of the chemical reactions. On this basis 
an analysis of the process has been developed by the application of chemical 
kinetics, with consideration of reactions involving both nitrogen dioxide and dinitro- 
gen tetroxide. The resulting differential equation has been simplified and integrated 
to give a final equation which can be tested experimentally. 

Theoretical methods are presented for predicting the extent of absorption of 
nitrogen oxides at various gas rates and concentrations and are compared with 


the experimental results. 


The paper presents some new concepts of the factors which control the rate of 
absorption of nitrogen dioxide and dinitrogen tetroxide in water. An understanding 
of the controlling factors in the process should indicate methods for improving the 
design of absorption towers in nitric acid plants and aid in the design of scrubbers 
for removing nitrogen oxides from waste gases. 


The removal of nitrogen oxides 
from gaseous mixtures is impor- 
tant in the production of nitric 
acid and in the cleaning of certain 
stack gases. The removal may be 
accomplished by the reaction of 
nitrogen dioxide (NO.) or dinitro- 
gen tetroxide (N.0,) with water 
to give nitric acid and nitric oxide 
(NO). Although the chemical re- 
actions of the various nitrogen 
oxides with themselves, with oxy- 
gen, and with water have been in- 
vestigated extensively during the 
past 40 years, very little work has 
been done on the actual mechanisms 
involved in the removal of nitrogen 
oxides from gaseous mixtures. 

Most industrial units for the pro- 
duction of nitric acid use bubble- 
cap-plate towers or packed towers 
for contact between water and the 
gases containing nitrogen oxides, 
but these towers are very inefficient 
when the concentration of nitrogen 
oxides in the gases is low. Develop- 
ment of improved methods for re- 
covering the oxides requires an 
understanding of the controlling 
mechanisms in the oxide-recovery 
process. 

The nitrogen oxides of impor- 
tance in processes involving reac- 
tions with aqueous solutions are 
NO., N.O,, and NO. Small amounts 
of N.O, and N.O; are also present 


Mr. Ross is now associated with E. I. DuPont 
de Nemours and Co., North Augusta, South 
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in the gases, but according to Ver- 
hoek and Daniels(9) and Smith 
and Daniels(7) these compounds 
rapidly come to equilibrium with 
NO and NO, and represent only a 
small fraction of the total oxides 
at room temperatures or above. 

The essential chemical reactions 
occurring in the removal process 
may be written as follows: 


NO; (or N20s) HO 
HNO; + HNO, (A) 


2 HNO. —> H.O + NO + 
NOz (or 1/2 N20s) (B) 


2NO + O2—» 2 NO: (or (C) 


2 NO2 = N20, (D) 

Reaction (D) reaches equilibrium 
very rapidly(8), and the equilib- 
rium constant for this reaction is 
known as a function of temperature 
between 0° and 90°C.(6, 9,10). 
The oxidation of NO proceeds rela- 
tively slowly although the reaction 
goes essentially to completion. Re- 
action-rate constants for the oxida- 
tion reaction have been determined 
by Bodenstein(1). 

The decomposition of nitrous 
acid in the liquid phase does not 
occur rapidly unless the liquid is 
well agitated. Under ordinary con- 
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ditions, however, this reaction is 
not the controlling factor in de- 
termining the rate of oxides re- 
moval, for analyses of the liquid 
product obtained in this work in- 
dicated only small amounts of 
nitrous acid relative to the amount 
of nitric acid. 


GAS- AND LIQUID-PHASE 
REACTION 


In the past, most workers deal- 
ing with the reactions between 
nitrogen oxides and waiter have as- 
sumed that the reactions occur in 
the liquid phase. They have as- 
sumed that NO. and NO, diffuse 
into the liquid where the reaction 
with H.O occurs; that nitrous acid 
formed decomposes into NO., H.O, 
and NO; that this NO, reacts with 
more water and the NO is partially 
oxidized to NO. by absorbed oxy- 
gen in the liquid phase; and that 
most of the NO is desorbed from 
the liquid and oxidized to NO, in 
the gas phase. 

The liquid-phase reaction un- 
doubtedly occurs to some extent. 
Howevtr, the results of the present 
work and those of Chambers and 
Sherwood(3) definitely indicate 
that a gas-phase reaction does 
occur. Perhaps the strongest sup- 
port of the gas-phase reaction lies 
in the observable formation of a 
mist when gases containing NO, 
and N.O, are brought into contact 
with a gas containing appreciable 
amounts of water vapor. The mist 
formation has been observed re- 
peatedly in this work and was re- 
ported by Chambers and Sherwood. 

In carefully controlled experi- 
mental tests carried out in con- 
junction with the present investi- 
gation, gaseous N.O, and NO, were 
admitted to a bulb containing nitro- 
gen and water vapor. No droplets 
of liquid were present in the bulb 
in any form before the admittance 
of the nitrogen oxides. As soon as 
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the oxides entered the bulb, a mist 
was formed which quickly spread 
throughout the entire bulb. The 
same type of mist was observed 
when N.O, and NO, were brought 
into contact with liquid water, with 
the mist having the greatest den- 
ity just above the water surface. 

The mist is undoubtedly com- 
posed of droplets containing nitric 
acid and water. The saturation 
vapor pressure of HNO, is very low 
Over dilute mixtures of HNO, in 
water. It is conceivable, therefore, 
that the vapor-phase reaction could 
produce enough HNO, vapor to 
cause the formation of droplets of 
dilute nitric acid. 

Caudle and Denbigh(2) in experi- 
ments with a wetted-wall column 
found that neither increasing the 
gas-space volume nor increasing 
the bulk liquid volume hau any ef- 
fect on the rate of removal of nitro- 
gen oxides by liquid water. The 
rate of removal was proportional 
to the interfacial area between the 
gas and the liquid. The controlling 
resistance, therefore, must lie in 
the gas film or in tne liquid film. 

Under these conditions the fol- 
lowing over-all mechanism can be 
postulated for the absorption pro- 
cess. Some oi the gaseous NO, and 
N.O, reacts with H.O vapor in the 
gas fim to form HNO, and HNO.. 
Most ot the HivO; diffuses into the 
liquid phase, and some and 
HNO, condense in the form of a 
mist containing smali droplets of 
dilute nitric acid. Part of the HNO, 
decomposes 1n the vapor space to 
give VO, NO., and H.O and the 
rest aliiuses into the luquid, where 
the same decomposition products 
are obtained. Some of the .vO, and 
N.O, diffuses into the liquid phase 
before reacting with water. 
DIFFUSION AS THE CONTROL- 
LING FACTOR iN THE OVER-ALL 
MECHANisM 

The rate of the over-all process 
by which nitrogen oxides are re- 
moved trom gaseous mixtures by 
chemical reaction with water could 
be controiled by (a) diffusional re- 
sistances, (0) the speed of the 
chemicai reactions, or (¢c) a com- 
bination of diffusional resistance 
and chemical reaction rate. 

Chambers and Sherwood(3) as- 
sumea the controlling mechanism 
to be the physical ditfusion of NO, 
and V.O, through the gas film; con- 
sequently the following expression 
for the absorption rate, expressed 
as gram moles of equivalent com- 
bined nitrogen [i.e., moles of NO, 
+2(moles of N.O,) | per second 
per square centimeter of gas-liquid 
interfacial area, may be derived: 
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2DN204 
=— ACn20; + 
2 
——— ACNoz (1) 
Instantaneous attainment of 


equilibrium between NO. and N.O, 
is assumed in the derivation of 
Equation (1). The result is the 
same as for the diffusion of NO, 
and N.O, under conditions in which 
the two gases have no effect on 
each other. 

According to the experimental 
results of this work and the results 
of Caudle and Denbigh(2,4), the 
rate of nitrogen oxides removal 
(Nevo) at any given gas rate is 
directly proportional to the concen- 
tration of N.O, The ratio Dvo,/ 
Dy.o, is 1.43(3), and the NO, con- 
centration in all the experimental 
runs was higher than the N.O, con- 
centration; therefore, as NO. and 
N.O, may be assumed to be always 
in equilibrium, ACyo. was greater 
than ACy.o, Under these conditions 
Equation (1) is not supported by 
the experimental results, for Equa- 
tion (1) shows that the absorption 
rate should be determined to a large 
extent by the NO. concentration; 
therefore, it can be concluded that 
the diffusion of NO. and N.O, 
through the gas film is not the con- 
trolling factor in the over-all 
mechanism. 

By the employment of a method 
similar to that of Hatta(5), dif- 
ferential equations based on com- 
bined diffusional resistance and 
chemical-reaction rate as the con- 
trolling factor in the over-all 
mechanism have been derived. 
These equations either could not 
be integrated or did not agree with 
the experimental data. A similar 
approach based on the _ two-film 
theory was attempted by Caudle 
and Denbigh using methods such 
as those described by Van Krevelcn 
and Hoftijzer(8). They were un- 
able to develop any applicable rela- 
tionships including diffusion as a 
controlling factor. 


CHEMICAL-REACTION RATES AS 
THE CONTROLLING FACTOR IN 
THE OVER-ALL MECHANISM 


The reactions involved in the re- 
moval of nitrogen oxides from 
gases by reaction with water are 
reversible and proceed at a finite 
rate. It is possible, therefore, that 
the rate of aqueous absorption is 
controlled by the rate of the chemi- 
cal reactions. On this basis, an 
analysis of the process can be de- 
veloped by the application of chemi- 
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cal kinetics, and the results agree 
closely with the experimental data. 

The important chemical reactions 
involved in the removal of NO, and 
N.O, from gaseous mixtures by re- 
action with water can be written 
as follows: 


ky 
N20, + H.0 <2 HNO2+HNO; (a) 
ke 
ks 
2 HNO:+HNO3; (b) 
ka 
ks 
2 HNO: NO+1/2 N20:+H20 
ke 
(c) 
kz 
2 HNO. <2 (d) 
ks 


2 NO2 = 
(continuous equilibrium) (e) 


By summation of reactions (a) and 


(c), 


3/2 N:O. + H:O—> 2 HNO; + NO 
(f) 


By summation of reactions (b) and 
(d), 


3 NO. + H:O—> 2HNO;+NO @) 


The k’s in the proceeding equa- 
tions represent the reaztion-rate 
constants for the forward and re- 
verse reactions. 

Equilibrium between NO. and 
N.O, is attained very ravidly, and 
in the following dcrivation these 
two materials ar2 atsumed -to be 
continuously in equilibrium. Reac- 
tions (a), (b), and (e) occur simul- 
taneously, and reactions (c) and 
(d) arz consecutive to reactions 
(a) and (b). Reaction (a), being 
a bimolecular reaction, should pro- 
ceed at a faster rate than reaction 
(b), which is trimolecular; how- 
ever, reaction (b) cannot be neg- 
lected because it may become im- 
portant when the concentration of 
NO, is large relative to the NsO, 
concentration. 

At low total concentrations of 
equivalent NO, (Cenos = + 
2Cx.0,), only a small fraction of the 
total oxides is in the form of N.O,. 
For example, at 25°C. and a total 
pressure of 1’atm., a gaseous mix- 
ture containing 0.1 mole % eNO, 
has only 1.3% of the equivalent 
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oxides in the form of N.O,. At the 
same temperature and pressure, 
however, a gaseous mixture con- 
taining 10 mole % .NO.z has 43% 
of the equivalent oxides in the form 
of N.O,. This effect of total oxides 
concentration on fraction of oxides 
present as N.O, is shown in Figure 
1. As the total concentration of 
gaseous nitrogen oxides decreases, 
the efficiency of the removal pro- 
cess should decrease because of the 
reduction in the fraction of total 
oxides present as N.O,. 

The reaction between NO and O. 
to yield NO, and N.O, proceeds at 
a relatively slow rate. This reaction 
has not been considered here be- 
cause the analysis deals only with 
the nitrogen oxides removal which 
can be accomplished by a one-stage 
contact with water. The NO oxida- 
tion does not proceed at a rate 
sufficient to cause an appreciable 
change in the NO. concentration 
while in contact with the liquid on 
a bubble-cap plate. This conclusion 
has been verified experimentally in 
the bubble <. column used for this 
work by substituting nitrogen for 
air in the entering gases. 

In the following derivation C 
represents the concentration in 
gram moles per cubic centimeter 
and the subscript on the C repre- 
sents the particular material to 
which the concentration refers. The 
symbol ¢ represents time in seconds. 
According to reaction (a), 


IC \ 


(CHNO2) (CHNO3) (2) 


According to reaction (c), 


di ip 


— 


1 


kg (CX0) (3) 


Therefore, the rate of change in 
N.O, concentraticn caused by reac- 
tion (a) followed by reaction (c) is 


ky (C'N204) (CH20) — 


ke (CHNOg) (CHNO3) + 
1 


ke (C'X204)"(C'H20) = 
(CHNO»)” (4) 
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In a continuous process involving 
consecutive reactions, a so-called 
“stationary state” may be reached 
in which the concentrations of the 
intermediate reacting materials are 
essentially constant. Unless reac- 
tion (c), or (d), is extremely slow, 
a stationary state will be obtained 
very rapidly in this process and 
the HNO. concentration will change 
very slowly. Under these conditions 
reaction (f) applies, and 1 mole of 
NO is formed [by reaction (c)] 
for every 3/2 moles of N.O, which 
disappear [net N.O, loss by reac- 
tions (a) and (c)]. Therefore ac- 
cording to reaction (f), 


According to reaction (c), 


dCxo 
(CHNO2) 


1 
2ke (ONO) (6) 


If Equations (4), (5), and (G6) are 
combined, 


1, 
Because NO, and N.O, are con- 
tinuously in equilibrium, a change 
in N. O, concentration is caused by 
reaction (e). The rate of this con- 
centration change may be repre- 


sented by (dCvroo,/dt)-. The net 
nh 

rate of change in N.O, concentra- 

tion caused by reactions (a), (ce), 


and (e) is 


=> = 
dt 


net at+ce+e 
(CHIN 0g) (Ctuso,) 8) 


By applying the same reasoning 
as was used for developing Equa- 
tion (8), one can obtain the fol- 
lowing equation representing the 
net rate of change in NO, conzen- 
tration caused by reactions (b), 
(d), and ( 


_(aeser) 
net 


dt dt / b+-d+e 
ks (C'No»)*(C — 
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(Cuxos) — (9) 


The rate cf chanze in N.O, con- 
centration caused by reaction (e) 

ust bo one half the rate of change 
in NO. concentration due to this 
reaction, or 


_ 
( at (10) 


e 


As reaction (e) is always at equi- 
librium, 


K, = equilibrium constant = 


(11) 
Tal 


Combinati 
(10), (11) 


on of Equations (8), (9), 
), and (12) gives 


1 { dC 
3-VK, CNr204 


(ki + (C204) 


(ke + ks) (CHNO2) (CHNOs) (13) 


0.6, 


oS TOTAL PRES. | ATM. 


| 


2Na04 
2N204 


TEMP. 25°C 
TOTAL PRES. | ATM. 


Fic. 1. Errect or eNO. CONCENTRA- 
TION OF TOTAL OXIDE PRESENT AS 
N.0,. 
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Only three assumptions have 
been made in the derivation of 
Equation (13). They are (1) NO, 
and N.O, are in continuous equilib- 
rium, (2) the reactions as indicated 
represent the important chemical 
process, and (8) a stationary state 
is rapidly obtained. All these as- 
sumptions appear to be justified 
on the basis of results obtained in 
this work and by other investi- 
gators. It should be noted that 
Equation (13) could also have been 
derived from Equations (a), (b), 
(e), (f), and (g) on the basis of 
rate of change in HNO, concentra- 
tion. 


SIMPLIFICATION AND INTEGRA- 
TION OF RATE EQUATIONS 

If the net chemical reactions (f) 
and (g) are essentially irreversi- 
ble, the last term in Equation (18) 
may be neglected. If the irreversi- 
ble reaction occurs in the gas film, 
the concentration of HNO, will be 
very small since it diffuses rapidly 
into the liquid phase. Under any 
conditions if the reactions are ir- 
reversible the concentration of 
HNO, will be very small. The con- 
centration of H.O may be assumed 
as constant at any given tempera- 
ture. If the reactions occur in the 
gas film, the H.O concentration will 
be directly proportional to the H.O 
vapor pressure, and if the reactions 
occur in the liquid film the H.O con- 
centration (or activity) will be 
essentially constant unless there is 
a large change in the acid concen- 
tration. With these two simplifica- 
tions Equation (13) may be writ- 
ten as follows: 


dt net 

1 dC 

4AWVSK. C204 
A (CN204) (14) 
where 
3 k; 


For gas concentrations less than 
about 10% eNO», the volumetric 
flow rate remains essentially con- 
stant, and under this condition 
Equation (14) may be integrated 
directly. The equation may be re- 
arranged and integrated between 
the limits of zero time (correspond- 
ing to an original NO, concentra- 
tion of Coy.o,) and the time (t) any 
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Fic. 2. EXPERIMENTAL TEST FOR VALIDITY OF INTEGRATED RATE EQUATION AS- 
SUMING PROCESS CONTROLLED BY CHEMICAL REACTION RATES. 


portion of the gas is in contact with 
the liquid (corresponding to a final 
N.O, concentration of Cy,x20,). 


dCN204 
Co CN204 
NoO4, 


dC N24 


7 
/ 
(C'N204) 3/2 


a fia 


0 


°C 
1 


K. 


(15) 


Integration, substitution of the 
limits and rearrangement give 


2AVK. t (16) 


At partial pressures of eNO, less 
than 0.1 atm. perfect-gas devia- 
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tions are small and the concentra- 
tion terms in Equation (16) can be 
expressed in more convenient units 
of partial pressure to give the fol- 
lowing simplified equation: 


1 1 
(P 


2 


In + Bt (17) 


where 

P = partial pressure, atm. 

K, = equilibrium constant = 
N204 
Pyo2’ 

B =a constant at any temperature 

Equation (17) shows that a plot of 


atm.-! 
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TABLE 1.—EXPERIMENTAL DATA 
Bubble-cap-plate Column 
Total pressure = 1 atm. 


be a straight line with a slope 
equal to 1.0 if the reactions occur 
irreversibly and all concentration 
values are determined at approxi- 
mately the same temperature and 
a constant value of t. Experimental 
conditions in which the reactions 
occur essentially irreversibly may 


total slot area was 2.46 sq. in. The 
total depth of liquid on the plate was 
1 in., and the tops of the slots were 
1/2 in. below the liquid surface. A 
stainless steel cooling coil was also 
immersed in the liquid on the plate. 
The inside diameter of the glass col- 
umn was 7 1/2 in., and the bubble-cap 
plate was 12 in. from both the top 


Ent. Exit Exit Ent. Entering-gas Exit-gas 
liq. liq. liq. gas composition, composition, 
Plate comp., rate, comp., rate, mole % mole ° 
temp., wt. % ee. / wt. % cu. ft./ NO, NO, 
Run 2 NO; min. HNO; min. + 
x10? 2N204 NO; N20, 2N.0; NO, N20; 
1 19.8 0 292 0.615 LZ 0.454 0.420 0.0171 0.422 0.392 0.0150 
2 23.0 0 301 0.845 1.18 0.534 0.497 0.0185 0.491 0.459 0.0159 
3 18.2 0 298 0.900 1.21 0.622 0.554 0.0340 0.578 0.518 0.0298 
4 23.6 0 302 2.08 1.18 0.685 0.628 0.0286 0.576 0.534 0.0206 
5 19.4 0 286 1.84 1.21 0.699 0.622 0.0388 0.611 0.550 0.0306 
6 23.0 0 311 1.61 1.18 0.741 0.672 0.0344 0.656 0.602 0.0272 
7 7A! 0 304 1.81 1.21 0.794 0.707 0.0435 0.696 0.627 0.0347 
8 18.8 0 306 2.23 1.21 0.800 0.697 0.0515 0.686 0.608 0.0393 
9 18.4 0 306 2.16 i) 0.821 0.710 0.0554 0.714 0.628 0.0430 
7 10 24.0 0 288 3.12 1.20 0.831 0.752 0.0394 0.681 0.626 0.0276 
based on experimental data should center to reduce wall effects. The one bubble-cap plate had been used 


or if NO had been admitted to the 
column with the NO:, there would 
have been a significant difference in 
the nitrogen and air results because 
air would have supplied oxygen for 
the oxidation of NO to NO:. 

At the start of a run the liquid- 
and air-flow rates were set and blank 
samples of each taken. Then the NO2 


10 be obtained by contacting gases and bottom plates. was admitted at the desired fiow rate 
containing only NO, and N.O, (plus Water or aqueous nitric acid was and the equipment was run until 
air or nitrogen as a diluent) with fed to the plate from a constant-head steady-state conditions were attained. 
dilute nitric acid or with pure ‘@nk through Tygon tubing. The The liquid flow from the column was 
water. Experimental data at vari-  P¥oduct liquid was delivered from a then diverted to the collecting bottle, 

: ies downcomer to a 20-liter bottle. Liquid and liquid was collected for 10 to 20 

ous N.O, concentrations have been k hile the fl 
; cag pale ein samples were taken t rough a glass min. while the flow rates were care- 
obtained - under ese ¢ side tube fitted with a stopcock. The fully held constant. The pressures 

\S- maintaining constant gas rates liquid flow rate was determined by a and temperatures were read, and 
(i.e., constant t) and constant tem- rotameter and checked by volumetric entering- and exit-gas samples, as 
perature (i.e., constant values of measurements. well as liquid samples, were taken 
A, B, and K,). These data are Gaseous nitrogen oxides, obtained near the beginning and near the end 

ra- plotted as from cylinders containing NO. and of the timing period. The liquid 

be N:0;, were diluted with nitrogen or samples were analyzed for HNO; by 
its 1 air and admitted at a steady rate to titrating a known volume with stand- 

‘ol- — ys the lower section of the column. The ard NaOH solution. i 
(P ) 1/2 inlet and exit gases were sampled by The gas samples were taken in 

I NeO4 means of evacuated Gaillard bulbs. evacuated bulbs containing hydrogen 
The gas-flow rates were measured by peroxide. The amount of sample was 
calibrated Venturi meters. Pressures found by weighing, and the amount 

jem. sarge 2/K oe at the top and bottom of the column of nitrogen oxides present was deter- 
1/2 gi ee tated were measured by open-tube manome- mined by titrating the HNO; formed 

(Po. me P,. ters containing a-bromonaphthalene. by the reaction between H:O. and 

chia ma The indicating fluid in the Venturi | NO., N.O,, or NO. In order to ana- 

17) , : manometers was also a-bromonaph- lyze the exit gases for the NO con- 
in Figure 2. It can be seen that a thalene, which is not strongly reac- tent, a second sampling bulb contain- 
straight line with a slope of 1.0 is tive with NO.. Temperatures at the ing potassium “permanganate in 
obtained in agreement with Equa- following points were measured by sulfuric acid was used. The excess 
tion (17). means of copper-constantan thermo- permanganate was back titrated with 

couples: (1) liquid on  bubble-cap ferrous sulfate, and the results ob- 
plate, (2) entering liquid, (3) exit tained from the hydrogen peroxide 
EXPERIMENTAL EQUIPMENT liquid, (4) entering gas, (5) exit gas. bulb and the permanganate bulb were 
AND PROCEDURE Runs were made at liquid-flow rates used to determine the NO content in 

A bubble-cap-plate column contain- of 300 and 600 cc/min., gas-slot ve- the exit gases. The observed exit-gas 

ure ing one plate was used for obtaining locities of 1.18 and 2.36 ft./sec., en- analyses differed considerably from 

t of the experimental data. The bubble- tering liquid compositions of 0 and the calculated values based on the 
cap plate was made of Lucite and was 15 wt. % HNO:, and gas compositions liquid analysis. Collection of liquid 
equipped with seven Lucite bubble of 0.45 to 11.6 vol. % eNO... All runs sampes in H.O: determined that a 

as caps. One bubble cap was located in were carried out at atmospheric pres- slight discrepancy was caused by NO 
the center of the plate, and the other sure. Nitrogen was used as the dilu- being given up by the liquid; how- 
Six caps were arranged peripheral to ent for the first series of runs, which ever, a large error in the exit-gas 
the center cap. Eight equally spaced was checked by use of air at the same analyses was due to the admittance 
circular slots of 5/16-in. diam. were flow conditions, and no significant of a significant amount of mist to the 
‘drilled in the center cap, and four difference in results was found; con- sampling bulbs. It was not possible 
slots in each of the peripheral caps, sequently, air was used for the re- to determine the amount of mist to 
these slots being directed toward the mainder of the runs. If more than {make the necessary corrections. The 
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mist also obviated the possibility of 
analyzing the exit gases by photo- 
metric methods because it would have 
critically interfered with the cell 
readings. All results consequently 
were reported on the basis of the 
liquid-flow rate, the entering- and 
exit-liquid analyses, the air-flow rate, 
and the entering-gas analysis. 

The fraction of the oxides which 
theoretically could be converted to 
HNO; according to the over-all re- 
action 

3 NO. + H.0 = 2 HNO; + NO 
was calculated by the method of Sher- 
wood and Pigford(6) by use of 
extrapolated values of the equilibrium 
constant. When water (0% HNOs) 
was used as the absorbent and the 
entering gases contained only NO: 
(with N20.) and nitrogen or air, the 
calculated theoretical conversion was 
practically 66 2/3% based on the 
total gaseous oxides. This indicates 
that the reaction is essentially irre- 
versible under these conditions be- 
cause 1 mole of NO theoretically can 
be liberated for every 3 moles of 
equivalent NO, entering the system. 

The relative amounts of NO. and 
N-O, in the entering and exit gases 
were determined from the equilibrium 
constants for the reaction (6) 

2N0O:=N.0,. 


INTERPRETATION OF RESULTS* 


Table 1 presents a sample of the 
experimental results. The runs were 
all carried out under conditions in 
which the chemical reactions in- 
volved were essentially irreversible. 
All the runs at a slot velocity of 
1.18 ft./sec. were at approximately 
the same temperature. Under these 
conditions, if the chemical reaction 
rate is the controlling mechanism 
in the over-all process, Equation 
(17) should apply, and a plot of 


2 
should be a straight line with a 
slope of 1.0. Figure 2 indicates that 
Equation (17) agrees with the ex- 
perimental data. This plot covers 
a 150-fold change in concen- 
tration in the entering gases and 
gives strong support to the theory 
that the rates of the chemical re- 
actions involving N.O, and NO. 
control the over-all removal pro- 
cess. The sensitivity of the correla- 
tion was checked by making calcu- 
*Complete tabulations of the experimental 
data are on file with the Photoduplication 
Service, American Documentation Institute, 
Library of Congress Washington 25, D. C. 


as Document 4423, which may be ordered for 
$1.25 for microfilm or photoprints. 


Page 110 


90 
re 
80 ro) 
70 
60 rey 
O 
° 
50 
-|| 2 
fe) 
40 
GAS SLOT VELOCITY=1.18 FT/SEC. 
30 62 LIQUID RATE (CC./MIN.) 
OA 300 600 
LIQUID COMPOSITION (%HNO3) 
Oo 0 415 
10 
0 
) 10 20 30 40 50 60 70 80 


Pe N204 


CP =PARTIAL PRESSURE,ATM.: Kp= ) 
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CONCENTRATIONS. 


lations for conversions other than 
the reported values, and it was 
found that the correlation was 
quite sensitive to changes in the 
experimental results, especially at 
high eNO, concentrations. 

The intercept of the straight line 
at 


—2/ Kp In 
P 


equal to zero is Bt. The numerical 
value of the intercept can be used 
to predict the line for a similar plot 
at the same temperature with a 
different contact time, assuming 
the effective gas-liquid interfacial 
area does not change appreciably. 
This was done for a contact time 
equivalent to a gas-slot velocity of 
2.36 ft./sec., and the predicted 
curve is shown in Figure 3. The 
experimental data fall slightly 
above the predicted curve probably 
because the effective contact area 
between the gas and liquid varies 
somewhat with gas rate. 
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The individual plate efficiency for 
the removal process may be ex- 
pressed as the actual amount of 
nitrogen oxides removed from the 
gases divided by the amount of 
oxides which would have been re- 
moved if the plate were theoreti- 
cally perfect. A plot of plate effi- 
ciency vs. percentage of eNO, in 
the entering gases at constant gas 
rate is shown in Figure 4. The 
platé efficiency decreases as the 
percentage of eNO. in the entering 
gases decreases. This effect would 
be expected if the factor which 
controls the over-all mechanism is 
the rate of the chemical reactions 
since the fraction of total oxides 
present as N.O, decreases with re- 
duced eNO, concentrations. 

The change in removal efficiency 
with change in total gaseous oxides 
concentration must be recognized 
when systems for the aqueous ab- 
sorption of nitrogen oxides are de- 
signed. As is indicated in Figure 
1, an increase in pressure at any 
given composition of the gases 
causes a larger fraction of the total 
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nitrogen oxides to be present in 
the form of N.O,. Consequently, 
higher plate efficiencies may be 
obtained by increasing the total 
pressure of the gases. 

The experimental data obtained 
with the bubble-cap column showed 
that an increase in the gas rate 
caused a decrease in the fraction 
of entering oxides converted to 
nitric acid, but a twofold change 
in the liquid-flow rate had no ap- 
preciable effect on the fractional 
conversion. 


SUMMARY 

The factor which controls the 
over-all mechanism in the removal 
of nitrogen oxides from gaseous 
mixtures by contact with water is 
the rate of the chemical reactions 
involved. The rate of removal of 
the nitrogen oxides is proportional 
to the concentration of N.O, in the 
gases. As the fraction of total 
oxides present as N.O, is low when 
the concentration of gaseous oxides 
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Fig. 4, EFFECT OF eNO, CONCENTRA- 
TION IN ENTERING GASES ON AB- 
SORPTION EFFICIENCY (BUBBLE-CAP 
COLUMN AT 1 ATM. TOTAL PRESSURE; 
GAS-SLOT VELOCITY OF 1.18 FT./SEC.) 


\PPROXIMATE EQUATIONS FOR 


is low, the individual plate efficien- 
cies for removal of nitrogen oxides 
from dilute gases are poor; how- 
ever improved plate efficiencies can 
result with high total pressure. 

The chemical reactions between 
nitrogen oxides and water occur 
partially in the gas phase or in the 
gas film, as evinced by the forma- 
tion of a mist when NO, and N.O, 
are in vapor. 

The fraction of the entering 
oxides which are converted to nitric 
acid decreases as the contact time 
between the gas and liquid de- 
creases. If experimental data for 
the equipment are available at one 
gas rate, the integrated kinetic 
equations can be used for an esti- 
mation of the effect of change in 
gas-liquid contact time. 
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NOTATION 

A =constant at any temperature 
B=constant at any temperature 
C = concentration, gram moles/cc. 


C,=final concentration, gram 
moles/cec. 

C. = original concentration, gram 
moles/cc. 


D = diffusivity, sa. cm./sac. 


A. I. JOHNSON, CHEN-JUNG HUANG, and F. D. F. TALBOT 


Analytical expressicns ate cbtained for the calculation of the time required for 
batch rectification ef binary feeds which may be treated by assuming constant relative 
velatility ced no column holdup. The equations cover constant reflux operations and 
varying reilrs: constant preduct cperations for the two cases involving either a large 
or a smmcil number of theoretical stages. The latter type of calculation has hitherto 
been possible cnly by tedicus graphical methods. This paper introduces novel pseudo- 
equilibrium curves which lead to simple equations of considerable accuracy. The 
equations cbtzincd may be rearranged or modified so that other factors such as sharp- 
ness of fractionation may be represented analytically. 


An accurate method for the de- 
sign of equipment for the batch 
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distillation and fractionation of 
binary liquid mixtures of constant 
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eNO, = equivalent 
2 N.O, 

k= reaction-rate constant, units 

depending on reaction involved 

K = equilibrium constant for the 

reaction, 2 NO. = N.0, 

N exvop=rate of nitrogen oxides 
removal based on equiva- 
lent NO. removal, gram 
moles/(sec.) (sq. cm.) 

P = partial pressure, atm. 

P,= final partial pressure, atm. 

P, = original partial pressure, atm. 

t = time, sec. 
x, = effective film thickness, cm. 
AC = differences in concentration 
between main body of gas 
gas-liquid interface, 
gram moles/cc. 
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overhead product composition with 
varying reflux ratio was presented 
by Bogart(1). Iiowever, the meth- 
od covered only the case of con- 
stant distillate composition with 
varying reflux ratio and involved a 
rather tedious graphical integra- 
tion. Many subsequent papers have 
dealt with modifications of assump- 
tions made by Bogart, notably the 
inclusion of the effect of holdup. 
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These papers are summarized in a 
recent excellent paper by Rose and 
Johnson(5), who also list all the 
variables which must be considered 
in any accurate computation 
method. 

Another recent paper which is 
relevant to the present work is that 
of Chu(2). Analytical expressions 
are derived for calculating the 
yield of distillate obtainable in a 
batch distillation carried out with 
increasing reflux to a_predeter- 
mined value. 

The present paper discusses ap- 
proximate analytical methods for 
constant-reflux and constant-over- 
head-composition batch  distilla- 
tions for binary systems with con- 
stant relative volatility. The 
equations derived permit the calcu- 
lation of the time required, 6, to 
reduce the initial composition in 
the pot, x mole fraction more vola- 
tile, to a final composition « mole 
fraction in an apparatus containing 
n theoretical plates. 

Depending on the number of 
plates, two situations arise. When 
n is large, the intersection of the 
operating line and _ equilibrium 
curve is usually at the same compo- 
sition abscissa as is the pot compo- 
sition for all practical purposes. 
The equations for 6 may be derived 
easily, as outlined. However, when 
n is small, this assumption is con- 
siderably in error. For this case 
pseudoequilibrium curves are de- 
veloped leading to equations for 94. 

In addition to constant relative 
volatility all the usual simplifying 
assumptions made in applying the 
McCabe-Thiele method are em- 
ployed: ideal plates, constant molal 
vaporization and overflow in the 
column at any instant, and an 
adiabatic column. The equations 
neglect holdup of liquid and vapor 
in the column and condenser. 


DERIVATION OF EQUATIONS 

Batch Operation Including a Large 
Number of Theoretical Plates. Constant 
Reflux Ratio. For constant relative 
volatility of «, the equation of the 
equilibrium curve is 


(1) 
As the number of theoretical stages 
is large, the intersection of the op- 
erating line 


R 1 
and the equilibrium curve [Equa- 
tion (1)] is for all practical pur- 
poses at the same composition ab- 
scissa as is the pot-liquid composi- 
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tion (see Figure 1). Eliminating y 
between Equations (1) and (2) 
gives the corresponding distillate 
composition, obtained as a function 
of pot-liquid composition x, 


ax 
i + R+1* 
R+1 


Equilibrium Curve Eq.(!) 


Y, Mole Fraction in Vapour 


( 
| 

~ Operating Line Eq.(2) 
| 
1 


x 


Xp 1.0 
X,Mole Fraction in Liquid 


Fic. 1. CASE la, BATCH FRACTIONA- 
TION WITH CONSTANT REFLUX RATIO 
—LARGE NUMBER OF PLATES. 


1.0 T T T T T T T T 


Equilibrium 
Curve Eq (i) 


Operating Lines 
With Different R 


Slope*L/v= 


Y, Mole Fraction in Vapour 


x 


Xp 1.0 
X, Mole Fraction in Liquid 


Fic. 2. CASE 1b, BATCH FRACTIONA- 

TION PRODUCING CONSTANT COMPO- 

SITION OF DISTILLATE—LARGE NUM- 
BER OF PLATES. 


When this is substituted in the 
basic Rayleigh equation (4) or 
batch distillation, 


WW 


and integrated, 


Wi _| _| 

(5) 
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This equation gives the relation- 
ship between the initial and final 
number of moles in the pot W,; and 
W and the initial and final pot- 
liquid compositions x; and w. If the 
vaporizing rate is V moles/hr., the 
time required for this operation is 


6=(R+1) 
= (a—1) (R+1) (6) 


Variable Reflux Ratios, Produc- 
ing Distillate of Constant Composi- 
tion. For this case as the distilla- 
tion proceeds, the reflux ratio must 
be increased to maintain a given 
product purity 2p, which is held 
constant. If the initial pot-liquid 
composition is 2,, the initial value 
of L/V (and therefore the initial 
reflux ratio) is obtained from 
Equation (3) by substitution of 
x, for x. The initial reflux ratio re- 
quired is 


(a—-1) 


(a—1) x; 


Ri= (7) 


The total time for any binary dis- 
tillation producing distillate of 
constant composition has been de- 
veloped by Bogart(1) : 


W: (x, — 2) 


(l--=-) @ 


The slope of the operating line (see 
Figure 2) may be expressed as 


L 
D 


and imposing constant relative 
volatility from Equation (1) en- 
ables Bogart’s equation [Equation 
(8) ] to be integrated to 


W; — 
"= 
(1 — + 
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Batch Operation Involving a Small 
Number of Theoretical Plates. Constant 
Reflux Ratio. The proposed method 
for calculation involving a small 
number of theoretical plates and 
constant reflux ratio is based on 
the use of a pseudoequilibrium 
curve and the application of the 
method previously described. 

The pseudoequilibrium curve is 
to relate pot composition and over- 
head composition for -constant- 
reflux-ratio distillation. Further- 
more, it should reflect the relative 
volatility of the system, the num- 
ber of theoretical plates in the col- 
umn, and the reflux ratio. A curve 
which does this with sufficient ac- 
curacy for engineering calculations 
may be developed as follows (see 
Figure 3). 

Following is a consideration of 
the geometry corresponding to # = 
0.5. This abscissa was chosen as a 
starting point because of the simple 


value of the ordinate, y = 
the true equilibrium curve BEGD. 
For the true equilibrium curve the 
pseudoline F'D is substituted. This 
line also has a rather simple equa- 
tion 


a—l 
“Fs on 
or 
y = Mor — be where m2 = 
2 a—l 
= a2) 


The equation of the operating line 
corresponding to the fixed reflux 
ratio and to the pot-liquid composi- 
tion x, = 0.5 may-be 


y = mac + bi (13) 
where = R+i 


A relationship between wz, and 2p 
can be developed by a method simi- 
lar to that of Smoker(7). Corre- 
sponding to 2, = 0.5, the composi- 
tion of equilibrium vapor is «/ («+ 
From Equation (13), 
Qa 
—— Jb 
yn 


Ln-1 = m1 = mi (14) 


By substitution in Equation (12), 
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Yn—1 = M2 + be = 


me 


—b:) + be (15) 


When this operation is continued 


from plate to plate and r = beac 


Pseudo 
Equilibrium 
Curve 


Operating 


Curve 


V, Mole Fraction in Vapour 
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Fic. 3. CASE 2a, BATCH FRACTIONA- 
TION WITH CONSTANT REFLUX RATIO 
—SMALL NUMBER OF PLATES. 
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Y, Mole Fraction in Vcpour 
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8 


° J 1.0 


X, Mole Fraction in Liquid 
Fic. 4. CASE 2b. BATCH FRACTION 
PRODUCING CONSTANT COMPOSITION OF 
DISTILLATE — SMALL NUMBER OF 
PLATES. 


+ 


(16) 


If n is the number of equilibrium 
stages including the pot and if h 
is the number of theoretical plates 
in the column, then y,,; is equal to 
y,;, the composition of the vapor 
from the first plate. 

Summing the geometric series: 


wh 


a-+l1 (17) 
1+ 
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This gives one of the y values 
on the pseudoequilibrium curve 
BHD, the proposed curve relating 
the pot composition to the overhead 
composition for constant reflux 
ratio distillation for the given con- 
ditions. It is called a pseudoequili- 
brium curve because the constant 
relative volatility « associated with 
it is to be used in the simple Ray- 
leigh batch fractionation equation. 
The ordinates on the curve are de- 
noted as y’ to associate them with 


Again since the absc‘ssa is still 
0.5 for point H, the pseudorelative 
volatility « is obtained from the 
ordinate. 


1+ (Rap 
where 
_2(R+4+1) 
R(@+)) (19) 
R+1 


The pseudorelative volatility «’ 
is now used in the same manner 
as true relative volatility in simple 
distillation. Mathematically, the 
pseudoequilibrium curve can be ex- 
pressed in the equation 


(20) 


By this development therefore 
the composition of distillate xp cor- 
responding to the liquid composi- 
tion x in the pot at the same time 
is equal to the pseudovapor com- 
position y’ which is in equilibrium 
with the same liquid composition x. 
The closeness with which a curve 
so drawn follows the actual curve 
relating these compositions is indi- 
cated in the example shown in Fig- 
ure 4. The dashed line OJKHMD 
was drawn here to relate actual 
pot compositions to overhead com- 
positions for three _ theoretical 
plates. The curve OEGFD corre- 
sponds to an «@ value based on 
Equation (18). Actually, at high 
values of x, y’ will be found to be 
lower than xp, as can be seen from 
Figures 3 and 5 and at lower «x 
values y’ will be greater than Zp. 
Nevertheless, for most applications 
the fit is sufficiently close for the 
results obtained to be useful. Equa- 
tion (20) yields the approximation 
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Substituting Equation (21) in the 
basic Rayleigh equation [Equa- 
tion (4) ] yields the relationship be- 
tween the initial and final amounts 
of liquid in the pot: 


(21) 


ya 1 
(1 | a/ = 
W: vi 
W a 
(1 — x) 
T T T T T T T 
M 
Pseudo Equilibrium H 
G 
\ 
5 
> i R 
Slope: 7 
pe: ——-20.43 
: 
° 
4 
= 4 
Equilybrium Curve 
4 


X, Mole Fraction in Liquid 


Fic. 5. SAMPLE CALCULATION OF 
CASE 2a. 


And therefore the time required to 
reduce the liquid composition in 
pot rom 2; to 2 is 
1 


@=(R+1 " 
a’ 
(23) 
= 
uv 


Variable Reflux Ratio Producing 
Distiliate of Constant Con position. 
Development of Equation (10) was 
made possible by the assumption 
that the operating line and equilib- 
rium curve intersect at the abscissa 
corresponding to the pot ccmposi- 
tion. If the number of theoretical 
stages is rolatively small, the com- 

osition of liquid in pot will corre- 
spond to a larger abscissa than this 
point of intersection. In the pro- 
posed method a pseudoequilibrium 
curve is set up which may be used 
in the same manner as for Equa- 
tion (10) but which will reflect the 
small number of equilibrium stages. 
The pseudoequilibrium curve also 
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includes the relative volatility of 
the system. 

The method of introducing the 
pseudoequilibrium curve, illustra- 
ted in Figure 5, is to hold up to 
total reflux, and so the concentra- 
tion of the pot liquid for the case 
of total reflux, a, is first obtained 
from the Fenske equation(3). 

= (24) 
a’ (1 — +2, 


The pseudoequilibrium curve is 
now constructed based on the re- 
lations 


u=(1—a)zx (25) 


v=(1 —a)y (26) 


The u-v coordinates now refer to 
a reduced diagram EFGC; the or- 
igin can be located as x =a and 
y =a. The pseudoequilibrium curve 
is obtained by substituting u, v 
from above in Equation (1) to give 


au 
y= = 1) 1+ 8 (a—-1)u 
(27) 
where 
B= (28) 


It should be emphasized that for 
this construction u-v and a-y co- 
ordinates adopt the same modulus. 
When it is desired to use a-y axes 
as a reference 


II 


x 


u-+a (29) 
y=vt+a (30) 


Substituting these values in Hqua- 
tion (27) yields the correct form 
of the pscudocquilibrium curve re- 
ferred to in tne diagram AOBC 
coordinates) : 
a(x — a) 
6B (a — 1) @ — a) ( 
If cn2 eliminates y between Equa- 
tions (31) and (2) and solves for 


(x [1+ B(a-D)X] 
(a-1l) 


R+1= 


X 


Equation (32) is the mathemati- 
cal expression relating the reflux 
ratio, R, with the composition of 
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pot liquid, , for the case of a small 
number of theoretical stages and 
of distillate of constant composi- 
tion. As 
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3 
10 T T T T T 
Equilibrium 
L Curve 4 
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CASE 20. 
Cc | ] 
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Fic. 7. SHARPNESS OF SEPARATION. 


the proper substitutions can be 
made into Bogart’s equation |Equa- 
tion (8) ] to yield finally 


(x = Xi) 


V (a — 1) me xX 
ap 1 — BX 


1+ mB (a — (34) 
m (mB — 1) m— X 
where 
X=4,—a 
X=x—a 
mM = 


SHARPNESS OF FRACTIONATION 
FOR CONSTANT REFLUX RATIO 
AND A SMALL NUMBER OF 
PLATES 

A sharpness of fractionation 
curve is a plot of the average dis- 
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tillate composition against 
centage of moles distilled. Rose 
and Welshans(6) have presented 
analytical methods for calculating 
sharpness curves for the case of 
constant relative volatility, any 
given number of stazas, no holdup, 
and essentialiy total reflux. 
Equation (22) will permit sharp- 
uess curves to be drawn for any 
reflux ratio, thus extending the 
work of Ros2 and Welshans. The 
pseudorelative volatility «’ is cal- 
culated from Equation (18) as be- 
fore. Figure 7 shows a s2ries of 
curves corresponding to increasing 
reflux ratio to illustrate the cal- 
culation. Curve A is for a reflux 
ratio of 3 corresponding to the 
example of Figure 5; the circle 
points were calculated graphically 
for this example and show excellent 


the per- 
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= Vi x 


agreement with the tical re- 
sults. 

The caleulations for curve A are 
shown as an appendix. 
NOMCGRAMS 

The final equations may be solved 
by combinations of nomograms cf 
the usual type; however, there is 
little time advantage in using these, 
and for greater accuracy the use 
of the equations with a calculating 


analy 


machine is recommended. 
Figure 8 is a nomogsranh for 
calculating 
(1 1 
Vi 
a 
(1 — 2x) 


which appears in Equations (6) 
and (28). 
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X, Final Pot Liquid Composition in Mo! Fraction 


Figure 9 is a nomogram for 
calculating a based on Equation 


(24) and 0 perme. Pag These values 
1—a 
ara roquired fer the calculations 
utilizing Equation (3-1). 
SAMELZ CALCULATICNS 
As an illustratien, the results 
of sample calculations are shown 


in Tables 1 and 2 and are compared 
vith those obtained by graphical 
integration. 


SUMMARY 

The equations for approximate 
calculation to determine the time 
required to reduce the composition 
of liquid in the pot from 2; to x 
are summarized as follows: 
I. Batch Operation Involving a Large 


Number of Theoretical Plates 
a. Constant reflux ratio 
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b. Variable Reflux Ratio, Produc- 
ing Distillate of Constant Com- 
position 


W; vi) 
6 = — (1—2z_) 
Via (l—a D 
tn 


Vi 


+ ax In (10) 


II. Batch Operation Involving a Small 
Number of Theoretical Plates 
a. Constant Reflux Ratio 


6= (R+1) 


h 


a’ +1 


r 
R+1 


b. Variable Reflux Ratio, Produc- 
ing Distillate of Constant Com- 
position 


1 In Xi 


1+ mB — 1)),m— Xs] 
m (mB — 1) m— X 
(34) 


4 
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where 
X=2-a 
1 
= 
D l1—a 


and 


x 
D 


a= 


TABLE 1.—BATCH OPERATIONS INVOLVING A LARGE NUMBER OF PLATES 


Operating conditions and 
calculating results 


Initial amount of liquid in pot............ 
Final composition of liquid in pot......... 
Initial composition of liquid in pot........ 
Rate of 
Constant composition of distillate......... 


Composition of initial distillate............ 


Amount of liquid left in pot calculated by 
graphical integration.................. 
Amount of liquid left in pot calculated by 
proposed method [Equation (5)]........ 
Time, calculated by graphical integration . 
Time, calculated by proposed method..... 
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Constant 
Constant composition 
reflux ratio of distillate 
a 1.5 1.5 
W; 100 moles 100 moles 
x 0.05 0.05 
X; 0.50 0.50 
50 moles/hr. 50 moles/hr. 
R 3 
R; 3 
x 0.90 
D 
x 0.90 
D; 
Ww 22.2 moles 
W 22.9 moles 
0 6.23 hr 7.36 hr. 
6.10 hr 7.11 hr. 
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6= (R + 1) 
a2-1k +1 (6) | 2 
| 
| 
| 
| 
| ¢ 
| 
(1 — x) | 
i 
where 
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I 
x 
mB—1 1— BX; 
a 
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involve novel 
curves which 


These equations 
pseudoequilibrium 
may be useful in other applications, 
as illustrated by the example of 


sharpness of fractionation. It 
should be emphasized that these 
equations are approximate expres- 
sions only; however, they yield 
results which should aid in schedul- 
ing pilot-plant and industrial batch 
distillations and in evaluating the 
effect of the major factors—num- 
ber of plates, relative volatility, 
vapor rates, and compositions on 
the times required for these dis- 
tillations. 

Some engineering discretion is 
required in the selection of equa- 
tions. In general a small number 
of theoretical plates would be six 
or fewer and a large number ten 
or more. In border cases both equa- 
tions should be applied for any 
given distillation. 


NOTATION 


W,= Initial amount of liquid in 
pot, moles 
W = Amount of liquid in pot, moles 
«; = Mole fraction of more volatile 
component of the initial liquid 
mixture in pot 
x = Mole fraction of more volatile 
component of the liquid mix- 
t&re in pot 
«= Relative volatility 
6= Time required to reduce the 
initial liquid composition in 
pot, «,, to the final composition, 
hr. 
n= Number of theoretical stages 
h= Number of theoretical plates 
in a distillation column 
y= Vapor composition in mole 
fraction which is in equilibrium 
with liquid mixture of com- 
position x 
y' = Ordinate value 
equilibrium curve 
R= Reflux ratio, L/D 
R,= Initial reflux ratio for the 
case of constant composition 
of distillate 
V = Rate of vaporization, moles/hr. 
Amount of refiux, moles/hr. 
xv = Mole fraction of more volatile 
component in the distillate 
xv; = Mole fraction of more volatile 
component in the initial dis- 
tillate for the case of constant 
reflux ratio 
«’ = Pseudorelative volatility deter- 
mined by Equation (18) 
a= Mole fraction of liquid calcu- 
lated by Equation (24) 
8 = 1/(1-a) 


on pseudo- 
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r=2(R+1)/R(e+1) 
m,=R/(R+1) 

My = 2/(«a+1) 

= 2p/(R+1) 

bo = (a —1)/(a+1) 

X=x—a 
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TABLE 2.—BATCH OPERATION INVOLVING A SMALL NUMBER OF PLATES 


Operating conditions and 
calculation results 


Initial amount of liquid in pot............ 
Initial composition of liquid in pot.... ... 
Final composition of liquid in pot......... 
Rate of vaporization............ 
Number of theoretical stages............. 
Number of theoretical plates in the column 
Constant reflux ratio 


r, calculated from Equation (19).......... 
Slope of pseudoline of Equation (12)...... 
Slope of operating line of Equation (13)... 
Pseudo relative volatility 
B calculated by Equation (28)............ 


X=x-a 


Time, calculated by graphical integration . 
Time, calculated by proposed method ..... 


APPENDIX 


Sharpness of Fractionation Curves by the Analytical Method 


W = 100 moles 
xX; = 0.4 
a 
a =4.0 
R=0.75 
y 
0.35 91.0 0.858 91.8 
0.30 82.6 0.824 84.0 
0.25 75.2 0.784 78.0 
0.20 68.5 0.732 73.0 
0.15 62.1 0.656 67.0 
0.10 56.2 0.548 62.8 
0.08 53.8 0.487 61.0 
0.06 50.8 0.410 58.8 
0.04 48.1 0.282 56.8 
0.02 43.8 0.182 54.6 


Constant 
Constant composition 
reflux ratio of distillate 
a 4.0 4.0 
W; 100 moles 100 moles 
X; 0.40 0.40 
0.10 0.18 
V 50 moles/hr. 50 moles/hr. 
n a 3 
h 2 
R 0.75 
R; 0.75 
0.90 
D 
x 0.90 
D; 
r 0.934 
mM» 0.40 
m; 0.43 
by 0.60 
a’ 11.82 
a . 0.123 
1.140 
m 0.777 
X; 0.277 
x 0.057 
tf] 1.66 hr. 1.62 hr. 
r) 1.50 hr. 1.48 hr. 
(Presented at A.I.Ch.E. Washington meeting) 
R=50.0 Total reflux* 
y W y 
0.950 92.1 0.972 
0.930 85.2 0.966 
0.910 79.3 0.956 
0.884 74.0 0.942 
0.845 69.1 0.920 
0.770 64.8 0.878 
0.725 63.2 0.848 
0.665 61.5 0.804 
0.558 59.8 0.728 
0.382 58.0 0.567 


*According to Rose, A., and L. M. Welshans, Ind. Eng. Chem., 32, 668 (1940). 


Graphical Construction 


W = 100 moles 
xy = 0.40 

a =40 
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5 W y 
0.35 92.0 0.858 
0.30 83.2 0.820 
0.25 74.5 0.768 
0.20 68.4 0.700 
0.15 61.7 0.600 
0.10 56.2 0.460 
0.05 45.2 0.265 
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2 
3 
4 
5 
6 
Constant composition of distillate......... 
- Initial composition of distillate........... 


KINETICS OF THE CATALYZED AND 
UNCATALYZED LIQUID-PHASE HYDRATION 
OF PROPYLENE OXIDE | 


A. L. BENHAM and FRED KURATA 


University of Kansas, Lawrence, Kansas 


The kinetics of the catalytic and noncataiytic hydration of propylene cxide were studied in a continuous reactor. Both 
the catalytic and mcncatalytic reaction were studied over a temperature range cf 100° to 306°F. The feed ratics ranged from 
2.5 to 10 [b. z/lb. prepylene oxide. In the case of catalytic reaction, the catalyst concentration of sulfuric acid ranged up 
to 0.25 wt. % cf the total feed. 

The study shcwed the noncatalytic reaction to be pseudo first order with respect to propylene cxide, and en equation was 
found fer the rate constant. The cat alytic reaction was found t> be pseud> second order with respect to propylene oxide, and 
the effect of the catalyst concentration is shown graphically. 


Propylene glyzol (1-, 2-propane- 
diol), which was3 first prepared by 
Wertz(10) in 1859 by hydrolysis 
of propylene giycol diacetate, was 
first produced on a commercial 8" PIPE 5 
scale by Carbide and Carbon Chem- 6"PIPES 
icals Co. in 1931 via the chlorhy- 174" Su TUBING | CHILLER PRODUCT 
drin process. Curme and Johns- © 100" —fis— 280 
propylene glycol 1as become in- | 
creasingly important, and in 1950 
85,000,000 lb. was produced. In prencaten|S 
1951 propylene glycol was being 
produced in five plants located in ROTAMETERS 
three states(?). Although the ma- 
jor portion of propylene glycol is 
manufactured by the chlorhydrin ¥ © 
process, there is increasing interest | X 
in its production by the hydration SURGE TANK . TURBINE PUMP 
of propylene oxide. 420 PRO 
This investigation, made because 
of the lack of information on this 
reaction in the. literature, was set 
up for study of the kinetics of this 
reaction. Some data on the distri- 
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Fig. 1. Fuow DIAGRAM OF RZACTOR. 


A. L. Benham is at present with the 
University of Michigan, Ann Arbor, Michigan. 
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bution of preducts when propylene 
and dipropyiens glycols are formed 
were also desired. The study was 
limited to a liquid-phase, homoge- 
neous reaction, and both the un- 
eatalyzed reaction and the reaction 
catalyzed with sulfuric acid were 
included in the study. The reaction 
was studied over a temperature 
range of 100° to 300° F.; the feed 
ratio was varied from 2.5 to 10 lb. 
water/lb. prepylene oxide; and the 
cataiyst concentration ranged up to 
0.25 wt. % of the fee 


Fic. 2. REACTOR CONTROL PANEL.> 


APPARATUS AND PROCEDUR 

Apparatus. The reactor may be de- 
scribed with reference to the flow 
diagram shown in Figure 1 and the 
photographs in Figures 2, 3, and 4. 
In general the reactor consisted of a 
650-ft. soction of 1/4-in. copper tub- 
ing wound on the inside pipe of two 
concentric pipes with water circulat- 
ing in the annulus to maintain the 
desired temperature. The coil was 
wound so that the water could circu- 
late on both sides of the coil. The 
reactants mixed immediately before 
entering the reactor, and the reacted 
mass was quenched in an ice bath im- 
mediately after leaving the constant- 
temperature reactor. 


Fic. 4. OVERHEAD VIEW OF REACTOR.> 


Fig. 8. SAMPLING THE REACTOR 
PRODUCT. 
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The two reactants were water and 
propylene oxide. The water was con- 
tained in a 20-gal. steel tank and the 
propylene oxide in a 5-gal. steel con- 
tainer. When catalytic runs were 
made, the sulfuric acid was mixed 
with the feed water. For these runs 
the steel feed-water tank was re- 
placed by two 9-gal. stainless steel 
tanks. A nitrogen cylinder was con- 
nested to both the water and the 
propylene oxide containers and a 
pressure regulator maintained a con- 
stant pressure on them. The feed 
water left the tank through 1/4-in. 
copper tubing which led to a needle 
valve, then to a rotameter, a pre- 
heater consisting of a steam heat ex- 
changer, a 9-kw. electric immersion 
preheater, and a check valve to the 
point where it mixed with propylene 
oxide. The propylene oxide was caused 
to flow through a needle valve, a 
rotameter, and a check valve to the 
point where it mixed with the feed 
water. The reactant solution then 
passed into the reactor proper. As a 
safety precaution, a rupture disk was 
placed in the mixing section. The re- 
actor proper was made of 650 ft. of 
1/4-in. copper tubing which was 
wound on an 8.5-ft. section of 6-in. 
pipe, which was then inserted coaxial- 
ly in an 8-in. pipe. Water flowed in 
the annular space between two pipes 
in order to maintain the reaction 
mass at a constant temperature. This 
water was kept at a constant tem- 
perature by circulating it through an 
outside circuit where it flowed first 
into a surge tank, then through a 
turbine pump, through a heater, and 
back into the bath. Pressure was 
maintained in the bath circuit to 
keep the water in the liquid phase. 

After the reactant mass had passed 
through the 650 ft. of tubing, it was 
immediately passed through an ice 
bath, where it was chilled in order 
effectively to stop the reaction. The 
solution was then passed through a 
pressure relief valve and was col- 
lected in a sample container. 

A pressure gauge was placed in the 
line preceding the reactor section and 
one was placed following the quench- 
ing section. Nine thermocouples were 
included in the system in order to 
measure temperatures. Their loca- 
tions were as follows: 

1. Ten feet from the inlet in the 
reactor tubing 

2. Fifty feet from the inlet in the 
reactor tubing 

3. One hundred and fifty feet from 
the inlet in the reactor tubing 

4. Four hundred feet from the in- 
let in the reactor tubing 

5. Exit of circulating water from 
reactor 

6. Inlet of circulating water to 
reactor 

7. Six hundred and fifty feet from 
inlet in the reactor tubing just out- 
side reactor 

8. After preheater in feed water 
line 

9. In the mixing section 
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Thermocouples 1 through 4 were 
soldered onto the outside of the re- 
actor tube wall. Calculations showed 
that for the conditions chosen for 
this study, these thermocouples would 
indicate essentially the temperature 
of the fluid in the tube. The other 
thermocouples were placed in wells in 
the fluid stream. The temperatures in 
the various sections of the reactor 
never varied more than 1°F. from 
one point to another. 

The reactants for this project were 
distilled water and propylene oxide, 
which was obtained from Carbide and 
Carbon Chemical Corp. The specifica- 
tions for the propylene oxide (2) fol- 
low: 


Water 


Color 


Suspended Matter 
Distillation at 160) mm.. 


Procedure. The circulating pump 
was started first and the reactor 
was heated to the desired tempera- 
ture by controlling the heater in 


the circulation system. The reac- 
tion temperature was easily con- 
trolled within + 1° F. for any given 
run. Feed water was then fed into 
the reactor system at a specified 
rate and the feed preheater was 
used to heat it a few degrees above 
the desired reaction temperature. 
Then cold propylene oxide was me- 
tered into the system and the water 
preheater was regulated to bring 
the temperature of the reactants, 
after mixing, to the desired reac- 
tion temperature. The individual 
flow rates were indicated by rota- 
meters and controlled by needle 


0.05 wt. % max. as acetic acid 
1.0 wt. % max. 


..-. 0.005 g./ml. max. 
.... 15 pt-Co APHA units, max. 
.... Substantially free 
sens, 


30.0°C. min. 


95 ml. 40.0°C. max. 


valves. Pressure was maintained in 
the reactor by a pressure-relief 
valve downstream from the quench- 
ing zone so that the reactants were 


TABLE 1.—UNCATALYZED REACTION-RATE CONSTANTS 


Feed 
ratio, 
Reaction R; 
Run temp., °F. Ib. H.G 
Ib. PrO 
1 200 10.0 
2 200 10.0 
200 10.0 
17 200 10.0 
7 200 10.0 
18 200 10.0 
8 200 10.0 
14 200 5.0 
15 200 5.0 
16 200 5.0 
27 2 2.5 
28 200 2.5 
200 25 
24 200 2.5 
4 250 10.0 
5 250 10.0 
6 250 10.0 
9 250 10.0 
19 250 10.0 
10 250 10.0 
20 250 5.0 
21 250 5.0 
22 250 5.0 
29 250 25 
30 250 25 
25 250 2.5 
ll 300 1 
SI 300 10.0 
32 300 
12 300 15.0 
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Reaction- 
Fractional rate 
conversion constant, 
Vr/F of hi, 
(cu. ft.) (sec.) PrO, X lb. mole 
(Ib. mole) (cu. ft.) (sec.) 
55.9 0.0357 9.000649 
0.0572 0.000526 
0.111 0.000511 
219.2 0.120 0.000645 
319.2 0.187 0.000593 
312.7 0.173 0.000580 
446.9 0.234 0.000604 
Representative 0.000625 
217.0 0.081 0.000405 
310.0 0.102 0.000331 
867.7 0.232 0.000303 
Representative 0.00037 
102.5 0.0454 0.000535 
205.0 0.0550 0.000275. 
356.5 0.0760 0.000244 
510.5 0.111 0.000242 
Representative 0.00024 
55.9 0.154 0.00298 
0.242 0.00247 
223.5 0.460 0.00275 
319.2 0.536 0.00239 
319.2 0.502 0.00264 
447.0 0.697 0.00216 
Representative 0.0025 
215.9 0.280 0.00151 
309.9 0.372 0.00148 
867.3 0.724 0.00147 
Representative 0.00148 
102.5 0.104 0.00060 
205.0 0.139 0.00107 
356.0 0.194 0.00073 
Representative 0.00087 
55.9 0.392 0.00888 
219.2 0.802 0.00728 
319.2 0.916 0.00765 
Representative 0.0080 
63.6 0.548 0.01242 


March, 1955 


Tl 

af 

tu 

sa 

: ta 
tel 

OV 

all 

th 
lyz 

V 
the 

mi 

| de 
the 

ly 
ph 

Th 

lin 
use 

tio 

wh 

bei 

RE 

of 

su 

cat 

pse 
the 

Th 
cal 

| eq 
fro 

rat 

the 

ide 

Vo 


Wwe 


1955 


1.0) | | 

0.6) 
4 
Q 60 

a 0.4 T 
2 5 
z o€ UNCATALYZED 
° 28° DATA 
--CALGULATED 

0.0} | | | 

0 100 200 300 400 500 600 700 800 


cu. ft.sec./Ib.mol. 


Fic. 5. UNCATALYZED DATA, CONVERSION OF PROPYLENE OXIDE TO 
GLYCOL, 250° AND 300°F. 


maintained in the liquid phase. 
The reactor product was chilled 
after leaving the constant tempera- 
ture zone and was collected in a 
sample bottle. A sample was not 
taken until after the flow rates and 
temperature had been maintained 
over a period of time which would 
allow the reactants to pass through 
the reactor. The sample was ana- 
lyzed by the method used by Davis, 
Von Waaden, aud Kurata(4). 

When catalytic runs were made, 
the sulfuric acid catalyst was 
mixed with the feed water. In or- 
der to stop the reaction effectively, 
the product sample was immediate- 
ly neutralized with sodium hydrox- 
ide. 

Under certain conditions two liquid 
phases are possible for this system. 
The solubility data of Wickert, Tamp- 
lin, and Shank(9) were extended for 
use at higher temperatures. Condi- 
tions for study were then chosen 
which would ensure the reactant mass 
being in the single liquid phase. 


RESULTS 


Noncatalytic Reaction. The results 
of thirty noncatalytic runs are 
summarized in Table 1. The un- 
catalyzed reaction was found to be 
pseudo first order with respect to 
the propylene oxide concentration. 
The reaction-rate constants were 
calculated from the _ integrated 
equation below, which was derived 
from the basic assumption that the 
rate of reaction is proportional to 
the mole fraction of propylene ox- 
ide. The relationship between the 
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Fic. 6. ARRHENIUS EQUATION FOR 
UNCATALYZED REACTION. 


TABLE 2.—CONSTANTS CHARACTERISTIC OF UNCATALYZED REACTION 


Arrhenius constants 


—E 
ky = Ae — 
R 
Feed Energy of 
ratio, activation, 
R; A, E, 
lb. H,O lb. mole B.t.u. 
lb. PrO (cu. ft.) (sec.) lb. mole 
10.0 1.868 105 25.6 10° 
5.0 1.125 x 105 25.6 x 10° 
0.668 « 1C5 25.6 108 
Concentration function 
ky =a 
Reaction a, db, 
temperature, °F. lb. mole unitless 
(cu. ft.) (sec.) 
200 1.41 10-3 34 
250 4.40 x 10-4 34 
300 1.11 x 10-4 34 
measurable quantities (Vp, F, X 
je? —> C 
A’) was further developed starting 7 
with the material balance over a or 
differential section of the flow re- 
actor, as suggested by Hougen and Vr 1 | is 1 arx| 
where 


CH; C2H30 + —> 
CH; — CHOH —CH.OH 
A.I.Ch.E. Journal 


A’ = initial concentration of pro- 
pylene oxide, mole fraction 
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F =total feed rate, lb. moles/ 

sec. 

k, = first-order reaction - rate 

constant, lb. mole/(cu. ft.) 
(sec. ) 

Vr = reactor volume, cu. ft. 

X = fractional conversion of 

propylene oxide 

A representative reaction con- 
stant was found for each series of 
runs at a given temperature and 
feed ratio but with varying feed 
rates. The representative rate con- 
stant was found by fitting a calcu- 
lated curve to the experimental 
points as shown in Figure 5. Simi- 
lar procedures were carried out at 
other temperatures and feed ratios. 
The effect of temperature on the 
reaction-rate constant at three dif- 
ferent feed ratios is shown in Fig- 
ure 6. 

The value of the reaction-rate 
constant was found to change with 
the initial propylene oxide concen- 
tration. This effect is correlated 
for three different reaction tem- 
peratures, 2s shown in !igure 
The equation oi the line is of the 
form 

= ah? 
where 
@=constant for a given tem- 
perature, lb. moles/(cu. ft.) 
(sec. ) 
b =consiané for uncatalyzed re- 
action, unitiess 
k, =reaction-raie constant, Ib. 
moie/ (cu.it.) (sec.) 
?; =feed ratio of reactants, lb. 
water/Ib. propyie ne oxide 

The val the constants for 
the Arrhenius equation as obtained 
from figure 6 and the constants 


eS or 


obtained rox the curves in Figure 7 
are given in Table 2. 
Catalycic Reactisn. The summar- 


ized resulis of the reaction cata- 
lyzed with sulcuric acid are avail- 
able elsewherc.* This reaction was 
found to be pseudo second order 
with respect to a mole fraction of 
propylene oxide. The rate constants 
were computed by use of the inie- 
grated form oi ihe second-order 
rate expression icr the reaction: 


A’ X + (A’ 
where 


A’ = initial concentration of pro- 
pylene exide, mole fraction 


*Deposited with the Photoduplication Service, 


American Docume.itary institute, Library of 
Congress, Westin 25 D.C., as document 
4486, obtainable for $1.25 for microfilm or 


photoprinis. 
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II 


total feed rate, lb. moles/ 
sec. 

= second-order 
constant, lb. 


reaction-rate 
mole/(cu.ft.) 


(sec. ) 

N, = concentration of propylene 
oxide at any time, mole 
fraction 


Vp = reactor voluine, cu.ft. 

X = fraction conversion of pro- 

pylene oxide 

This cxpression was derived on 
the assumption that the rate of re- 
action is preportional to the square 
of the mole fraction of propylene 
oxide and that there is no compet- 
ing reaction for propylene oxide. 
This latter asumption is true ex- 
cept for twelve of the catalytic runs 
in which deicctable amounts of di- 
propylene glyccl were formed. The 
results cf these twelve runs are 
given in Table 8. It is seen from 
this table that the conversion of 
propylene oxide to di-propylene gly- 
col did not cxeeed 2% and that the 
conversion to propylene’ glyco! 
varied from 238 to 90%. The effect 
of the competing reaction upon the 
calculation of the rate constant was 
therefore negligible. 

A representative reaction-rate 
constant was found for each series 
of runs at a given temperature, 
feed ratio, and catalyst concentra- 
tion but at different throughput 
rates. The rate constant was 
found in the same manner as for 
the uncatalyzed reaction. Figure 8 
shows the computed and the ex- 
perimental curves of fractional 
conversion vs. Vp/F at 100°, 125° 
and 150°F. for a feed ratio of 10 
Ib. water/Ib. propylene oxide when 
the catalyst concentration is 0.05 
wt. %. Similar curves were drawn 
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Fic. 7. CONCENTRATION EFFECT FOR 
UNCATALYZED REACTION. 


for other catalyst concentrations 
and feed ratios. 

The effect of temperature on the 
reaction-rate constant is shown in 
Figure 9 for different catalyst con- 
centrations and feed ratios. 

For conditions of constant tem- 
perature and acid concentration, 
the effect of the initial feed ratio 
on the rate constant was correlated 
as shown in Figure 10. The curve 
is of the form ky = aR;. 

The effect of the catalyst concen- 
tration on the rate constant at re- 
action temperatures of 100°, 125°, 
and 150°F. and with feed ratios of 
5 and 10 is shown in Figures 11 
and 12. 


9 


| 


CATALYTIC DATA 
0.05 wt.% HeSO4 
Ri= lb. Hg0/ Ib. PrO 


FRACTIONAL CONVERSION: x 
, 


0.2 z — — ORIGINAL 
-- CALCULATED 
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The constants for the Arrhenius 
equation as obtained from Figure 
9 and for the effect of the feed 
ratio as taken from Figure 10 are 
given in Table 4. 


DISCUSSION OF RESULTS 


A comparison of the correlation 
with the experimental data points 
has been made in order to estimate 
the accuracy of the correlation, 
which was used to calculate the 
experimental data points as shown 
by dashed lines in Figures 5 and 8. 
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For the uncatalyzed reaction the 
average percentage of deviation of 
the correlation from the experi- 
mental points was found to be 9.6, 
and the standard deviation was 
0.024. The average percentage of 
deviation for the catalyzed reac- 
tion was 3.8 and the standard devi- 
ation was 0.026. 

Since other experimental data 
for this reaction are not available 
in the literature, a direct compari- 
son of this study cannot be made; 
however, data are available for a 
few other epoxide reactions. 

Bronsted et al.(1) and Lichten- 
stein and Twigg(6) studied the 
liquid-phase hydration of ethylene 
oxide. Both groups found that the 
uncatalyzed reaction was first order 
with respect to ethylene oxide. This 
may be compared with the pseudo 
first-order rate found for the un- 
catalyzed reaction of this study. 
Bronsted et al.(1) studied the per- 
chloric acid catalyzed hydration of 
ethylene oxide and found this re- 
action to be first order with respect 
to ethylene oxide and the rate to 
be proportional to the hydrogen 
ion concentration. In the present 
study such a simple dependence on 
the hydrogen ion was not found, 
and the catalytic reaction was 
found to be second order with re- 
spect to propylene oxide. 

Lichtenstein and Twigg (6) 
studied the sodium hydroxide cata- 
lyzed reaction and found that the 
reaction-velocity constant could be 
expressed as follows: k =a |OH-] 
+b|OH-|*. Smith, Wode, and 
Widhe(8) caried out kinetic studies 
on the liquid-phase hydration of 
ethylene oxide with perchloric and 
nitric acids as a catalyst. They 
found that the rate of this reaction 
was independent of the kind of 
acid used. Percorini(7), studying 
the reaction of propylene oxide 
with methanol to form 1-methoxy- 
2-propanol by use of a sodium hy- 
droxide catalyst, found the effect 
of the sodium hydroxide to be one 
of direct proportionality. 


CONCLUSIONS 


The kinetics of the catalyzed and 
uncatalyzed homogeneous  liquid- 
phase hydration of propylene oxide 
to form propylene glyco! have been 
studied and the results correlated 
in a form convenient fur the design 
of reactors. 

The uncatalyzed reaction was 
found to be pseudo first order with 
respect to the concentration of 
propylene oxide. From the results 
of the uncatalyzed study, the re- 
action-rate constants for different 
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initial propylene oxide concentra- 
tions have been expressed as a 
function of the feed ratio of water 
to propylene oxide. 

The reaction catalyzed with sul- 
furic acid was found to be pseudo 
second order with respect to the 
concentration of propylene oxide. 
The rate constant for this reaction 
has been expressed as a function 
of the acid concentration, feed 
ratio, and temperature. 

In order to cheek the accuracy of 
the correlations obtained from this 
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_ TABLE. 3.—DISTRIBUTION OF PRODUCTS FOR RUNS WHERE 
DIPROPYLENE GLYCOL WAS FORMED 


Feed Propylene oxide conversion, 
Catalyst ratio Vr/F, fraction 
conc. R;, cu. ft./ to to 
Reaction H.SO,, Ib. H,O (sec.) glycol diglycol Total 
Run temp., °F. wt. % Ib. PrO (Ib. mole) Xi Xr 

72 125 0.10 5.0 108.5 0.633 0.012 0.645 
70 125 0.10 5.0 216.9 0.829 0.007 0.836 
71 125 0.10 5.0 309.9 0.887 0.017 0.904 
78 100 0.10 5.0 108.5 0.326 0.007 0.333 
76 100 0.10 5.0 216.9 0.512 0.007 0.519 
ch 100 0.10 5.0 309.9 0.625 0.009 0.634 
79 125 0.05 5.0 108.5 0.497 0.008 0.505 
80 125 0.05 5.0 216.9 0.634 0.009 0.643 
81 125 0.05 5.0 309.9 0.722 0.010 0.732 
82 100 0.10 2.5 102.5 0.228 0.004 0.232 
83 100 0.10 2.5 205.0 0.321 0.006 0.327 
84 100 0.10 Z.5 356.5 0.451 0.007 0.458 


study, they were used to compute 
the conversion of propylene oxide. 
These calculated conversions were 
compared with the experimental 
conversions, and standard devia- 
tions and percentage errors were 
computed. The standard deviation 
for the uncatalyzed runs was 0.024 
and the average percentage devia- 


tion was found to be 9.6. The cata- 
lytic data show a standard devia- 
tion of 0.026 and an average per- 
centage deviation of 3.8. 
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TABLE 4.—CONSTANTS CHARACTERISTIC OF CATALYZED REACTION 


Arrhenius constants 


ky = Ae—— 
RT 
Feed Energy of 
ratio, Catalyst activation 
R,, concentration, A, E, 
lb. H.SO,, Ib. mole 
lb. PrO wt. % (cu. ft.) (sec.) lb. mole 
10.0 0.025 1.09 «10% 36.9 x 108 
10.0 0.050 2.42 10% 36.9 x 103 
10.0 0.075 4.04 x10" 36.9 x 10 
10.0 0.100 6.82 x10 36.9 108 
10.0 0.175 18.2 10% 36.9 x 103 
10.0 0.250 50.5 36.9 108 
5.0 0.025 0.318 « 1018 36.9 x 103 
5.0 0.057 0.909 x 10% 36.9 x 10 
5.0 0.100 2.10 36.9 
0.100 0.555 x 1018 36.9 x 10 
Concentration function 
Catalyst 
concentration, a, 
Reaction H.SO,, lb. mole b, 
temperature, °F. wt. % (cu. ft.) (sec.) unitless 
1¢0 0.10 0.00428 1.8 
100 0.05 0.00155 1.8 
100 0.025 0.000682 1.8 
125 0.10 0.0174 1.8 
125 0.050 0.00634 1.8 
125 0.025 0.00285 1.8 
150 0.10 0.0650 1.8 
150 0.050 0.0230 1.8 
150 0.025 0.0106 1.8 
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of the reactor was contributed by 
Stone and Webster Engineering Cor- 
poration. Much of the credit for the 
laboratory work of operating the re- 
actor and analyzing the samples must 
be shared with Joseph Christy, Wil- 
liam Behrmann, John-Gerety, and 
George Daniels. 


NOTATION 


A=proportionality factor defined 
by the Arrhenius equation, lb. 
mole/ (cu.ft.) (sec.) 

A’ = initial concentration of propy- 
lene oxide, mole fraction 

a= constant for a given tempera- 
ture and catalyst concentra- 
tion, units of k 

b=constant for reaction, value 
depending only on whether a 
reaction is catalyzed, unitless 

E=molal energy of activation, 
B.t.u./lb. mole 

F = feed rate, lb. mole/sec. 

k, = specific reaction-rate constant 
for first-order reaction, lb. 
mole/ (cu.ft.) (sec.) 

ky = specific reaction-rate constant 
for second-order reaction, lb. 
mole/ (cu.ft.) (sec.) 

N,=propylene oxide 
tion, mole fraction 

R= gas-law constant, 
mole) (°R.) 

R, = initial feed ratio of water to 
propylene oxide, lb./Ib. 

T = absolute temperature, °R. 

Vp = volume of reactor, cu.ft. 

X = fractional conversion of pro- 
pylene oxide, lb. mole con- 
verted/lb. mole fed 

PrO = propylene oxide 


concentra- 


B.t.u./ (Ib. 
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Performance of Small 


Herschel-Type Venturi Tubes 


P. L. WALKER, JR., R. J. FORESTI, JR., F. RUSINKO, JR., and B. W. MeCORMICK 


The Pennsylvania State University, State College, Pennsylvania 


The characteristics of five Herschel-type Venturi tubes with throat 
diameters ranging from 0.073 to 0.359 in. and throat-to-pipe—diameter ratios 
from 0.0882 to 0.4340 have been investigated. 


Research on the performance of Ven- 
turis with small throats and low 
throat-to-pipe-diameter ratios has 
been practically ignored to the present. 
Their high value of frictional resist- 
ance and the low throat pressure pro- 
duced, which can cause cavitation of 
the liquid, have been disadvantages 
which have kept these Venturis from 
being utilized as flow-measuring de- 
vices; however, recent research by two 
of the authors(6), among others, 
on the possibility of using the low 
throat pressure of the small Venturi 
to induce a secondary liquid stream 
(that is, to use the Venturi as a pro- 
portioner) pointed to the need for in- 
formation on these Venturis. In this 
work the exhaustive data available on 
throat-to-pipe—diameter ratios above 
0.25 have been extended down to a 
value of 0.0882. In addition, the per- 
formance of the Venturi at unusual 
operating conditions has been investi- 
gated with the pressure recovery being 
varied from close to 0 to 100% (the 
Venturi as a metering device has a 
pressure recovery of roughly 80%) in 
an attempt to determine the effect on 
flow rate and Venturi throat pressure, 
both important parameters if the Ven- 
turi is to be used as a proportioning 
device. 


APPARATUS 


The standard Venturi design dis- 
cussed by Jorissen(3,4) and presented 
in the British Standard Code(1) was 
adhered to in the construction. Fig- 
ure 1 shows a drawing of the larg- 
est Venturi used. All Venturis utilized 
an entrance cone with an_ included 
angle of 21° and an exit cone with an 
angle of 7°. The length of the Venturi 
throat in all cases was nearly equal 
to the Venturi-throat diameter. At the 
middle of the throat a 1/32-in. pressure 
tap was located for pressure readings. 
A collector piezometer ring was not 


R. J. Foresti, Jr., is at present with Monsanto 
Chemical Company, Dayton, Ohio. 
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employed since for these small throats 
it was feared that too many pressure 
taps might severely distort the flow 
through the throat. The Venturis were 
made of Lucite acrylic resin so that 
flow conditions might be observed and 
pictures taken. The resin was very 
easily worked and was finished to a 
high polish. Sections of '7ST aluminum 
alloy were connected to the Venturi 
with hand tightening of the Venturi 
proper to these sections made possible 
by 1-in. machine threads. Extreme care 
was taken in machining to assure a 


smooth fit between these sections. 
The manner in which the exit 
aluminum section was connected to the 
standard 3/4-in. (1.D. 53/64 in.) iron 
pipe is shown in Figure 2. The en- 
trance section employed a similar con- 
nection. To join the Venturi unit 
smoothly to the pipe with no irregulari- 
ties or surface roughness, a steel sleeve 
was soldered to both the entering and 
exit pipe and the internal surfaces 
were carefully polished. A good con- 
nection was then achieved by tighten- 
ing the large hexagonal nut against a 
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rubber gasket. For most of the work 
only hand tightening was necessary. 
Figure 38 shows the over-all flow 
sheet of the apparatus. An Aurora 
Pump Company pump with a capacity 
of 8.0 gal./min. at 275 lb./sq. in. gauge 
was used in the work. With the by- 
pass system shown, flow rates could 
be easily adjusted and maintained. A 
high-pressure rotameter with a flow- 
rate range of 0.5 to 11.5 gal./min. was 
used, on which fiew rates could be read 
to the nearest 0.1 gal. A strainer was 
placed in tne line to remove any for- 
eign matter which might conceivably 
lodge in the Venturi throat. Preceding 
the Venturi, a 7-ft. vertical section 
(100 pipe diameters) of new galvan- 
ized-iron pipe assured a well-developed 
flow pattorn leading into the Venturi. 


The upstream pressure tap was in all 
eases a 1/i5-in. | 
diameters 2a 
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throat were made on a 382-in. Hg 
manometer where possible. The inlet 
and outlet pressures, as well as high 
throat pressures, were read on a 6 3/4- 
in. face, 300 lb./sq.in. Crosby gauge. 

The water used had an average 
temperature of 50°F.; it contained 
8 p.p.m. of oxygen, 13 p.p.m. of nitro- 
gen, 0.38 p.p.m. of chlorine, and neg- 
ligible amounts cf carbon dioxide in 
the form of dissolved gases. 


EXPERIMENTAL PROCEDURE 


The data taken at selected 
values of inlet pressure, at which the 
outlet pressure was varied to produce 
different flow rotes. At each condition, 
measurements were taken of the inlet, 
outlet, and throat pressure and of the 
flow rate. For each Venturi, data were 
obtained up to the maximum capacity 
of the pump, that being the pressure 
in the case of the small Venturi and 
flow rate for the larger Venturis. 
Duplicate runs gave excellent repro- 
ducibility of the data. 


were 


ANALYSIS OF RESULTS* 


Discharge Coefficients. At each con- 
dition of inlet and outlet pressures, 
discharge coefficients and pipe Reynolds 
numbers were calculated for the five 
Venturis. The discharge coefficient C 
is defined by 


At 2 (pi — - pi) 
(1) 
The C is a measure of the deviation 
of throat velocity from the ideal-fluid 
case. In purely potential flow the value 
of C would be unity. 

The calenlated variation of the dis- 
charge coefficients with the pipe Reyn- 
olds number for the different Venturis 
is presented in Figure 4, An ap- 
preciable decrease in the discharge 
coefiicient for the smallest Venturi as 
the Reynolds number decreased below 
10,090 is observed. As is evident, there 
is considerable scatter in the data for 
the larger Venturis, particularly at the 
lower Reynolds numbers. The reasons 
for this are not entirely clear as the 
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Fic. 6. EFFECT OF OUTLET PRESSURE ON 
WATER FLOW RATE THROUGH A VENTURI 
38/16-IN.-DIAM. THROAT. 


was observed that for the largest 
Venturi the pipe was not completely 
filled with water at the lower flow 
rates. In view of the experimental 
scatter, the major contribution of this 
paper is felt to be in presenting and 
analyzing the data obtained on the 
effects of cavitation and operation at 
extremely low Reynolds numbers and 
not in presenting ne values 
of the discharge coefficient the Ven- 

iris. It is unfortunate that ‘the limita- 
tions of the test equipment prevented 
operation of the smallest Venturi in 
the same range of Reynolds numbers 
as the larger Venturis. 

The effect of Reynolds number ap- 
pears to be conveniently presented as 
a “coefficient of correction,” as given 
by Jorissen(3). This coefficient is the 
ratio of the discharge co2ificient at any 
Reynolds number to the discharge co- 
efficient at a relatively high Reynolds 
number (greater than 300,000) above 
which the discharge co2fiicicnt remains 
constant. According to Jorissen, the 
coefficient of correction does not de- 
pend to any extent upon the throat- 
pipe-diameter ratio. This coefficient 
was given by Jorissen down to a pipe 
Reynolds number of 10,000. By use of 
the curve of the discharge coefficient 
for the small Venturi as a function of 


*The complete data ere available as docue 
ment 4477 from the A.D.I. Auxiliary Pube 
lications Project, cation Service, Lis 
brary of Congress, Washington 25, D.C., at 
$1.25 for photoprints and $1.25 for 35-mm 
microfilm. 
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Reynolds number, Jorissen’s coefficients 
of correction have been extended down 
to a Reynolds number of 1,500, as 
shown in Figure 5. The asymptotic 
value of the discharge coefficient was 
chosen so as to give the same value 
of the correction coefficient at a Reyn- 
olds number of 10,000 as was reported 
by Jorissen. It can be seen from Figure 
5 that the effect of Reynolds number 
on the discharge coefficient becomes 
quite appreciable for Reynolds num- 
bers much below 10,000. Whether or 
not this curve for the correction co- 
efficient is independent of 8 for rela- 
tively low Reynolds numbers unfor- 
tunately cannot be determined by the 
data presented here. 


Cavitation Inception. In addition to 
the discharge coefficients, considerable 
information was obtained on the effect 
of cavitation on the performance of 
the Venturis. For a fixed-inlet pressure, 
as the outlet pressure was reduced, a 
pressure and velocity would be reached 
at which cavitation would begin im- 
mediately following the throat. Any 
further reduction in outlet pressure 
produced no increase in the flow rate 
or the measured value of the throat 
pressure. 

The occurrence of. cavitation in the 
Venturi is closely linked with its per- 
formance. Figure 6 shows a typical 
variation of flow rate with outlet 
pressure for different inlet pressures 
with a 6 of 0.2264 for the Venturi. 
It can be seen that at a specific inlet 
pressure there is an outlet pressure 
below which the flow rate remains 
constant. This specific inlet pressure 
also represents the point of inception 
of cavitation; that is, as the inlet 
pressure is continually increased from 
zero to its critical value, the degree of 
cavitation in the diffuser section of 
the Venturi decreases. Upon reaching 
the critical outlet pressure for a con- 
stant inlet pressure, cavitation stops. 
Figure 7 clearly shows this phenome- 
non for the foregoing Venturi operat- 
ing at a constant inlet pressure of 117 
Ib./sq. in. gauge. The three photo- 
graphs from left to right represent 
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0, 50, and 95 lb./sq. in. gauge outlet 
pressures, respectively. When the 
“critical” outlet pressure of 98 lb./sq. 
in. gauge is reached, no cavitation is 
seen, 

It is usually desirable to avoid 
cavitation in a Venturi for at least 
several reasons. First is the fact that 
the loss in total head across the Ven- 
turi increases considerably with cavita- 
tion present. This is obvious from 
Figure 6, which shows an appreciable 
decrease in the outlet pressure with 
no change in the inlet pressure and 
flow rate once cavitation occurs. Sec- 
ond, cavitation is undesirable from 
the standpoint of its accompanying 
noise and vibration. It is therefore 
expedient to predict when cavitation 
in a given Venturi will occur or, given 
a set of flow conditions in a pipe, to 
select the Venturi which will produce 
the largest differential pressure across 
the inlet nozzle without cavitating. 

Cavitation is conveniently treated 
in terms of a parameter denoted as 
the cavitation index, c, defined by(5): 


(2) 
1/2 p (V>)” 


This parameter can be defined in the 
general sense as an operating index; 
however, for a given geometrical con- 
figuration there will be one particular 
value of this index at which cavitation 
will begin. The value of o for the in- 
ception of cavitation is referred to as 
the critical cavitation index, c.,. If ¢ 
is higher than o,,, there will be no 
cavitation present, but if o is less than 
cer, the critical pressure will have been 
reached and cavitation will occur. The 
value of p, is usually taken to be the 
vapor pressure of the fluid although 
for extremely clear liquids it can be 
appreciably smaller, since it is gen- 
erally accepted that nuclei of air or 
solid particles are needed about which 
the cavitation bubbles can grow. 

The foregoing expression for the 
cavitation index can be rewritten in 
the form 
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1 
Pt Pe) 


If it is assumed, as is often done 
in elementary books on fluid me- 
chanics (2), that the minimum pressure 
occurs at the throat, then at the in- 
ception of cavitation p:=p- and 
is given approximately by 


(4) 


It was found that this. approxima- 
tion holds quite closely for all the §’s 
tested except 8 = 0.0382. For this case 
the calculated flow rates for the in- 
ception of cavitation were in error by 
approximately 2 to 3%, when the ap- 
proximation of Equation (4) was used. 


From the data obtained, the term 
tor p= 0.0882 was measured 


as varying from 0.03 to 0.05, depend- 
ing slightly upon Reynolds number. 
Since that term is small compared to 
unity, it is suggested that the critical 
cavitation index be calculated for this 
case from 


CRITICAL FLOW RATE, gal./min 
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Fic. 8. COMPARISON OF PREDICTED AND 

EXPERIMENTAL CONDITIONS FOR INCEP- 

TION OF CAVITATION FOR A SERIES OF 
VENTURIS. 
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Pi— Pt 
than 0.04 for intermediate values of 
B between 0.0882 and 0.2264 should 
result in predicted flow rates within 
2% of the correct values. 

Since C is a function of Reynolds 
number, which in turn is dependent 
upon the velocity to be obtained from 
oc,, the solution of Equation (5) for 
the critical velocity is an iterative one. 
As an example, 8 = 0.0882 and p; = 
152 lb./sq. in. gauge may be used. The 
problem is to find the flow rate at 
which cavitation will occur. 

When it is assumed that C=1, 
Equation (5) gives o,, = 17,250. 


Use of values of of less 


If V, is solved for in Equation (2) 
and atmospheric pressure taken as 14 
Ib./sq. in. gauge(5) and p, = 0.5 Ib./sq. 
in. gauge 


_ /144 (152 + 14 — 0.5) 
~ \0.97 (17,250) 


= 1.192 ft./sec. 


The pipe Reynolds number will then 
be 


( 
Ne., pipe= = = 5,870 


y 14x 10° 


When the mean curve shown in Fig- 
ure 4 is used, C=—0.9. Repeating the 
steps with this C gives Nr, pipe = 
5,280. For this Reynolds number C = 
0.89, for which Nre, pipe = 5,220. To 
the accuracy of Figure 4 the C for this 
Reynolds number is again 0.89. The 
velocity corresponding to this C is 
V,— 1.062 ft./sec. The cross-sectional 
area of the pipe is 0.00373 sq. ft., and 
so the flow rate becomes Q = 0.00396 
cu. ft./sec. or Q = 1.78 gal./min. This 
compares favorably with the measured 


flow rate of 1.80 gal./min. for the 
cavitating Venturi at this inlet pres- 
sure. The calculated and measured 


PRESSURE RECOVERY EFFICIENC’ 
—-— 


flow rates for the inception of cavita- 
tion for the five Venturis are com- 
pared in Figure 8. In these calcula- 
tions, Equation (5) was used for the 
smallest Venturi and Equation (4) 
for the remainder. Good agreement is 
found between the calculated curves 
and the experimental points for the 
four smallest Venturis. For the largest 
Venturi, owing to the limitation in 
pump capacity, cavitation was not ex- 
perimentally found; therefore, for this 
Venturi only the predicted variation 
in critical flow rate is presented. 


Pressure Recovery. The efficiency of 
pressure recovery was computed for 
each set of data. This efficiency is de- 
fined as 


Po— Di 
6 
\6) 


and represents approximately the per- 
centage of the throat velocity head 
recovered as pressure head in the 
diffuser. It is desirable to maintain as 
high a value of this efficiency as possi- 
ble in order to reduce the loss in total 
head attributable to the Venturi. 

The variation of » with the pipe 
Reynolds number for the five Venturis 
tested is given in Figure 9. These 
curves are for the noncavitating con- 
ditions only. It can be seen from this 
figure that there is little or no scale 
effect on 1 for 8 = 0.0882 but for the 
larger Venturis the values of » appear 
to increase slightly with increasing 
Reynolds numbers. 

The effect of cavitation on the pres- 
sure-recovery efficiency is marked. This 
is readily apparent from the fact that 
once cavitation is reached for a fixed 
inlet pressure, the throat pressure re- 
mains constant for further reductions 
in the outlet pressure. 


CONCLUSIONS 


It is concluded from the analysis 
of the tests of five small Venturi tubes 
that the discharge coefficient of a Ven- 
turi tube decreases appreciably with 
decreasing Reynolds number below a 
pipe Reynolds number of approximate- 
ly 10,000. 

The approximation that the mini- 
mum pressure in a Venturi occurs at 
the throat is shown to be satisfactory 
for predicting the occurrence of cavi- 
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tation in all but the smallest Venturi 
tested. For this Venturi with a throat- 
to-pipe-diameter ratio of 0.0882, a 4% 
correction to the inlet-throat pressure 
difference is recommended for com- 
puting the critical flow rate for the 
inception of cavitation. 

The pressure-recovery efficiency for 
noncavitating conditions is found to 
increase slightly with Reynolds num- 
ber for the Venturis with the large 
throat-to-pipe-diameter ratios and to 
be nearly independent of Reynolds 
number for the smallest Venturi. This 
efficiency for a given Reynolds num- 
ber decreases with decreasing throat- 
to-pipe ratio; however, the rate of 
decrease is not prohibitive to the use 
of very low ratios since the efficiency 
of the Venturi with a throat-to-pipe- 
diameter ratio of 0.0882 is still ap- 
proximately 81%. 

It should be emphasized that these 
conclusions are valid only for the range 
of Reynolds numbers considered here- 
in. 
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NOTATION 

A;= throat area, sq. ft. 

C = discharge coefficient 

d= throat diameter, in. 

D = pipe diameter, in. 

pe = critical pressure for inception of 
cavitation, usually taken to be 
vapor pressure of fluid, lb./sq. ft. 

p: = inlet pressure, lb./sq. ft. 

Po = outlet pressure, lb./sq. ft. 

pt = throat pressure, lb./sq. ft. 

Q = rate of flow, cu. ft./sec. 


V,= flux average velocity 
ft./sec. 


in pipe, 


Greek Letters 


8 = throat-to-pipe-diameter ratio d/D 
) = efficiency of pressure recovery 

vy — kinematic viscosity, sq. ft./sec. 
p= fluid mass density, slugs/cu. ft. 
= cavitation index 

o,, = critical cavitation index, that is, 


at inception of cavitation 
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Communication to the Editor 


A Note on the Additivity of Diffusional Resistances 


The additivity of resistances to 
mass transfer between phases, as 
postulated by the Whitman two- 
film theory of 1923, has become an 
accepted concept in chemical en- 
gineering. In an experimental test 
of this principle, the authors re- 
cently reported a study(1) of the 
rate of transfer of fifteen different 
solutes between liter portions of 
isobutanol and water in a moder- 
ately stirred vessel under condi- 
tions such that the interface was 
essentially flat and of known area. 

The over-all resistance (recipro- 
cal of over-all coefficient Ky) was 
found to be a linear function of the 
distribution coefficient 1/m, as 
called for by the theory, and in- 
dividual coefficients were obtained 
from the intercepts and slopes of 
plots of 1/Ky vs. 1/m. 

Individual coefficients k,;y, for 
isobutanol into water and ky, for 
water into isobutanol were also 
obtained experimentally in extrac- 
tion tests using water and dry 
isobutanol, with no third solute 
present. The agreement between 
these measured values and those 
obtained from the analysis of the 
data on over-all coefficients was 
only fair for k,y and was poor for 

In analysis of the data to make 
this comparison it was necessary 
to correct for variations in mole- 
cular diffusivities, and values of 
both Dry and Dy; were taken to 
be 10.0 X 10-® sq. cm./sec., based on 
the estimation from the Wilke cor- 
relation(6) and on experimental 
data for the diffusivity of n-butanol 
into water(3) and water into n- 
butanol(5) taken for a dilute solu- 
tion. All these gave values in the 
region of the value used. 

Two sets of experimental values 
of diffusivities have recently be- 
come available, and it is worth 
while to recompute the comparison 
of individual coefficients. Heertjes, 
Holve, and Talsma(2) report values 
for Dry and Dy, at 20°C. of 6.0 < 
10-° and 2.0 X sq.cm./sec., and 
Lewis(4) has obtained values of 
10 and 3.6 %*10-° at the 
same temperature. 
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On the basis of these new values 
of diffusivity (adjusted to 25°C.) 
the values of k;w and kw, obtained 
from the over-all coefficients for 
various solutes (from intercepts 
and slopes of the resistance plot) 
show much better agreement with 
the values obtained by direct ex- 
periment: 


By 
From over-all coefficients, direct 
em./hr., by use of experiment 
diffusivities from em/hr. 


The new values fall on both sides 
of those obtained by direct experi- 
ment. Evidently the poor compari- 
son reported was due in large part 
to the use of incorrect values for 
Dyw and Dy;. 

Figure 1 compares Ky as calcu- 
lated from the two sources of 
values for the individual coeffi- 
cients. Curves A and B, represent- 
ing the comparison based on the 
new experimental values of dif- 
fusivities, straddle the solid line 
representing complete agreement, 
and both compare much better than 
curve C, previously presented on 
the basis of estimated values of 


Diy and Dy; As in the original 
paper, the transfer coefficients are 
assumed to be proportional to the 
square root of the molecular dif- 
fusivity. 

The data on mass transfer of a 
number of solutes between stirred 
volumes of isobutanol and water 
not only support the additivity con- 
cept over a wide range of distribu- 
tion coefficients, but now appear to 
agree with the data on individual 
coefficients. 
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Recent Wiley Books for successful chemistry .. . 


CHEMICAL PROCESS PRINCIPLES 


Part |—Material and Energy Balances, 2nd Edition 


By Olaf A. Hougen, University of Wisconsin; Kenneth M. 
Watson, The Pure Oil Company; and Roland A, Ragatz, Univer- 
sity of Wisconsin. This key reference for solving industrial proc- 
ess problems has been revised and expanded to give a comprehen- 
sive, modern treatment of energy balances of chemical processes. 
Latest physical and chemical constants are included in a wide 
variety of tables. 1954. 525 pages. Illus. $8.50. 


SUCCESSFUL COMMERCIAL CHEMICAL 
DEVELOPMENT 
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by 37 top-ranking industrial technologists. As well as document- 
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that new synthetics will take. 1954. 1044 pages. Illus. $18.00. 
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By Henry Fleming Payne, imerican Cyanamid Company and 
Polytechnic Institute of Brooklya. A. C. Elm, in The Octagon, 
writes: “It is refreshing to find in this book a new approach to 
the treatment of an old subject... . This book is what it promises 
in the preface, a compact treatment of current theory and practice 
of paint vehicle technology, and is highly recommended for care- 
ful study by every coatings technologist.” 1954. 674 pages. Illus. 
$12.00 


ADHESION and ADHESIVES: Fundamentals and 
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Papers read at a Conference held at the University of London 
(edited by F, Clark, The Society of Chemical Industry), and at a 
Symposium held at the Case Institute of Technology (edited by 
John E. Rutzler, Jr., and Robert L. Savage). 1954. 229 pages. 
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BOOKS 


Chemical Process Principles-Part 1, Ma- 
terial and Energy Balances. O. A. 
Hougen, K. M. Watson, and R. A. 
Ragatz. Second Edition. John Wiley & 
Sons, Inc., New York (1954). 525 
pages. $8.50. 


Professor Ragatz has collaborated 
with the original authors of the 
Chemical Process Principles series to 
revise Part 1, “Material and Energy 
Balances.” While retaining the many 
virtues of the original edition, the 
authors have increased its utility by 
the addition of discussions on stage- 
wise extraction, ternary equilibria, 
and time lag in stirred vessels, and 
in recognition of the new era R. G. 
Taecker has contributed a brief sec- 
tion on the thermochemistry of nu- 
clear reactions. Further, two new 
chapters are found in this edition, 
one devoted to mathematical pro- 
cedures and conversion of units, the 
other to absorption. New methods of 
estimating physical properties and 
the latest thermal data are included. 

Although the law of corresponding 
states and the concept of reduced 
properties are briefly treated in a 
prelude to the section on methods of 
estimated critical properties, the gen- 
eralized compressibility-factor chart 
is not discussed. Thus the authcrs 
proceed from a treatment of ideal-gas 
behavior directly to reduced and criti- 
cal properties, including a method of 
estimating critical compressibility 
factor, without reference to the most 
common application of the law of cor- 
responding states. Continuity would 
seem to be sacrificed here. For 
example, an apparently promising 
method of predicting latent heats of 
vaporization is later in the book pre- 
sented in terms of reduced properties 
and gas-liquid compressibility factors, 
the significance and limitations of 
which are lost to the student in his 
ignorance of the generalized compres- 
sibility chart. The merits of these 
chapters for reference purposes are 
obvious; however, it is the reviewer’s 
experience that the pedagogic value 
of these portions of the text would 
have been enhanced by the early in- 
troduction of the generalized Z chart. 
The semimythical character of the 
ideal-gas concept would thus have 
been impressed upon the student’s 
mind, and the value and intrinsic g 
limitations of the law of correspond- 
ing states could have been made ap- 
parent in the light of the authors’ 
discussion of the Lennard-Jones model 
and molecular polarity. The student 
must learn as early as possible that 
chemical engineering tools are not de 
fide truths. 

Viewed in its entirety, this edition 
is a good revision of a good textbook. 
The authors are to be commended. 

JAMES J. CARBERRY 
YALE UNIVERSITY 


March, 1955 


= 


bility 
most 


, Ma- 

. A, 

ey & 

525 
rated 

the 

e3 to 

ergy 
many 
, the 
y by 
tage- 
ibria, 
, and 
R. G. 

sec- 

nu- 
new 
ition, 

pro- 
3, the 
ds of 

and 
uded. 
nding 

uced 

in a 
ds of 

gen- 
chart 
thers 
il-gas 

criti- 
od of 
f cor- 
would 

For 

ising 

ts of 

pre- 
erties 
ctors, 

s of 
n his 
\pres- 

these 
$s are 
wer’s ff 
value 

ould | 
y 1n- | 

hart. § 

the 
have | 
lent’s 
rinsic 
pond- 
e ap- 

hors’ 
odel 

ident 

that 
ot de | 
lition 
book. § 
| 
BERRY | > 
ITY 

1955 


